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CODIMENSION 2 SUBMANIFOLDS WIm·
A 2-QUASI-UMBILICAL NORMAL DIRECTION

By WILLY DE MEULEMEESTER AND LEOPOLD VERSTRAELEN

§ 1. Introduction.

Let Mn be an n-dimensional submanifold of an (n+2)-dimensional Riema­
nnian manifold Mn+2(c) of constant curvature c. It seems interesting to find
out some precise relations between the second fundamental tensors (hj ;) and
(kj;) of Mn w. r. t. two orthonormal normal vector fields ~ and ~.L. In [3J,
Bang-yen Chen and Kentaro Yano proved that if (hj ;) has only one eigenvalue
and ~ is non-parallel (in the normal bundle), then (k j ;) has an eigenvalue of
multiplicity :;;:::n-l. In [6J, Bang-yen Chen and one of the authors proved.
that if (hj ;) has an eigenvalue of multiplicity n-l, then in generic case (kj ;)

has an eigenvalue of multiplicity :;;:::n-3.
In the present paper, we'll compute the precise form of (kj ;) whenever (hj ;)

has an eigenvalue of multiplicity n-2. In particular, we'll prove that in
generic case (kj ;) has an eigenvalue of multiplicity ~n-5. As an application
we'll give a result on spherical foliations.

§ 2. Preliminaries

Let Mn be an n-dim~ional submanifold of an (n+2)-dimensional space
form Mn+2(c) of curvature c*). Let g and V be respectively the metric tensor
of Mn+2(c) and the corresponding operator of covariant differentitation. Let g
and 17 be the ind~ced metric, respectively connection, on Mn. The second
fundamental form h of Mn is given by

(1) Vx Y=l7x Y+h(X, Y)

where X and Y are tangent vector :fields on Mn. h(X, Y) is a normal
vector :field on Mn which is symmetric on X and Y. For a normal vector
field 1] on Mn we write

(2)
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supposed to be sufficiently high to keep our discussions meaningful
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where - AiX) and DX 1J denote respectively the tangential and normal com­
ponents of j7x7J. ~ is the second fundamental tensor of MOl w. f. t. 7J and
D is the normal connection of Mn in Mn+2(c). We have

(3) (~(X), Y)=(h(X, Y),7j)

where ( , >denotes the scalar product in M·+2(c).
Let {xi} be a local coordinate system in M- (indices k, i, i, h, t, $ run over

the range {I, 2, "., n}), and put Oi= :xi . Let ~ and ~l.. be two orthogonal

normal sections of M·. Then

(4) Dj=IJ~l.., DJ~l..= -1ft

where Dj=Daj and lj is the third ftmdamental tensor. ~ and ~l.. are said to
be parallel Of non-parallel (in the normal bundle) according as the third
fundamental tensor vanishes Of never vanishes identically.

In the following we'll denote the second fundamental tensors w. r. t. ~ and
~l.. respectively by hji and kji• Then the equations of Gauss, Codazzi and Ricci
are respectively

(5) Kijih=C(gW!ji-gjiKii) +hahii-hj"hii+kihkji-kj/tkii;

(6) Yjhji+ljkij=V;hii+l~ji'

(7) Yikji-hkii=Vjkij-l,}t.ji;

(8) Yii-Vilj=hitk/-hj,kl,

where Kijih is the Riemann-ehristoffel curvature tensor of M", and h/=hj,gti
and kJ=kjtgti.
If on M- there exist two functions a, (3 and a unit vector field Uj such that

(9)

then M" is said to be quasi-umhilical w. r. t. the normal direction~. (9) is
equivalent to the statement that w. r. t. ~ M- has a principal curvature 'With
multiplicity :2:n-l. If respectively identically a=O, f3=0 or a=f3=O then
M- is said to be cylindrical. umbilical or geodesic w. f. t. ~. A quasi-umbili­
cal normal direction e which is not umbilical is said to be properly quasi-um­
bili~al;· in this case. the tangent direction of M" determined by Uj is called
the distinguished direction w. f. t~. M" is said to be a totally quasi-umbilical
submanifold of M8+2(c) if M" is quasi-umbilical w. f. t. two orthogonal normal
directions [lJ. FOf a survey on quasi-umbilical submanifolds, see [5J.

