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Abstract

We ohtain the minimum variance unbiased estimate of system reliability when a system
consists of n components whose life times are assumed to be independent and identically distri-
buted either negative exponential or geometric random variables. For the case of a negative
exponential life time, we obtain the minimum variance unhiased estimate of the probability
density function of the i-th order statistic.

1. Introduction and Summary.

Suppose a system consists of n components and let X: be the life time of the i-th.component,

i=1,2,...,n The reliability of the system is defined by (see for example {1], page 20-49),
R(x, k,n)—P[at least (#+1) components are operative at time x]
=P[at least (¢+1) X s>x],

where x is a fixed numbar and 2=0,1,...,2—1. In this paper we obtain the minimum variance
unbiased estimate of R{x, & #) when X, Xs,...X. are independent and identically distributed
geometric random variables with probability function P[Xi=zx]=(l-¢@)¢*, 2=0,1,..,0<e<L,
and when Xy, Xe,...X. are independent and identically distributed negative exponential random
variables with probability density function f{x)=Jde** Lo~ {x). Notice that Plat least (£+41)
X's>r]=1—Plat least (n—k&) X’s<x]. Thus in estimating the reliability' R(x,&,#), we consider
the minirum variance unbiased estimate of the comulative probability function of (rn—Z&)th order
statistic Xe-sy induced by a random sample of size » Let T:'Z'_':IX,-, then, in both cases, T is a
sufficient statistic and the probability density function of T is complete since the probability function
of T is an exponential family. Thus we use the Lehmann-Scheffé Theorem[3] and the Rao-Black-
well Theorem{4] to obtain the minimum variance unbiased estimate of R{xz, &, »). The reliability
R{z, n—1, n) =Pfat least » X’s>>x] can be viewed as the reliability of a series system and
R{z, o, n) =P[at least one X/'s>>z] may be viewed as the reliability of a paralle] system. We also
obtain the conditicnal probaility density function of the i-th order statistic X, given T=t when
X:'s are independent and identically distributed negative exponential random variables.
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2. Negative Exponential Life Time Distribution.

Let X1, Xs,..., X4 be independent and identically distributed with a probability density function
given by
flxd=ae"*1(s, ) ().
The relrability of the system can be written as
Rz, b, n)=P[at least (2+1)X,s>x]
=1-—-Plat least (n—&) X.'s<<7]
=1=-PX-n<x],
where X(a-3; is (m—k)th order statistic based on X;, Xz ..., Xn Let F{&)=P[X;<z]=1-e"%,
then the cumaulative distribution function of X, the i-th order saatisics induced by X, X, ..., X.,
can be written

P[Xo<a]=3 (F@Y[1-F@) ]

=L (DO D ler
Now the statistic T=3X X, is sufficient for 2 and the family of the protability density function of
T given by

Antu-le-)r

fr(t;l)z'—""f*(;;)——lco, = () ¢)]

is a complete family. Thus from the Lehmann-Scheffé Theorem[3], there exists at most one
estimate of (e-**)"-! as a function of T. If there is such an estimate then by the Rao-Blackwell
Theorem[4], it will be the unique minimum variance unbiased estimate.

Let g.(z, ¢ {} be the minimum variance unbiased estimate of (e-*)"-! and set

v mel_ = lntu-lg-ll
(8 ‘1) l__jngn(x,r,i)-—w—dr. (2)
But we can write
() (e-lx)n-—Izj:;{ntn—Ie—ite-lx(n-IJdt &)

n-1

— - t a ' =l prd(tyxin-1
= [y L (e I )

From (2} and (3)

L rn—l

. [t+x(n_£)]" 3_Rn[r_{_z(n___i)]n-le-l(t‘t-x(n-f))dt

:I:gu (I, 2, D Anpr—le=t Jg
Consequently, we have
— _ n—1i
&z, r,0=[{—*—“t =TT i D

0 otherwise.
Thus the minimum variased estimate of P[X<z] is given by

PrXo<al=F (- D/ QE (- (=D )

where [v]+=y if y=0 and 0 i y<0,
The minimum variance unbiased estimate of R{x, k, n)is then

n-1

+
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Rz, b, #) =1—P[Xen-2) <]
=1= 3 (DO E-D Q[ LEemD ) @
j=n-k i=e t )

+

It can be easily shown that

R, 0,m=1-Z (-2,

EEDQEED QOEEED )y ang

i=0 t

R(z,n—1,my=[422 )"

_ E |
Note that [ 4 :m L is the minimum variance unbiaped estimate of ¢-**=

We can use the same technique to obtain the minimum variance unbiased estimate of the
probability density function of X, The p.d.f. of X, is

hu(yi4,9) ZW’;—LIWU"?”) =t(gmar)yn-ig-d,

]
and it can be shown that the minimum variance unbiased estimate of k.(y;2 7) is given by

hotvedif)— 7! (=1 Jo( t—ylntjtl—i) -2
iD= e 2O e N

Remark: (a) Notice that the joint probability density function of Y:=X/T,i=1,2..., n, is
given by, (see[4]),

f(yl,yﬁ, L] !y"):(n_]-) !J _}':20 and El y;'=1-

Let Y¢ by the max[Yy, Yz, ..., Y.], then using (4) one can establish the following well known
formula [2]

P[Y(")gyjzlhé(_ni'l(?) (1—iy) :-i or

PIXeo>] =3 (D" U—ix) .

(b) Notice that 2.(y:4,7) is the conditional density function of the ith order statistics X
given T=z. This follows from the fact that

riA D= [ b4, 4, D frle: )ty
where fr(¢;4) is given by (1).

3. Geometric Life Time Diséribution

This is a discrete version of the results of section 2. Let X1, Xs,..., X ke independent and
identically distributed with a probability function give by
plx)=(1—g)g~,z=0,1...,0<g<1,
Since P[X:>>z]=g**!, the reliability of the system can be written as

R Am= T (@) d-g)"

= 3 D OT DTy ey,
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The statistic T:Zﬂ X; is sufficient for ¢, and the family of the probability function of T given
i=]
by
PO=( 71 -0

is a complete family. Now using the Rao-Blackwell Theoem it can be shown that the minimum
variance unbiased estimate of gt=+D-2 ig

afxq-lan-x):J (f_ (ﬂ_:l)—(:i:-l-l) _1)

| (=D
0 otherwise,

Thus the minimum variance unbiased estimate of R{x, £,#) is given by

if t<nt (n—95){(z+1)

RA(Is ks ?I) = f-—.éj.'.l(_“ ]-) r(:) :Z:;(_ 1) ey (“:r) a(t—l}(n-:)
It can bz easily shown that
(r—?z(x—i— 1) — 1)
Riz,n—1,n)= n—1

(32D

if t<n+n(z+1)

0 otherwise,
ﬁ(x, 0,7) =1—§£—D"(:) (t_j(,fjll) _-1) (;:]i s

where (’“f S “1)=0 if t—j(x+1) <n.

Note that Ii(a:,n—l, ») is the minimum variance unbiased estimate of [+ ]
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