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Abstract

Production lot sizing problem for a system with exponentially decaying inventory is:
considered. From the exact cost function developed under conditions of constant demand
and no shortages permitted, an approximate optimal solution is derived.

The formula is compared with those of the exact solution obtained from numerical
procedure and other existing approximate solution.

Finally some notable properties of the formula are investigated and shown to be

consistent.

1. Introduction

Recently several inventory models have been considered in which inventory is depleted not
only by physical depletion but also by decay.

Since Ghare and Schrader [3] derived a revised form of the economic ordering quantity in
which the time elapsed to deterioration has exponential distribution, Covert and Philip [2] ex-
tended this model to the case of weibull distribution.

Shah [7] has formulated an economic ordering quantity model in which the time to deteriora-
tion is expressed in a general probabilistic distribution. Cohen [1] considered the problem of
simultaneously setting price and production levels for an exponentially decaying product.

Misra [5] has developed a production lot size model for a system with deterjorating inventory.
We find Misra’s model for the case of weibull deterioration to have a wrong basic assumption
in which he assumes the deterioration rate function is simply the weibull instantaneous rate
function, Z(¢)=agt5". He ignores the fact that after the start of production the stockpile con-
sists of items of different ages. For exponential deterioration problem, the complexity of the
problem mentioned above does not occur because the deterioration rate function is independent
of the time elapsed. In this case Misra has developed a rough formula for optimal solution. In
this paper production lot size model with expenentially decaying inventory is considered and an

improved approximate solution is developed comparing with the Misra’s result.

2. Development of the Model

Following are the list of assumptions we make to develop the model
1) Demand rate is known and constant
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2) Production rate, governing supply is finite and constant

3) Units are available for satisfying demand after their production.

4) A deteriorated unit is not repaired or replaced

5) The unit production cost, C is also considered to account for the deterioration cost, and
all the cost coefficients are constant

-6) The production rate is greater than the demand rate

7) Shortages are not allowed

8) The time elapsed to deterioration follows exponential distribution with parameter a.

INOTATION

The notation used in this paper is as follows;
¢ =Production rate in number of units/year
A=Demand rate in number of units/year
C =Unit production cost
C,=Inventory carrying cost/unit/unit time.
C;=Set-up cost per cycle
I,=The inventory level at time t
JTy=Maximum inventory level within a cycle
T=Cycle time
T, =Production time per cycle
7T,=Time without production in a cycle
i.e., T,=T-T,
TC=Total cost per unit time
¥ =Optimal value of T
,*=0Optimal value of T,
T,c* =0Optimal value of T, for conventional production lot size model

T,c*=Optimal value of T, for conventional production lot size model

Figure-1 shows an inventory cycle for a finite preduction rate. The inventory level is zero
both at the beginning and end of the cycle. During time interval [0, T,] the inventory Ievel
increases due to production and decreases after production stops at time T.

The depletion, dI, during the infinitesimal time, d¢ following ¢, is a function of the deteriora-

tion, the rate of usage, the production rate ¢ and the remaining inventory. Thus

—dI,=Iadt+2dt — ¢dt for 0<t<T, ¢))
and
Equation (1) and (2) can be rewritten as
Al | La=g-1, 0<t=T, @
and
‘;Itt +la=~-2, T,<t<T, €))
It follows
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Figure 1 Behaviour of on hand inventory
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{io-0 exp(faat)ar+x;
I=-=2 7 ,0=t=T, 6))
exp <S adt)
0
and
H
S (—2A) exp (&xdt) dt+ K,
H - , T\<t<T )

1= exp <S;ladt)

Using the boundary conditions that at =0, I,=0 and at ¢=T,,I;=1,, K;=0 and K,=1,,
let £, =2 for 0<I<T,

and
t,=t—T, for T\<¢t<T.
“Then
2
§ (=1 exp (ar) dt 62
n= exp (aty) R [1—exp (—at)] ¢!
S’:( —Dexp (adddt+I, - —i— lexp (at)—~1] +1,
n= exp (al) = exp (o) ®
From the fact that at £,,[,,=1, and at {,=T,, I,,=0, it follows that
L= tesp T -11 =22 [1-exp (—aT))] ©®
and
_ _Alexp (aT,) —exp (aty)] .
Ie= a exp (at,) (10
From (9), it follows that
To=-Lpn[ £ - 2% exp (—aT))], an
T A
Sozbzdt:T[———%t—— T2+—.‘al£— exp (a'Tz)] a2
and
7 ~2
SolIﬂdt= ¢a [Tﬁ—% exp(—aTl)—%]. (13)
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We can express equation (12) and (13) in terms of T using equation (11).
T T - A -
("Lt 4§ T =222 T - L[ £ 222 exp(—aTy)] s>
Thus the total inventory cost per unit time becomes
-2 C,A -
C,+CoT +C, ¢a T, — alz lnl:iia ¢12 exp(—aTl)]
1 -2
T1+71n|:—%— ¢l exp(—aT;)]
Here we notice that the above cost function (15) is not convex because