Now, we say that M- is 2-quasi-umhilical w. f. t. ~ if on M" there exist
three functions a, f3, r and two orthogonal unit vector fields Uj and 'OJ such



Codimension 2 submanifolds with a 2~i-umbi1ical normal direction 100'

that

(10) hji=agji+{1UjUi+rVjVi'

This is equivalent to say that w. r. t. ~ MtI has a principal curoablre with
multiplicity ~n-2. (Of course, for this definition to be meaningful it is
essential that n>4.) In the following, when dealing with 2-quasi-um~

normal directions~, it will be understood that both {1 and r don't va.Il'iSh."
in other words that ~ is properly 2-quasi-umbilical. The two tangent ~'­
tions of Mn determined by Uj and Vj are called the distinguished i1~
w. r. t. ~. M" is said to be a totally 2-quasi-umbilical submanifold of MtI+2(C)
if Mn is 2-quasi-uinbilical w. r. 1. 2 orthogonal normal directions. In the 0b­
vious way one may define p-quasi-umbilical normal directions and totally It­
quasi-umbilical submanifolds, for 2<p<n-l.

§ 3. Submanifolds with a non-parallel 2-quasi IJilieal normal
direction

The main purpose of this paragraph is to give ex:pressions for the second
fundamental tensor kji w. r. t. ~.L when the second fundamental tensor __Lfi..

~ is. given by

(11)

(12)

and ~ is non-parallel.
The procedures of calculations being of the same type as written mat ...

tailed way in [6J, here we'll only sketch the amputations for the case wie-,
re lj doesn't belong to the plane spanned by the distinguished direct.ims U;z
and Vj and is neither orthogonal to Uj nor to Vj; for other cases w~n jist
state results.

First one inserts (11) into (6).

aiKji+{1/1ljUi+nVjVi+{1ul'/Ili+ {1uiV/Ilj+rvl'I:vi+rviVivi+l~

=ajgl:i+{1jU/Ili+rjVivi+{1uPjUi+{1uiVjUi+rvPJ-Vi+rv'iVI:+l~

where ai=ol:«, etc.
Transvecting gji to (12) gives an expression for ltkl:t, where It=gtslv Ma­

king use of this expression for ltkit in the transvection of lj to (12) pes
the following formula for 12kii , where 12= ltlt.

12kl:i= (la)gii+ (lf3)ukUi+ (lr )VkVi

+k/li l i+[({1u) +,8Put]I/lli+[(rv ) +rVtvtJ1itVi

(13) - (n-Jl)ll:«i-a~i-li/3i-liri- (lU){1/1li- (lv)rt!l.,
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.;

(14)' . ,

+ fJ (u,),t+liUt)VtUi +r(V,),t+liV) VtVi+ fJuilt (VtUi- V itlt)

+rvilt(VtVi-ViVt) -fJ(lu)ViUi-r(lV)ViVi,

where (la) =Itat, yt=gtsVs,k/=ktsJrt, etc.
On the other, hand, by transV'eeting ui to (12) and by transvecting ui to

the resulting formula, we obtain the following.

