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CODIMENSION 2 SUBMANIFOLDS WITH
A 2-QUASI-UMBILICAL NORMAL DIRECTION

By Wiy DE MEULEMEESTER AND LEOPOLD VERSTRAELEN

81. Introduction.

Let M” be an n-dimensional submanifold of an (z+42)-dimensional Riema-
nnian manifold M»+2(c) of constant curvature c. It seems interesting to find
out some precise relations between the second fundamental tensors (k;) and
(k;;) of M» w.r.t. two orthonormal normal vector fields £ and £*. In [3],
Bang-yen Chen and Kentaro Yano proved that if () has only one eigenvalue
and £ is non—parallel (in the normal bundle), then (%;) has an eigenvalue of
multiplicity =»2—1. In [6], Bang-yen Chen and one of the authors proved
that if (&;;) has an eigenvalue of multiplicity »—1, then in generic case (%)
has an eigenvalue of multiplicity =»—3.

In the present paper, we’ll compute the precise form of (%;) whenever (hj;)
has an eigenvalue of multiplicity »—2. In particular, we’'ll prove that in
generic case (%j;) has an eigenvalue of multiplicity =»—5. As an application
we'll give a result on spherical foliations.

§2. Preliminaries

Let M* be an n—dimensional submanifold of an (»-+2)-dimensional space
form M»*2(c) of curvature ¢*. Let # and ¥ be respectively the metric tensor
of M**2(c) and the corresponding operator of covariant differentitation. Let g
and V' be the induced metric, respectively connection, on M»*. The second
fundamental form k& of M* is given by

¢))] PxY=PVxY+h(X,Y)

where X and Y are tangent vector fields on M= A(X,Y) is a normal
vector field on M* which is symmetric on X and Y. For a normal vector
field » on M* we write

2) Vxp=—A,(X)+Dxy
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* Manifolds, functions, --- are supposed to be sufficiently differentiable, and the dimensions » are
supposed to be sufficiently high to keep our discussions meaningful.
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where —A,(X) and Dx7 denote respectively the tangential and normal com-
ponents of Vxy. A, is the second fundamental temsor of M w.r.t. 7 and
D is the normal connection of M* in M**2(c). We have
where ( , ) denotes the scalar product in M#*+2(c).

Let {z* be a local coordinate system in M=* (indices %, j,i,h,t,s run over
the range {1,2,+,#}), and put 6,-=—£t‘—.. Let £ and &' be two orthogonal

normal sections of M*. Then
(4) Dj=ljélj DJEJ":—_IJ'E
where D;=D;; and I; is the third fundamental tensor. & and &+ are said to
be parallel or non-parallel (in the normal bundle) according as the third
fundamental tensor vanishes or never vanishes identically.

In the following we’ll denote the second fundamental tensors w.r.t. & and
&L respectively by hj; and j;. Then the equations of Gauss, Codazzi and Ricci
are respectively

(5) Kiin=c(gugji—gagu) +huhs—hhy+ kanksi— kipky;;
(6) Vihjit-Uike =V jhgi+ Lk,
) Vi si— L=V i —lhycs
(8) Vi;—Vl=hykf—hyk,

where K;;; is the Riemann-Christoffel curvature tensor of M=, and hji=h;g"
and kjizkjggti.
If on M* there exist two functions a, 8 and a unit vector field z; such that

() , hj;=ag ;i Buu;,

then M* is said to be guasi-umbilical w.r.t. the normal direction £. (9) is
equivalent to the statement that w.r.t. £ M=* has a principal curvature with
multiplicity =n—1. If respectively identically a=0, =0 or a=g8=0 then
M=* is said to be cylindrical, umbilical or geodesic w.r.t. £&. A quasi-umbili-
cal normal direction £ which is not umbilical is said to be properly quasi-um-
bilical; in this case, the tangent direction of M» determined by #; is called
the distinguished direction w.r.t €. M~ i1s said to be a totally quasi~umbilical
submanifold of M#+2(c) if M* is quasi-umbilical w.r.t. two orthogonal normal
directions [1]. For a survey on quasi-umbilical submanifolds, see [5].

