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1. Intreduction

In the present paper we have obtained some conditions for a Riemannian
manifold M to be isometric to a sphere. For, we have applied several results of

well known authors. R
Let M be a Riemanniap manifold of dimension # with metric tensor g We

denote by V, K kﬁk , K;; and K the operator of covariant differentiation with
respect to £, the curvature tensor, the Ricci tensor and the scalar curvature

of M respectively. We put

1
K
(1.2) ijih=Kkjih"‘n(n__D" {gkk Eii— & in gki}'
Then we have
i3
(1.3) Gﬁ g =0, Zaﬁf’ =Gﬁ..
it 7t K2
and
Whji wji  2K°
(1.5) Z;;ka'z —-thﬁ K PCESOR

: e e ~ .k
When M admits an infinitesimal transformation v, we denotc by £ the op-
erator of Lie derivation with respect to o'. Thus, if M admits an infinites-

imal conformal transformation v”,‘ we have
(1.6) (a) £g;;~208;

(b) .,;ff.g_fh = —-Zpgih,_ |
for a certain scalar field p. Let p.=V,0.

e e o ‘ . k.
For an infinitesimal conformal transformation v in .M, we have

i A A h r
3.7 KKy ==0, V; 0,10, Vyp 0,—V, 08;TV; 07 8
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(1.8) LK ;=—~(n—2) V; 0;— A0 gy
(1.9) AK=—2(n—1)Ao—20K,
where
(1. 10) Ao=g" V.V, o.
Thus in M with K=const., we have
Ap=— %Ifl 0.
We have
- e (a _ 1
(1.11) KGu=—(n=2) (V,0,— 0o &),

k k k h
h 2 h h
+V; 0" 8yt A0(0, 8;,—0; &p)-
Let us now state some wellknown results: -

THEOREM A (Yano, [4])). If M is compact orienable and of dimension n>2,
with K=const., and admits an infinitesimal non-isometric conformal transformation

vh: ;fqﬁ=2pgﬁ., p# const; such that
71
f MGﬁp 0 dv=>0
dv being the volume element of M, then M is isometric to a Sphere.

THEOREM B 2. If a compact orientable M of dimension n>2 with K =const.
admits an infinitesimal non-homothetic conformal transformation v*: X8 =208

oFconst; such that |
£ £6)<0,
then M is isometric to q'spkere.

THEOREM C., If a compact orientable M admits an infinitesimal conformal

lransformation o ,{,’gﬁ=2pgﬁ then we have

L12) g OF dv=——3= [, £F dv

for any function F.
We also need following integral formulas proved in (Yano, K. [3]):

If a compact orientable Riemannian manifold M of dimension #>2 with K=
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const. admits an infinitesimal nonhomothetic conformal transformation »": ;ﬁ‘gﬁ

=20 g o#const., then we have

A i, 1 2 i, 1 g
(1.13) o G0 0av=—"0 [ 120° G, 6" +4508(G,; 6] v

.- . - 2 - T
(1. 14) fM G, 7 pszZIM [‘é—ﬂ Zyiin Zkﬂk-l-":lg“ﬂﬁ(zkﬁh Zkﬁh)] dv
2. Some Theorems

Let us prove the following lemma first.

LEMMA 2.1. If a éompact orientable Riemannian manifold M of dimension
n>2 with K=const. admits an infinitesimal non-homothetic conformal transformalion

vh: ;{fgﬁ=2p g p#consz‘. , lthen we have

: Eiik kil
(2. 1) [uGiio” o' av=r [, [ 50 Wya W' +5 08 W™ a0
Where
SO
T on—1
and

1 {
iji}z:'Kkﬁk_hﬂ—l [K.&k Eii ™2 gki]

18 projective curvature temsor, represenling the derivation of the manifold from

projective flalness..

-PROOF. A relation between Z,., and W, is given

1
Wkkji:thJ'i+ 71— 1 [&1; Gpi— 8y Gl

‘Then we have

hkii ki 2 ki

From (1.14) and (2.2) we have
) hkjt 2 ki
[,,Giid 0 dv=fM[ [WWW st GM-G}

+g0 [’{’D thﬂwkkﬂ'l'_'%_'ﬁcki Gm} | av

[4,Gii @ 6" dv= fM[z 0" Wiy W g0 B s W] do

0 Gy G +—-0£G,; G| av
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From (1.13) we get
;i 1 2
G 00 a’v—-fM [ 50 Wit W

i nif = fMGJ'ip 0" dv

(1= ‘1) ) [ G’ dv= [, 50 W W™

i '
+ “g“p AW 14 '”)]

hkji _ nksi ,

| K —1 7
J M Gﬁ p}ﬂ dv= (ﬂﬁ : [p thﬁW +___10 ﬁ(W hkji ﬂ)]

hence proved.

THEOREM 2.1. Suppose that a compact Riemarnian manifold M of dimension:

n>2 with K=const. admits an infinitesimal nonhomothetic conformal transformas

. h
lzon v .

kiir
If RAEW 4y W7=0
then M is isomelric to a sphere.

PROOF. Using Lemma (2.1) and Theorem C we have
kith

2fMG p 0  dv= an,o W,th dv
kiik
i 4!3 fM ‘O}["D(Wkﬂk W) do
1 kjih kah ?
fM‘o Wk;th av- fM ﬁ}f(Wkﬂh ) dv
Now, since a>0, as #>2, we can easily see in the hght of theorem A, that if.

