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1. Introduction

Let us consider an #z-dimensional C™° differentiable manifold and a tensor field
f of type (1,1) such.that

(1.1) fify fi—rfi=0, f£0,1;
where the indices ¢, 7, &, =+, b, -+= vary from 1 to . Let L and M be the comple-

mentary distributions corresponding to the projection tensors lh and mh respect-

ively, where A
(1.2) L ff ) m, d‘“-’fz —Ff7.

If the rank of the structure tensor f is 7, then such a structure is called an
Jf(3, —1)-structure of rank » [1]. Also a manifold with an f(3, —1)-structure of

rank 7 always admits a positive definite Riemannian metric g, such that

(1.3) fifie 2

gﬂ_ﬁ"J
where mﬁ—m]. g”.. |
Thus if an F(3, —1)-structure of rank 7 admits a positive definite Riemannian:

metric defined by (1,3), then such a structure will be called (f.(r, —1), &)-
structure. If this (f (3, j:-l).-g)-st'ructure also satisfies the following relations::

N AN i ;Yzf;.“ (fo i~V IS

3 .
def

V: F+V.F .V, F,

def
;zk V] 2h Vz kj+vhm =0,

then we call manifold M" as a pseudo-manifold with (f,(3, —1), g)-structure.
A vector field #* in a pseudo manifold with (fr(?;, —1), g)-structure is called!
to be invariant with respect to. the structure tensor ff, that is f ;-invariant if

the Lie-derivative of the structure tensor w.r.t. the vector field #* is zero [2].



230 M.D.Upadhyay and K.K.Dube

2. Infinitesimal projective transformation

Now we consider infinitesimal projective transformation with respect to

f].i-invariant vector field v®, We have [4],

(2.1) }5[ jz k} 25; k“'ﬂa@:
therefore
(2.2) LRy, =0,V 5.~0,V b,

where £, stands for the Lie-derivative w.r.t. the vector V*. The scalar ¢ is
defined as V, V:/n+1 and ¢, is grad. §. Now we apply Ricci identity to the
structure f ;. We have [5], |
(2.3) VoVil f—VJ-fo :z =7 ;Rpjzh'“f ?Rpﬁx'
THEOREM 2.1. Iz a compact pseudo-manifold with (f,(3, —1), g)-structure,

an infinitesimal projective transformation with respect to an f j -tnvariant veclor

Sield is necessarily an isometry.

PROOF. Now taking Lie-derivative of (2.3) w.r.t. V', we get
! o ek I
(2. 4) fi}gl"Rﬁﬂ '_'fz ﬁ”Rpji =0,
because for a pseudo manifold with (f,.(3, —1), g)-structure
t ¢
fo,._o. Also ;ﬁvf}. =0
Now by virtue of (2.2) and (2.4) we obtain
!, ok h k
(2.5) £ 0N b=0,V 8~ (F; Vb~ f, V=0,
Transvecting(2.5) with g/* and multiplying the resulting equation by f,f. we
get
. Pl 1 ,¢
(2.6) Vg=——51 :-Va';ﬁa.
in view of (1.2)a.

Applying Ricci identity to the projection tensor m;’:, we have

> h B h h !
@7 VeVimi =V Vg =m; Ry —my Ry, .
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For a pseudo-manifold, V, f;':o implies VPZ;: =0+ hence V, m; =0. Also 2,1 ;=O
implies that ;5:,[;',:0. Thus ;{f’vmizo. So the left hand side of (2.7) vanishes.

hence we get

(2.8) mi. R pﬂh — mfR 5 J.z-[ =0,

Taking Lie-derivative of (2.8) w.r.t. V', we obtain
(2.9) m, BuR [ —m BuR, =0,

By virtue of (2.2) and (2.9), we get
(2.10) M (03 V by~ 0,V $) =V b, —m,V B

Multiplying (2.10) by gﬁ and contracting % and p in the resulting equation we
obtaln |

(2.11) nnt'V g =m.V ¢
Adding (2.6) and (2.11) we get

(2.12) ~ 20V ftn-m Vg =nV ¢
or |

(2.13) (n+2)m"'V §,—2V $"=nV 4",

This gives us that mj[ngé,:V agzﬁ“. Hence from (2.11) and (2.13) we obtaln
P
(1 “mi/n)va(ba:().
Since m:.;én, therefore we have
V ¢ =0.

Hence if the space is compact and applying theorem of E.Hopf, we get ¢=
constant. Thus the transformation is necessarily an affine. Also in a compact
manifold, an affine transformation 1s necessarily an isometry. Hence the
theorem is proved.

3. Holomorphic projective transformation

Now we consider a Kdhlerian space W 1n a product manifold, that is, d-
Kahlerian, where d means decomposible, which is an enveloping space of the

pseudo-manifold with (f,(3, —1), g)-structure. We have [5]

d°X® [ a} ix° dx* _ _, dx° P . dx’

77 \edldgT dr . " dy "Plyag
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where o’ and 8’ are certain functions. We call such a curve a holomorphically
planer curve and f : is a product structure in W. a,b, ¢ vary from 1 to the
number which is the dimension of W. The H-plane curve in W gives rise to
an H-plane curve in M which can be written as

a*x [h}_de ix’ o dX" g e ndX]
= 147 d7 %vgy AT

1 J
where f :’ is (f,(3, —1), g)-structure and a, and B, are suitably chosen functions.

So holomorphicaliy projective transformation can be defined In the pseudo-
(f,(8, —1), g)-manifold. .

Now under this transformation, we have
' ) ok B = b = gk
where p, is an arbitrary covariant vector field, and

~ def
pi_f__f;pf_

Consequently, we have
Iz B h h k h
(3- 2) )(uDkajz' — pkia} ""Pﬁ&k - f;(nak,fj _pjrfk ) - fi (pkrfjr—pjff;)!
where 0;; is a symmetric tensor defined by
0= Vj.oz- — Viloj"" 0 j_ﬁi'

THEOREM 3.1. If the f ;-z'nvarz'ant vector field in a pseudo-(f,(3, —1), g)
mantfold admits a holomorphically projective iransformation, then

' !
Vio,=m" o o,
PROOF. Let the holomorphically projective trasformation be taken with respect.
to f;‘-invariant vector field. Putting the value of ;{,’,,Rkﬂk and ﬁkaﬁl from (8.2)

in (2.4) and then multiplying the resulting equation with gﬁ, we get

ir r.
(3- 3) z pjf_g pjf-O'
Now by virtue of (2.9) and (8.2) we get
I h h ! |
(3.4) m; (0407 = 0,00~ (0,0 —0,8,)=0.

Contracting # and s in (3.4), we get
(3.5) (n-—l)mﬁ pk,—mi pki—l—mf,; 0;;=0.

Transvecting (3.5) by gik and using (3.3), we obtain
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Y
M & 0y =0,
thus either mi =0 or gikpk?::O.

et mj#o, therefore we have

gikpki —0
and hence
] [
Vzpi =m 0,0

which proves the theorem.
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