Now, we say that M=* is 2-guasi-umbilical w.r.t. & if on M=* there exist
three functions a, 8,7 and two orthogonal unit vector fields #; and v; such
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that
10 h;;=ag;;+Buu;+rv;v;
This is equivalent to say that w.r.t. £ M" has a principal curvatere with
maultiplicity =n—2. (Of course, for this definition to be meaningfel it is
essential that n>>4.) In the following, when dealing with 2-quasi-umbilical
normal directions £, it will be understood that both 8 and y don’t vanish,
in other words that £ is properly 2-quasi—umbilical. The two tangent dirvee-
tions of M* determined by #; and v; are called the distinguished directions
w.r.t. & M?* is said to be a totally 2-quasi~umbilical submanifold of M=+2(c)
if M* is 2—quasi-umbilical w.r.t. 2 orthogonal normal directions. In the ob-
vious way one may define p—quasi-umbilical normal directions and totally -
quasi-umbilical submanifolds, for 2<p<ln—1.

§ 3. Submanifolds with a non-parallel 2-quasi-umbilical normal

direction

The main purpose of this paragraph is to give expressions for the second
fundamental tensor k; w.r.t. £- when the second fundamental tensor w.z.t.
& is given by
(11) ' hjy=agj+ Puu;t+rom;
and £ is non-—parallel.

The procedures of calculations being of the same type as written in 2 de-
tailed way in [6], here we’ll only sketch the computations for the case whe-
re I; doesn’t belong to the plane spanned by the distinguished directions u;
and v; and is neither orthogonal to z; nor to v;; for other cases we’ll jmst

state results.
First one inserts (11) into (6).

g it Brujuit+rev o+ Bul s+ Bu pu;tro W o+ rolV o Uik
=a;gr+ B+ jop0i+ Pl i+ PuV jup+yol o+ roF jort Bk,
where ap=0x, etc.

Transvecting g7 to (12) gives an expression for I‘k;,, where I!=g*{, Ma-
king use of this expression for I'k;, in the transvection of I to (12) gives
the following formula for I2%;, where 2=10,.

Phy= (o) gui+ (IB) wn; + (I ) vgo; ‘
&+ [ (Bu) + AV u s+ [ (7o) + 770, Yy,
(13) — (2—1) Lo — agl;— UiBi— Uiy — (lu) Bat;— (o) ;.

(12)
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+B (e + L)V s+ 7 (ot + o)V o+ Bult (V ay—V o)

+rolt(V op—V o) — L)V, k“i"‘T(lv) Vo,
where (la)zlta't) 4 t=gt Vs, ket =k, g*, etc.

On the other. hand, by transvecting #/ to (12) and by transvecting «f to
tbe r&sultmg formula, we obtain the following. .
() 2= (lu) (aw)gu+ (u) (Bu)apu;+ (u) (ru) vgw;
. o +&(x, u)ld;+[(aa)+(ﬁa)]l%+(ru‘a‘V EALCH
@ }'-:'lw, — () B — () ciss+ P’V
‘ ' . +8 (lu) (u,u‘V ,,u;+u,,u‘7 ;) +r (lu) (vtV o+ vtV ;)

— B )V yu;— 7y (lu)o 0tV yo,, : - v .
where k(u,ﬁu} = kgt'0- Analogous | calculations startmg from (12) w1th -v* in-
stead of u"gf‘?e an ana]ogous “formula for (o) 2k AU

From these formu]as for I2ky;, (lu)2ky; and (lv)zk;, we get . o
BT LT LT '
[ () — (Iw) (aw) — (o) (o) Jgus+ L (06) — (lu) (13") () (ﬁ‘U)]uw,
+L () — () (rw) — (o) (ro) Jowvs +LkA — R (, 2) —k (v, 0) J4; ‘
+[ 8V u,— (au) —Bo'v'V u, [rPto.— (av) “T’_@f&;? n‘f&]‘ﬂh DT aeg
(i5) ' —(ﬁ—B)”lid;;dbl +(lu)aw;+ (oyego; - Dol R
| ATt ol Vet TV e S
~ ol (Vyop—V p0,) — B(lu) (wet Bz +uptV )
-7 () (v 2V op+otV 10;) +7r (les) o'V k'”t"‘lS(l”) (“ ’0‘7 ,u1,+ukv‘7 iuz)
+BU)uV 1 (I) (v.v‘V :m+vzv‘7 ). .
Making use of formula (15) and the symmetry of kk,, ‘one can derive: X~
pressions for SEVu, and yI?Wm, Inserting these expresions in (15) and then
again making use of the symmetry of %, one can find an expression for a;.
Finally, substituting thisione in the previous formula; gives the following. -