(lu)2kii , (luH(XU)gii+ qu) (fJU)UiUi+ (Iu) (rU)VjVi

+k(u, u)1,),;+[(au) + (.8u)JliUi+ (ruSutVsVt)ljVi

-lTt«i-lWii- (lU)f:JiUi- (Iu) aiUi+ fJliUtVtlli
.: .; ..,,'. - . ,
, . t {J (l;u) (UiutVt,Uj+U~VtUi) +r (lu) (ViutVtVi+ViutVtVi)

-fJ(lu)VjUi-r(lu)ViutViVe.

wherfj}~,k.(rt"UL,.~tUS•. ~nalo~us, ,c;aJculations staI#J1g ffo~ (12~ wl.th v!'. in­
stJof' ill;giVJ~litt"alialogons-formUla for Xlv)2kii:' . .'. ., .'';: r!,,~'

. " '('\
From these formulas for 12kii, (lu)2ki; and (Iv)2kii we get . . ;

J,r.;:"·i'12~Q,,'2~ (i~j'~, . '1' .,::: '
.. ~ l,.j. " -1. ,.-.}". ,,:If .'
.J • .... iii' '. \". ..~;,. 1 , • :,.", , '... . , • .' ... ,. ~ i;: .

= [(Ia) - (Iu) (au) - (Iv) (av)]gii+[(IfJ) - (lu) (fJu) - (Iv) G8vnUiUi

+[(lr) - (Iu) (ru) - (Iv) (rv)]vjvi-+[klik(u, u) -k(v, v)Jlili

+[f3VtUt - (au) -fJvSvVs"tJljUi+[rVtVt - (av) -ru.fr(f~I-Jh!';
(is) .: ,~; - (it-3)"ljai~aili+(lu)aiui+(lv)hivi ' , " : . :.l,'b'

"~,,,, ... ,, J, ~.; ',. ~ .:. . -. ~ - ;;' " ~ ." tll.~.:~ :: t~,' ".~ ~ '~r

• ,If ,+fJB,),tY,~1fi+ro,),tVe"i+fJui1t(Vt1fr~ViUt) ..., $)1,'

':' ". +rvilt(P'iVj-P'jVt) -fJ{lU) (u;ul~.,uj+u#J7"",)~{;. ."~

-r (lU) (V;ulP'tVj+V#P'tVi) +r(lU)V;utp'jVt-!J(lv) (U,VP't"i+UjVPtUi)
, ":ru t H : , .<.. .

+fJ(IV)UiVP'iUt-r (lV) (ViTfP'tVj+VjVP'tVi). '
.' . .;'" . . .1- "t ,J~' ,:;1 ':"". ..(i:~"1l,~ + ~t;";.~·"i{"

Making use of formula (15) and the symmetry of kilo one can derive ~ ';ex­
pressions for ~ltP'Ptt and'rltP'iUt. Inserting these' expt~()ns in (1:5) and then
again making use of the symmetry of kji' one can find an.expr~on for aj.

Fibally. suh~ t1:ris\one in. the 'Itrevious form~ gives the £ollo~ing. j'

·'t~ 1. Let 'iji ' "~g~i+fJu1Ui+rb~tf;l.: If' DJ~' lit =:/=0, 'lj~ pl~lne'spanned
by lSi and Vjo (lu)':=l,u'=:/=O and' ~lv):=livi*O at"}z pOint'p, then at P We' haVe

hi;= E12- (1u)2- (IV)2J-l[[(la)~(lit) (au) - (Iv) (av)]gjj .

+ {(lfJ) - (Iu) (fJu) - (lv) (f3v) -+f:J(lu) P"ui-fJ {lw)vSvp's"t+fJ(lv)usv17sUt

-fJusltP'Pt'- (n-4)~(lu)[I:i-(lu)2- (lV) 2J:-;1[12{au) + (lu) (Iv) (av) , !
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-(lu) (la) - (au) (Iv)2]} UiUi+ {(lr) - (lu) (ru) - (lv) (rv) +r(lv)J7'v,

-r (Iv)usu'J7sv,+r (lu)vv'J7sv, -rv'I'J7sv,

- (n-4) (Iv) [12- (lu) 2_ (Iv)2J-l[12(av) + (lu) (Iv) (au) - (Iv) (la)

