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THE RIESZ DECOMPOSITION OF VECTOR-V ALUED UNIFORM: 

AMART FOR CONTINUOUS PARAMETER 

By Bong Dae Choi 

Let (Q’ ‘중• P) be a complete probability space. For each tεR+= [0, ∞)， let: 

$t be a sub-lT-algebra of $ which includes all of null sets. The collection, 
(‘중/)tεR+ of lT-algebras is assumed to be increasing (i 'e. , if t드S， . then 효-tC종s 

and right continuous (i. e. ‘F t = n $. for all t ε R+). A simple stopping time. 
• s>t ‘ 

of (‘중/)/른R+ is a function -r: Q• [0, ∞) taking only finitely many values, such. 

that {-r드t} ε ‘중t for all t. Let T be the setof all simple stopping times; under­

the natural order T is a directed set filtering to the right. lT, -r and p denote­

elements of T. 

Let E be a Banach space and (Xt)t트R+ be a family oÎ random variables. 

adapted to (‘중t) tE lì.+’ i. e. , X t: Q• E is ‘종(strongly measurable for each t ε R+. 

E(X) (expectation of X) is the Bochner integral of X and E(XI .9f) is a con-­

ditional expectation of X relative to a subalgebra .9f C $. For -r ε T define. 

the random variable X r by Xr=X/ on {-r=t} and define the lT-algebra ‘중r br 

‘중r={A ε ‘중 IAn {-r=t} ε ‘ 'Ft for all t E R+}. The family (X/)/εR+ is called an~ 
amart [4] for (‘중t) tεR+ iff EIIXtll <∞ for all t ER+ and the net (E(Xr)\εT 
converges to a finite limit. 

A. Bellow introduced uniform amarts [3] for discrete parameter. One of the. 

charaterizations of uniform amarts is the following: (X n) is a uniform amart. 

iff lim (E(X" I 호M) - X.J =0 in Llr;' 
r.능” - … .- -

Now we introduce uniform amart for continuous parameter. 

DEFINITION (Xt)tεR+ is E-νalued unzforηz amart if whenever 감늘Sn • ∞ we: 

have Iim (E(Xr. ! ‘중s，) -Xs ) =O in L1E, where 자 ε T , Sn E R+. 

Edgar and Sucheston [5] have given a Riesz decomposition of vector-valuedi 
amarts for discrete parameter, and A. BeIlow [3] has given a Riesz decomposi-

tion of vector-valued uniform amarts for discrete parameter. The continuous: 

parameter version of this theorem is the main result of the present note. 
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PROPOSITION 1. If (Xt)tεR+ is νector-νalued quasi-ηzarti.ηgale， then (Xt)tεR+ 

~'s vector-valued μniform aηzart. 

PROOF. Let 감는sn • ∞， where 7:n E T , sn E R+ = [0, ∞). Let (t R) be the 

“ union" of (sη) and the set of values of aIl the 7:n arranged in increasing order. 
Then (Xti) is quasi-martingale for discrete parameter- Ey [3] (Xμ) is uniform 

amart for discrete parameter. Since (타) are stopping times for (‘중μ)， by one 

of the chracterÏzations of uniform amarts we have 

J IIE(X ,, 1 ‘종5)-X5.lldþ→o as n→∞. 

Thc;!refore .. (X t) tεR+ is vector-valued uniform amart. 

THEOREM 2. . (Rieszdecomposition) Let. (Xt)tER+ bè vector-valμed wxfor% 

amart. Then (Xt)tεR+ admits a uniqμe decomQbosz·t20% Xt=Yt+Zt ZUhere (Yt)teR+ 

is a martingale andllZ/111•• o as t-→∞• In addztion IIZ,1I1 .• o as 7: • ∞. 