“LEMMA 1. Let ﬁb,—agk.+ﬁu;a,+w€vf If DE=1£4+0, ;¢ plane-spanned
by u; and vj, ()=l +0 and (lo)=Ip'+0 at’a point p, thén at p we have

hye=F12— (fu) 2 — (bo) 2] ([ () — (fir) (aw) — (o) (0¥ Jgns
+ {(1B) — (tu) (Bu) — (v) (Bo) £ B(lu) V'u— Bl vV e, + B(Iv) usorV
~ Bul e — (—4) () [ — (B)2— (Bo) 21182 {aw) + () (Io) (o) - ¢

i b4 -
~%%, Vade i, T

&4
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— (l) (o) — (o) (P0) 2 B s+ {(Iy) — (L) (yu) — (o) (ro) +7 (P0) Vo,
—7 () waW v, +7 () v’V o, — yo' btV v,

— (n—4) (W) [ 22— ()2 — (W) 2] [12(av) + (I) (Iv) (au) — () (la)

— (av) ()2 P vgo;+ &t —k(u, ) —k(v,v) — (n—2)[12— (lu)2— (lv)?]1
L(a) — (o) (Be) — (av) (o) T} B+ [ 12— (1) — (o) 2] — 12 (aw)

+ (aw) (lo) 2+ (lu) (la) — (ln) (a0) (bo) (U + L)

+[2— ()2 — (o) 2] — B(av) + (av) (l2) %+ (lv) (la)

— (1) (to) (aw) J(Ggos~+ 1gs) + 5 (8 (o) P, — (cum) (Fo) + (i) (o)

— BolV g — (n—4) (o) LIP— ()2 — (o) 2] 22 (aw) -+ (Ixe) (Pv) (a0)
— (lu) (la) — (lw) (o) Z1+-7 (1) V', — () (lu) + (b)) (o) — 'V o,
— (n—4) () [ 12— (lu)%— (i0) 2] [ 22(av) + (lu) (W) (au) — (o) (la)
— (av) () 2]} (va+op;) +BLE— (lu)2— (o) 2]yl B~ (o)

— (o) v W ;a1 — (lu) ot — (lo)v* WV s}

+ 12— ()2 — (o) 2] o I — (lu) & — (Lo)v* WV 10;

+o;[ It — () wt — (lo)v* W o4} )

From Lemma 1 and the expressions one can obtain for %;; in a similar way
in case /;&plane (u;,v;) with 7; 1 #; or I; 1 v;, we have the following.

THEOREM 2. Let hj=ag;,+puju;+yvpw;. If DiE=liE1+#0 and 1;& plane
spanned by u; and v; at a point p, then at p kj; has an eigenvalue with multi-
plicity =Zn—5.

REMARK 1. More generally we have the following: if £ is a g-quasi-um-
bilical non-parallel normal section of an n-dimensional submanifold M with
codimension 2 in a space form and the third fundamental tensor does not be-
long to the g-plane spanned by the distinguished directions of M with
respect to £ at a point p, then at p A, has an eigenvalue with multiplicity
=n—29—1.

Also by similar calculations, we obtain the following.