- (av) (lu)2]} VkVi+ {kl-k(u, u) -k(v, v) - (n-2)[l2- (lu)2- (Iv)2J-l

[(la) - (au) (lu) - (av) (lv)J} lkli+[12- (lu) 2_ (Iv)2J-l[ -12(au)

+ (au~ (Iv)2+ (lu) (la) - (lu) (av) (Iv)] (liUi+liuk)

+[12- (lu)2- (IV)2J-l[ -12(av) + (av) (lu)2+ (Iv) (la)

- (lu) (Iv) (au)] (lkvi+1kvi) + ~ {f3 (Iv) J7'u,- (au) (lv) + (lu) (av)

-(3VSl'J7sU,- (n-4) (Iv) [12- (lu) 2_ (Iv) 2]-1[12(au) + (lu) (Iv) (av)

- (lu)(la) - (lu) (lv)2]+r(lu)J7'v,- (av) (lu) + (Iv) (au) -rusl'J7sv,

- (n-4) (lu) [12- (lu)2- (lv)2J-l[12(av) + (lu) (Iv) (au) - (Iv) (Ia)

- (av) (lu)2]} (ViUk+ViUi) +(3[12- (lu)2- (Iv)2J-1 {uk[l'- (lu),r

- (lv)v'JJ7,ui+ui[l'- (lu)u'- (lv)v']V,uk}

+r[12- (lu)2- (lv)2J-1 {v.[l'- (lu)u'- (Iv)v']f7,vi

+vi[l'- (lu)u'- (Iv)vtJJ7,vk}]'

From Lemma 1 and the expressions one can obtain. for kii in a similar way
in case tje:plane (Uj. Vj) with Ij.l..uj or Ij.l..vj, we have the following.

THEOREM 2. Let hji= agii+(3UJ-tli+rVloi' If Dj~==IJ.f;J.=I=O and Ije: plane
spanned by Uj and Vj at a point p, then at P kji has an eigenvalue with multi­
plicity ~n-5.

REMARK 1. More· generally we have the following: if ~ i~ a q-quasi-um­
bilical non-parallel normal section of an n-dimensional submani£old M with
codimension 2 in a space form and the third fundamental tensor does not be­
long to the q-plane spanned by the distinguished directions of M with
respect to ~ at a point p, then at p Ael. has an eigenvalue with multiplicity
~n-2q-l.

Also by similar calculations, we obtain the following.

LEMMA 3. Let hki=agki+(3uiUi+rVkVi'
(i) If Dj~=:.lj~J.=I=O, 1jEplane spanned by Uj and Vj. and Ijii-uj and Ij,#:Vj

at a poi nt p, then at P we have
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klei=I-2 {(la)gii+[ (1[3) +k/(1tt)2+ ({:Ju) (Itt) +(3 (Itt)V'u,-n (Iu) (au) JujU.
+[(lr) +k/(lv)2+ (rv) (Iv) +r(lv)V'v,-n(lv) (crq)]VjVi

+ ~ [2k/(lu) (Iv) + (lu«rv) +r(Itt)V'v,

- (n-l) (Iu) (av) - (au) (Iv) +({3u) (Iv) +{3(lv)V'ut

- (n-l) (Iv) (au) - (av) (Iu)] (UjVi+U,-Ve)

- (Itt) ({3jUi+Uk!3i» - (lv) (n';'i+r.Vj) - (lV){3iVj- (lU)riUj

-(3(lu)Vjvi-r(lv)Vjvi+{3(lu) (u,"'ICV,uj+2UjU'V,Ui)

+r (tv) (VivtV,Vj+2Vjv'VtVi) +(3(lv) (UjVV,Ui+UiVV,uj)

.+r(lu) (Veu'V,Vi+VjUtV,+V.ofttV,ve) +(3(lv) (Veu'V,ui-UivtVtOt)

+r(lu) (UjVV,Vi-V,ofttVjv,).