PROOF. First we will prove that this decomposition is unique. If Yt+Zt= 

Y' t+Z't' where Y t, Zt and Y't' Z't are two R.iesz decomposition for X t, then 

l|Yt-Y끼1 1드IIZtl11 + IZ꾀l-→o as t→∞~ But (Yt), (Y't) being martingales implies 

that (IIYt - Y끼1) is a real-valued submartingale. This impIies tha:t IIYt-Y't 1l 1 is a 

non-decreasing function on t. Therefore IIYt -Y/ 1I 1도o which gives 

Yt=Y/ a. s. and Zt=Z/ a. s. 

N ext we will show the existence of the. decomþosition. Let sl <s2 <s3 <… be 
any strictly increasing squence with lim Sn= ∞. Let t be any fixed real number. 

For 펀늘t， E(XSl l ‘종t) is a Ca뼈y sequence in L도， because 

|lE(XSIl ‘캉t)-E(Xs， 1 ‘-중t) 1I 1 = IIE(E(Xs,1 ‘Si'5) -Xs) 1 ‘중t ll 1드 IIE(Xsjl ‘종s)-Xs)11→O. 

It follows that Wt=lim E(X5jl호t) exists almost stirely and in 다. The Ll~ 
convergence of E(Xs,I.!F) obviously implies 

E(Wtl‘갖s)=1im E(E〔XStL종t) 1 ‘중s)=lim E(Xs， 1호5)=W5 for s<t, 
that is, (Wt)tER+ is a martingale. Now we show that IIX5,-W5)1 1• O as j→∞. 

l Since llE(XSIL중5)-X5)1 1→0， E(X5) ‘중St)-WSt in L • Therefore Xst• WSt in 

L1. 

Consider the sequence 1, 2, 3, .... Let Yt denote the corresponding martin­
gale such that IIXn-Y꾀l→O. We claim that IIXt-YtI11• o as t→∞. Otherwise 
there would exist a strictIy increasing seq uence t 1 <t 2 <t 3 <… increasing to ∞ 
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such that lim IIX,. -Y,.1I 1>e. Let(sn) be the union of (tn) and (n) in increasing 
order. Let (R,) be a martingale such that IIXs， -Y씨l→o as i→∞. Now 
(Y , -R) is a martingale and so IIYt-R,1I is a submartingale, therefore IYt-R,1I1 
is non-decreasing function of t. However we have 

I!Yn-R)1 1흐IIXn -Yι11+IIXn-R)l l→O 

by the choice of the martingales (Yt) and (R,). Therefore P(Yt=R,) =l for 
every t. This implies that li X s, Ysh• o and this is against the choice of the 
sequence (ti)' Therefore IXt-YtI1 1• o as t→∞. Put Z ,=Xt-Yt• 

1n addition, let 7:η E T , 7:n • ∞. The set of values of aII the 감 is an incresing 
sequence Sn • ∞. Let Uz=ZSl, define stopping times g ” for (‘중s) by letting 

{7n=i on {감=Si}' (Ui) is discrete .. parameter uniform ama1't, ancl(U) is Ll_ 

bounded. By (3J 이Uz|1) is real-valued L1-bounded amart- By [l] llZr끼 1 = IIU 0" .111 • O. 

Metivier and Pallaumail (6J p1'oved .Riesz decomposition fo1' quasi-martingale 

unde1' the assumption that E has the Radon-Nikondym p1'ope1'ty. But combin-

ing theorem 2 with proposition 1, we obtain Riesz decomposition for. quasi­

ma1'tingale without Radon-Nikodym prope1'ty. 

COROLLARY 3. Vector-νalued quasi-martz'ngale for contz"nuous þarameter has 

Riesz decomþositio l1. 

Let now $ be an algebra of subsets of Q. If μ:$→E is a finitely additive 

set function , ,ve denote byμ11 total variation of μ， that is, 11μ11 =sup :L: 1μ(Ai) 11 

(the supremum being taken ove1' a lI finite sequences (Ai ) of disjoint sets in 

9) whenever the sup1'emum is finite. 

LEMMA 4. (4J Let E bea Banach sþace. Let (Xt)tεR+ be an. E-valμed amart. 