LEMMA 3. Let hy=agy+ Puw;+ropo;.
(1) If Di=l;£1+0, l;cplane spanned by u; and vj, and l;Hu; and ;¥ v;
at a point p, then at p we have
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© k=12 {(le) gui+L(8) & () 2+ (Bee) (tu) + B (lu) Pus, —n (lu) (axwe) Ty
+L{r) + k()24 (o) (Fo) +7 (lo) Vv, —n(lv) (aw) Jvzo;

+-L 028! (1) (1) + (W ( (o) +7 ()P,

~ (n—1) (lu) (aw) — (o) (tv) + (Bu) (bo) +B(lv) V*u,
— (n—1) (Iv) (aw) — (@) (L) J(eyo; +us08)
— (lw) (B +uf;) ) — (Iv) (nﬁrl-rm) — (lo) Bioe— (W) 7 e
—B)V o; — 7 (o) V o;+ B (le) (e V ap+ 205’V 1)
+7 () (voF o+ 2000 v;) + B (o) (upo'V ju;+u:0'V )
. +7 (lu) (v'V o; vV, +ou'V +O08) +B(lv) (0¥ ;— w0’V yoy)
+7 (lu) (ugo'V jo;— vtV pv,) .
(ii) if DiE=1l;£1#0 and 1;/u; at a point p, then at p we have

ag= () g+ [2(B) + e+ 67— () T+ () oo+ 4 L (o)

+7Vtv,—n(av) ] (upvituop) —wafly— Buw;— OV s — y aap+ B (gt V
+ 2052V ;) +7 (otV i+ vV 05) +7 (ugo'V o, —w 'V yo;) .

§4. Foliations of submanifelds with a 2-quasi-umbilical normal
direction

In this paragrapf we give results on foliations of submanifolds M= of
M»+2(¢) which are 2-quasi-umbilical w.r.t. a normal section &.

Let §;#0, ;& plane (u;,v;), (lu)#0 and (Jv)#0. Then from formula
(10) and Lemma 1, the equation (8) of Ricci and the formulas obtained by
transvecting #/, respectively v/, to (12), we see that V;;;—Vl;, Vu,—Vau;
and K ju,—Vv; are all zero modulo #;, v and . Therefore, the distribution
defined by udzi=vdxi=1dzi=0 is involutive. From (10) we see that the
corresponding integral submanifolds M»3 of M» are umbilical w.r.t. the
normal direction £&. From Lemma 1 we see that also &' determines an um-
bilical normal direction for M#»-3. Finally from the transvection of a4, respe-
ctively v/, to (12) we see that also #; and »; determine umbilical normal
directions for M»3, Besides, from (2) and (10) we see that

(16) D' §=Dx&
where D’ and X’ are respectively the normal connection of M#~3 in M"+2(c)
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and an arbitrary tangent vector field on M*3. (16) and (4) imply that & is
parallel on M=3,

The following result ¢an be proved completely by making similar observa-
tions for the other cases as given above for case (i). In particular for the
cases (ii) and (iii) one uses Lemma 3. Of course in case (iv), the parallellism
of £ on the integral submanifolds is trivial.

THEOREM 4. Let M= be a submanifold of M*t2(c) with

h,-,~=agj,-+[3u,a,-+rvjv,-.

() If 1;#0 and ;¢ plane spanned by u; and v;, then M* is foliated by
submanifolds of codimension 3 which are umbilical w.r.t. &, £&L, #; and v;.

@Gi) If lj#O, l_,-Eplane spanned by u; and Tjs lj‘H»llj and l_,-*Hm,-, then M* is
Soliated by submanifolds of codimension 2 which are umbilical w.r.t. & and
two independent normal directions spanned by &', u; and v;

(i) If 1;#0 and 1;/u; (resp. 1;/v;), then M* is foliated by submani
Jolds of codimension 2 which are umbilical w.r.t. &, v; (resp. ;) and a nor-
mal direction spanned by &' and u; (vesp. &' and v;).

(iv) If 1;=0, then M® is foliated by submanifolds of codimension 2 which
are umbilical w.r.t. &, u; and v;.

In each case & is parallel in the normal bundle of the integral submanifolds
of M= in M*»2,

REMARK 2. On submanifolds M= of M2 with a g-quasi—umbilical direc-
tion there also exist foliations of which the leavés M? are umbilical w.r.t.
an (n+1—d)-dimensional normal subbundle.

REMARK 3. From Theorem 4 and [2] we conclude that the Ileaves
M»2(M=»-3) of M* are spherical submanifolds, i.e. lie in a hypersphere of
Mu+2(c)_

ReEMARK 4. For results on submanifolds M of a Riemannian manifold N=
which are umbilical w.r.t. an (m—z—1)-dimensional normal subbundle, see
[3] and [4].
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