
i.Kyungpook Math. J. 
Volume 18. Number 2 

, Decem ber, 1978 

A GENERAL DIFFERENTIAL EQUATION FOR CLASSICAL 

POLYNOMIALS 

paper is to derive the two differential equations 

‘ Satisfied by the po13711OIIliaI set Rn(x, y) and the genera1 soIutions thereof- IFn(x, y), 

‘ the generalization of as many as twenty two classical polynomials such 

,Laguerre polynomials. Hermite polynomials. Legendre polynomials. 

cpolynomials. Bedient polynomials etc. has been defined by us by means 

"generating relation 

as 

Jacobi 

of the 

Singh and R. N. Pandey By R. B. 

The object of the present 

Introduction 1. 

∞ - ” Qfu1(a1 Xmi ym, t m’) 
Z그 R~(x.y)t" = . … … ’ 
n=O ,. (l-vx … t …‘ )“ 

(a1. A ,). (a". A ,,). …• (a M AJ J.' --1 ..... ~ '-:::: ι p' "p 

(b l' 1). (b2’ 
B 2). .... (bq+1• Bq+l)J' 

Further the generalized polynomials Rn(x.y) will be denoted by 훈n(X'y) in case 

(1.1) 

-μl' t 
(l-vx- m t 끼‘) ß 

llr 12 XH P. q+l 

α1=0=간· '(1. 2) 

interesting and On specializing the various parameters involved therein some 

):,new results for the classical polynomials are obtained. 

[2] • The left hand side of (1.1) contain H-function defined by Fox 

The following notations have been used for brevity 
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, 
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μ A, I z" - a . + A .b. 
(V) [(M1(i, j))] ”=1EI1 zLIl (--펴; j l 

”’ 
~ 1_ a ,-AÞ.+z'-l 

(vi) [I -(M?(i, j))L= h ri (1- ~j •• 삭 
“ “ j=I,+l i=l \ AI 

Z" -b ,+B ,b, J . - F 1 

B. )n’ 

q+1 B , 
(vii) [(N ,(i, j))L= 0 디 

- .. j=I.+li=l 

n’ 
B ,-B ,b.+i-1 1-.-; -]"1 

B. 
j 

1. B‘ 
(viii) [1-(N2(i, j))] η = j달 i딛 

k’ 

1, AJ m‘ ( -(M1(i,j))-n+1 
4 k [%4 ; 1- (Ml(t, j)) -%] =j므1 낀11되 I 

ηz 4 

(ix) 

k’ 
AJ m‘ I (M,,(i, j))-n+I-1 

(x) L1까 [m4 ; (M2(i, j))-n] =. n . .n. .n.(. '-'.2. 
j=I.+l i=ll=l ηz 
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-(N1(i, j))-n+1 q+1 B, m 

4% [mA ; 1- (N1 (j, j ])] = n n n 
“ ‘ j=l. +1 i=ll=l 

(xi) 

k’ 
1. B , ‘ 

(xii) L1\fm4; (N2Cz', j))-n] =.ft.ñ 디 
‘ ~ j=2 i=ll=l 

Differential equations for 동n(X， y) 

(i) Case 1 (m4β =1) 

2. 

Consider 

ι ), i(m4 ; (N2(i, j))-n), L1(ηZ4; -n), i(m4 ; 1-(N1(i,j). 

(1-α-ßb1 -nβ) ; 

• 

i(m4 ; 1-(M1(i, j))-n) , L1
2
(m4 ; (M2(i, j))-n); 

Gx-껴 

(2.1) W1= 

For the derivation of the differential equation we define an operator 

0= 

Thus we have 

(2.2) Wi[m4 ; 1-(M1(i,j) )-n-m4-0]i[m4 ; (M2(i, j))-n-m4-0]}W1 
2 

3.. .. , ..... /.. .... , ., .4 
[깐깐‘1 ( -m4k) L1k [m4 ; -n] L1~4[m4; 1-(N1(i， j))-n] L1~k[m4; (Nþ, j))-n]G 

Kl k!강 [m4 ; 1-(M1 Cz'， j))-n]좌 [m4 ; (M2(i, j))-n]x
mk 
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X(l-a-야l-nβ)k L1그 [m4 : 1-(M1(서))-n-씬+m4k] L1Zk [m4 : (MZU, j)) 

-%-m4+m4k] 

뻗.1 ( -m4) L1k [m4 : -n] L1 3
k[m4 : 1-(N1U， j))-χ]4%[%4 ; (N2(t, j))-%]Gk+1x-mk 

야î (k-1)! L1 \_1[m4 : 1-(M1U, j))-n]ik_ 1[m4 : (MZU, j))-n] 

X(l-α-βb1-%β)k' 