For each 7: E T 

set μr(A) = JA Xl찌 for A ε ‘중f 

Then the fa쩌ly (μr(A))rET conνerges to a lz"mz"t μ(A) in E for each Aε 니L ‘중t 
tεR+ 

= u ‘갖T' and the convergence z's “μ껑:form" 쩌 the Se1zse tlzat for each e> 0 there 
rEl' 

is to ER十 sμch that 

U ε T , σ는tn j s%% |lμ，/A)-μ(A)II드e. 
V . AEJf.' V 

THEOREM 5. Let (X，)tε (+ be vector-νalμed amart. The follow z"ng are equz"va~ 

lent underthe nota!ions i;z Lemma 4. 
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(1) Gz'ven e) 0, there exists tO ε R十 Sμch that 11μ。 -μI .!F0 11 <e for any (J르to_ 

(2) (Xt)tER+ z's vector-valued μmform amart. 

PROOF. (1) ~ (2) First we observe that 11μ씨 = J IrXT11 dp. Let 타르Sπ • ∞. 

1 E(X，.I~중s，) -Xs.|1l드IIX，. - X s•1I 1 = 11μr.-μs， ll드 I1μT， -μ11 + 11μ一 μs.ll→o as n→∞. 

(2) ~ (1). By Theorem. 1 we have Riesz decomposition Xt=Yt+Zt where (Yt) is: 

a martingaleand llZ ， 11 1 -애 as :r t ∞. Since μr(A)=.JA Xr dP= )AYT dp• -.h ZrdP 

and JAZ, dP• O. Therefore μ(A)=).4YrdP is independent on "r. Hence: 

I1μr-μ lXrll 캐IIXr -Yrl\dp=IIZ '!" 1I 1• O. 

COROLLARY 6. Let (Xt)tER+ be a vector-valμed u껴form amart which is Ll:..-

boμnded， that z"s, sμ:p /IIXtlldp=A <∞. 

Then (IIXtll)tER+ is a real-valμed L1-boμnded amart at ∞. 

PROOF. By theorem 2 there exists toεR+ such that Iiμ。-μl ‘윷。11 <e for anw 

(J>to. In particular for al1 t르to， 

IIμt一 μ| ‘중， 11 <e. Therefore ll J.! 1 ‘중t 11 <1\J.!t 11 + e드A+e. 

Since the total variation of a measure increases with the (J-field, we have: 

11μl ‘찾。 11드A+e for al1 (J ET. 

Hence 11μl ‘중0 11 converges in R. On the other hand 

| fllXulldp -lull‘~")II = 111μ。 11 一 lull X。lll드 11μ。-μl ‘jFoll < s.

Therefore Cf llXo l\ dP)o드T converges. 

COROLLARY 7. Let E has Randon-Nz'kodym property, and (Xt)tεR+ be Ll~ 
boμnded μmform amart. 

(1) If (Xt)tεR+ z's teminally μnzformly z'ntegrable, that z's, given e)O there are.' 

to, δo Sμch that t르to a쩌 P(A) <δ 빼lies. AIIXtll dp <e, then (Xt)tεR+ conver ges. 

z·% L1-%07m- -、

(2) if (Xt)tεR+ z's separable, then (Xt)tεR+ conver l{es a. s. as t→∞. 

PROOF. (1) By theorem 1 we have Riesz decomposition Xt=Yt+Zt• Since­

(Zt) is terminally uniformly integrable, Yt=Xt-Zt is also terminally uniformlyr 

integrable. By [9] (Yt ) converges in L1
• Hence (Xt ) converges in L1

• 
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(잉 Let Xt=Yt+Zt be the Riesz decomposition. Now J I/Z t l/ dp• 0, so CZt)t>t. 

1s L1-bounded for some to. Thus CYt)t>t. is an L1-bounded separable martingale. 

Hence CYt) converges a. s. as t→∞. On the other hand CI/ Zt l/ )t>t. is a real­

valued L1-bounded amart at ∞ by Cor 2. So CI/ZtID converges a. s. as t→∞. 
Hence CZt) converges a. s. Therefore CXt) converges a. s. 
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