s>

TC=

lim 7C=Cg +C,£ =2

T‘-)oo
Using Rosen’s gradient projection method [4], optimal solution which minimizes the total cost-
per unit time can be obtained. To derive approximate solution, those terms of degree higher-

than or equal to 2 in « are neglected in Taylor’s expansion of the function (15) assuming a<1..

Then
CotCoTi+ S $GD p G (22)igpo_ G (S04 47

TC=
”;?‘Tl“7< )T

Differentiating with respect to T, and set equal to zero, we obtain

ae)

-—%Cla(ZqS—D% T +-Lg(Ca+COT+CaT, - ¢Cill =0 an

Assuming aT;<1, above equation can be solved for the optimum 7*

This gives

2C. 7 - 2t

@—-Dp(Ca+C) (¢~ A)C1¢ _C‘;'a+1

Ty*= as)

Misra [5] developed a formula for 7, and he gives
2C;A
(@—2(Cal+Cig)
The same approximation procedures are applied to the total cost per unit time which is ex-

ressed in terms of T, and by setting oIC =0, following equation is obtained
P 9T,

To=

203D o) A —
= $A(Ca+Cy) / C.pa N CC a+1 a9

Notice that as a approaches 0, 7.* and T,* approaches to the optimal solution of production

lot size problem without deterioration, that is

- 2C;4 ; 2C,(8—1)
Tm*— <¢_2>C1¢ and [25*—'\/ 1¢2

So we find that an approximate solution can be found simply by mutiplying \/W
to the solution of the ordinary production lot size problem.

Furthermore, we can consider the deteriorating cost as a kind of inventory holding cost. If we:
substitute Ca+C, for C, in the formulas, Tc* and T,cx, we can obtain the formulas, 7'* and
T,*.

Also notice that 7,* and T,* give standard result if the production rate is infinite. Ghare and.
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Schrader (1963) [3] have solved the above problem and obtained the following equation for
optimal cycle time T

Cila , Cii CiaaT C, _
‘ 2 T3 t— 3 7 =0 FZO)
Recalling that aT is assumed to be quite small in the dervation of (18) and (19), from (20)
T*= 12—%{(%%—1—: which is the expression for T,* given by equation (19) after substituting
¢=OO_

Thus the formula established in this paper is consistent.

3. Numerical Example

For the comparison purpose, we use the same numerical example appearing on Misra’s paper.
The values of various variables are as follows
2=2500 unit/year
¢ ="7500 unit/year
C,= $0.60/unit/year
C= $3.00/unit
C;= $50. 00/order
Table-1 shows the value of 7, and total cost per unit time derived from three different
methods.
T\* appears to be better than T and quite close to the optimal solution obtained by numeri-

cal method.
Table 1. ¢ptimal value of T; and Total Cost Per Unit Time.
T « ‘ i | -
T~ 0.001 | 0.051| 0.101] 0.151 | 0.201: O0.251 | 0.301| 0.351| 0.401| 0.431
\ | I | !

Misra’s 0.1053; 0.1011 0.0975 0.0942 O. 0912! 0.0885 0.0860, 0.0837/ 0.0816 0.0796
Formula 7817.0| 7855.4] 7891.3 7925.1 7957. 1\ 7987. 5i 8016.5[ 8044. 21 8070. 9? 8096.5
New 0.1051| 0.0941, 0.0859] 0.0796{ 0.0744] O. 070"] 0.0666] 0.0635 0.0608 0.0584
Formula 7817.0| 7854.5 7888.5] 7919.8 7948.9! 7976. 3: 8002. 2| 8026.8] 8050.4| 8073.0
Exact 0.10520 0.0944| 0.0864, 0.0802 0. 075”‘ 0. 0711‘ 0. 0675: 0.0645) 0.0618 0.05%
Solution 7817.0; 7854.5 7888.5 7919.8 7948. 9 7976 2‘ 8002. 1; 8026.8 8050.3] 8073.0

4. Conclusion

An economic production quantity model has been considered in which items follow expenential
deterioration and an approximate solulion is derived which is shown to be better than the Misra’s

result.

Cohen [1] has developed a joint pricing and ordering model in which a continuous review,
deterministic demand and instantaneous supply are assumed. Extension of this problem to the
production lot size model can be considered.
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