Since [m4 : -n+m4k] the product of the last m4 factors in L1k+ l[m4: -써 IS zero 

n-nι+1 , 1" ~ 
in the interval I ... 추-1<k<1 ~: I in the R. H. S. we find 

ηZ4 J.. L m 

(2.3) {떠1 [m4 : 1-(M1U, j))-n-m4- (J] L1
Z

[m4 : (MZU, j))-n-m4 -(J]}W 1 
2 

[n/tη‘] 
=-η~.G E 

~ k=O 

d k[m4 : -n] 꿇[m4 : 1-(N1U, j))-n] L1
4
k [m4 : (NZU, j))-n] 

k! L1 그 [m4 : 1-(M1(i, j))-n] L1
Z
k [m4 : (MzCi， j))~-nJ 

3 xG" X-"'''-''(1-a-ßb1-nß)k L1 [ηZ4: -n+m샌]L1~[m4: 1-(N1(i， j))-n+ 1.깨4k] 

xi[m4 : (Nz(i， j))-n+m샌] (l-a-βbl-xβ+k). 
q+l P 

(-v)( -m.)m.( ~그 B;+l- :2그 A;) 
1 ~ j=l I j=l I 

Putting G = ; m. 
(μEy’ 1) …‘ 

Simplifying a little more, we achieve 
(2.4) [(Mμ， j))+n+m4+ (J-(m4)J [n-(M2(i， j))+찍+(J-(m4)+1] 

nt.t’ 
+ 7l1m‘ m [(J+n+1-(m4)] [(N1(i, j))+n+ (J -(m4)] 

(μEy'l) 

X [n-(Nz제)-1-(씨 -l+a+ ßb1+nβ+옳 |휠(X， y)=O 

which is one of the differential equations for the polynomial set. 
(ii) Proceeding as above lines, we find another partial differential equatioD 

in terms of rþ 

(2.5) {φ-n) [(M1(ι j))+m4+rþ-(m4)] [m4- (MzU, j))+rþ- (m4) +1] 

”z, v 
+ r .. 7:' •• :I"\m •.. m [rþ+1-(m4)] [(N1U, j))+rþ-(m4)] [l-(NzCi, j)) +rþ-(m4)1 

(μE/，)m‘x 

(iii) Proceeding exactly similar as in (1.2) we rrìay dedùce results for other 

three cases viz. 

、



236 R.B.S상~gh aηd R.N.Pandey 

(2.6) ’n4β>1 ， m4β <0， and m4ß=0. 

3. Other solutions of the differential equations 

(i) Case 1 (m 4ß = 1) 

The complete solution of the differential equation (2.4) is given by 

m‘ 1, m‘ P 
(3.1) W=No Wo+월l문lNg·h Wg， k+끓1u옳+1 Ng,u Wg, tt 

here N", N 0' ..\.1"J!, h’ Ngl U are arbitrary parameters and nde1endent 

w。=휩(x. y) 

A‘ u 

q+1 p 
m4월욕+m4-t 2Fη4윌 Aj+l [R1] 

(3 2) Wg， k=은l xa-…'/>一n-7fT，

where 

~-íl ， LI(m4 :M1ih+m4;....g). i(m4 ; l-g-(N1(i, j))+M1ih +m4), 

M1ih - σ 
LI~(m4; (N2 (i, j))':""i+M1ih+m4)' (2-α+ßb 1+-강F--) 

""4 

of x and 

[판]= 2 
LI^(ηZ4; l-g-(M1(z'.j))十M1ih+m4)， LI~(m4; (M2(i， j))-g+M1찌+m4) ， 

R.{1 .. ι+n-g 
‘-….;「

"’’4 4 
--

:~v(μ E/，)-m‘x-m(-η~4)m‘W， 

also 

A g-1-m‘一M(3.3) W~ “=εXI$ 
ð." i=l 

q+1 .~ 

m , EB， +ηι+2Fηι E 
~ j=2 J ~ ~ j=1 

A. 
1 

+1 [R2] 

‘ 1, LI(m4 ; 1+m4-g-M2iu)' i(m4 ; 2-(N1 (i, j))-g-M2iu+m4)' 

대꾀= 

-g-Af2찌-b1 、
m, . 

4 
tCm4: 1+m4-g-M2ω+CN2(i， j))) ， (2-α+1 

iCm4 : 2-CMl(i, j))-g-M2iu+m4)' iCm4: l+m4- g - M 2싸 

+CM2Ci, j)), 
n +1-g-M?;“ 

2+ … -

”’4 

- v.cEl'μ)-m‘x-m(-%4)m‘W， 

--

{ii) SimiIarIy, the complete soIution of the partiaI differentiaI equation of 

• 
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(2.5) is 
m‘/, nI‘ p 

(3.4) W'=N'oWo+~， P， N'g， hW'g， h+~ __ ~" N’f(, U W’g 
g=1h=1 i , a g=l u=la+1 e s 

where N'O' N’g,h' N’g, u are arbitrary parameters and independent of :t 

A. _ .’ -
(3.5) W' n ι= L: yg-씨 IIA-m‘ q+1 p 

.. ". i=l m4짤2욕+씬+2Fm4 우 Aj+1 [R1] 

A· g-1-”‘+M" (3.6) W' ’ ”= εY，，-，l.-1I"4 T “ . q+1 P 
s ’ ” j=l %A 적 B;+m4+2Fm4 잦 Ai+1[R싱 

J=ι ‘ J=~ -

where [R1] and [R2] are already defined. 

(iii) Proceeding exactly as in (2.6) we achieve the (3.7) results for three 

cases viz. m4ß>1, mß<O and m4ß=O. 

Verification 

We already know that Wo=휩(x， y) and satisfies (2.4), now, we shall sho￦ 

that Wg,h and Wg
’ “ 

also satisfy (2.4). 

The method of verification is similar to that of RainviIle [1, p. 47] 
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