(ii) If DJ.f;:=IJ.f;l.=f:::.O and Ij-~uj at a point p, then at P we have

klei= (au)gii+[2({3u) +kl+{3V'ut-n (au)]ueui+ (rU)VjVi+ ~ [(rv)

+rVtvt-n(av)] (UjVi+UiVj) -Ui!3i-{3jUi-{3VjUi-riUj+(3(ujUtV,Uj

+2UjUtV,ui) +r(Veu'VtVi+V,u'V,Vj)+r(UjV'V,Vi-uiutVjVt).

§ 4. Foliations of submanifolds with a 2-quasi-umbilical normal
direction

In this paragrapf we give results on foliations of suhmanifolds Mn of
Mn+2(c) which are 2-quasi-umbilical w. r. t. a normal section e.

Let Ij=l=O, Ij $. plane (Uj, Vj), (Iu) =1=0 and (Iv) =1=0. Then from formula
(10) and Lemma 1, the equation (8) of Ricci and the formulas obtained by
tJiUlSvecting ui , "respectively vi, to (12), we see that Vjli-Vili' VJofti-V,ui
aud Y.jVi-ViVj are all zero modulo Uk, Vj and Ij. Therefore, the distribution
defined by .UrJXi=Vidxi=lpki=O is involutive. From (10) we see that the
COITesponding integr~ subtnanifolds Mn-3 of Mn are umbilical w~ r. 1. the
normal direction e. From Lemma 1 we see that also el. determines an um­
bilical normal direction for Mn-3. Finally from the transvection of ui, respe­
ctively vi, to (12) we see that also Ui and Vi determine umbilical normal
directions for Mn-3. Besides, from (2) and (10) we see that

(16)

where D' and x' are respectively the normal connection of 1\ftl -
3 in Mn+2(c)
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and an arb~trary tangent vector field Qn Mn-3. (16) and (4) imply that ~ is
parallel Qn Mn-3.

The fQllQwing result Can be proved completely by making similar observa­
tiQns fQr the Qther cases as given above for case (i). In particular fQr the
cases (ii) and (iii) Qne uses Lemma 3. Of course in case (iv) , the parallellism.
of ~ on the integral submanifQlds is trivial

THEOREM 4. Let M" be a submanifold of M"+2(c) with
hji= agji+f3uJ-tli+rVjVi'

(i) If Ij=l=O and ljftplane spanned ~ aj and Vj. then M" is foliated by
submanifolds of codimension 3 which are ambilical w. r. i. e. eJ.. ai and Vi'

(ii) If Ij=l=O. liEplane spanned ~ Uj and Vj. lji!-aj and Iji!-1'1j. then Mn is
foliated ~ submanifolds of codimension 2 which are umbilical w. r. t. e and
two independent normal directions spanned ~ eJ.. aj and Vi

(iii) If Ij=l=O and lj/ai (resp. lj/vi), then Mn is foliated by su1nnani
folds of codimension 2 which are umbilical w. r. t. e. Vj (resp. IIj) and a nor­
mal direction spanned by eJ. and Uj (resp. eJ. and Vi)'

(iv) If Ij=O, then M" is foliated ~ submanifolds of codimension 2 whU:h
are umbilical w. r. t. e, ai and Vj'

In each case e is parallel in the normal bundle of the integral stdnnanifolds
of Mn in Mn+2.

REMARK 2. On submanifQlds Mn of M,,+2 with a q-quasi-umbilical direc­
tiQn there also exist foliatiQns Qf which the leaves Mtl are umbilical w. r. t.
an (n+ 1-d)-dimensional normal subbundle.

REMARK 3. From Theorem 4 and [2J we conclude that the leaves
M,,-2(M,,-3) Qf M" are spherical submanifolds, i. e. lie in a hypersphere Qf
M"+2(c).

REMARK 4. For results Qn submanifolds Mn Qf a Riemannian manifold N1II
which are umbilical. w. r. t. an (m-n-1)-dimensional nQrmal subbundle, see
[3J and [4J.
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