éﬁh

LW 0 W =0
then M is isometric to a sphere.

TNEOREM 2.2. (for instance see Hiramatu [1], 74). If a compact orientable
Riemann:an manifold M with constant scalar curvature field K and of dimensiomn

n admits an trnfinitesimal cmforma! transformation )" ;fg =2 i % const, suchr
that |
it -
_fM o(V' p) Gﬁ dv=0
then M is isometric to a sphere.

PROOF. By using Green’s -theorem, we have
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Ju VG o'0ddv= [, (V60 0 dv
| i
+fM (?ﬁ(V” p)p dv—l—fM G 0 o dv=0
Since V‘f Gﬁ=0, we have
(2.3) _ f oV 0D G dv+t f G0 0 dv=0.
Thus the result follqws from Theorem A.

THEOREM 2.8. If M is compact orientable and of dimension ?é>2 (n>4) wilh
K =const. and admils an infinitesimal nonhomothelic conformal transformation

;‘.}’g --Zpgﬁ,' such that |
Z 2
(2. 4) [, 6" 6, dv=0, ([,,¢" G G’ dv=0)

then M is isometric to a sphere.

PROOF. In order to prove it, let us take the following tensor.

oo b N |

¢ and b being constants (Yano & Sawaki [3]). In general Yano and Sawaki
have proved the following

(2+6) Wi WHh=d" 2y, 240 220D g ¢,
2.7 LA WHE=20W o W™ —4(a +5)°G V’ '
(2.8) W i WM = 4o W'y, W —8(a+0)" G, V

Using (2.6)—(2.8) in (1.14) we get
’ k7 ""k 4(26 ~+ b)b 1
J
IM jzp pdv_fM[zlo{ WkﬂhW G.? GJ]

a (n —2)
1 1 ’ ykjtk . 4(2ﬂ+b)b L
+-1 [a e G ¢} av
26(2a+b)0* [ n—4 i
-—fM ~ a_ ‘(Zaz ‘)Gﬁddv

Using (2.3), we get
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_ _b(2a b(2a+b)(n 4)
2a (n 2)

fMﬁ G G”dv

' jot 4—n i
[,,G 0 0 ar=222 1 0 66" av

hence we get the result for n> 2.

THEOREM 2. 4. If a compact orientable M with K const. of dimension n>2
admitls an infinitesimal conformal transformation o 2 gﬁ-—2p g such that o
does not vanish on any n-dimenstonal domain and

(2- 9) _ ){/D){/ah <0: k:Wkﬁh Wkﬁh
then M is projeciively flat if and only if M is isomelric to a sphere.

PROOF. We have

kjih kjéh 2 Ak
Wiin W =Zyiin "~ n—1 Gy G

"Therefore,

biih biih An .
ﬁcwkﬁh w )= —4PW;,,-£;, W 27— 1 (V! ﬂt)Gﬁ

- Multiplying both sides by p and integrating the resulting equation over M, we
find

- 2 . 4dn it
4fMph a'v+fM 00 dy= ——1 Mp(V 0) Gﬁ dv

In the light of (2.3) we get
2 4dn j i
4fM ", kdv—{—fM 0Lh dv= o—] fM Gﬁp o0 dv
Now let us use the Lemma (8.5) of H.Hiramatu [1]:
According to it for the Riemannian manifold M which is isometric to a sphere,

we have
- 4]M pzkdv+_[;;up;{fkdv=0
Using theorem C we have
4fM o I du—-—,lz—fMﬁﬁ h dv=0
In the light of (2.9), We have
fM pz k dv=0,

from which ,02 h=0, or k=0M is projectively flat.
Conversely, let M be projectively flat then =0 and fM Gﬁ- pj pt dv=0 from
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Lemma (3.5) of Haramatu [1] M is isomtric to a sphere.

THEOREM 2.5, Under the same assumption as in Theorem (2.4), if K =const.
and (2.9) is replaced by

(2. 10) B1F ey a (222 A (;ek)}«:oh

n=o0 ",

I being a non-negative integer and o, constants such that Z‘i= , a'k> 0, then M is
Drojectively flat if and only if M is isomeiric to a spkere'. |

PROOF. Let M be isometric to a Sphére then as in the previous theorem we
did, we have

2
O=4fM (a0+a1+ e ta) p kdvy

+ [, olao £ ity — 2L ACER) + -

ke~ 22 )’Ac,ek)] dv
or _
4fy (ptay+ - ap 2 h,d”—_:le;u ’5[“0 £h+a'1(_

'"+'“:(‘ ”;1 )’ NG h)}aif,r:o

—1 ) A(ﬁh)+

®A Attty O being constants such that > k-—o a,>0. Thus by vn'tue of (2.10)
we have IM 0 hdyv= O:}k—O:}Wkﬁh

Conversely, let M be prOJectlvely flato>h=0> f ” Gﬂ p o dv:)(from Lemma
(3.5) of Hiramatu [1] M is isometric to a sphere.

THEOREM 2.6. If a compact orientable Riemannian manifold M with constant
scalar curvature K and af dzmenszan n>2 admits an mﬁmteszmal non-isometric

conformal transformaz‘z on v ,{?g =20 g _p#O then
, _kjik
[y ﬁ;‘,j’A(aZk o 2 BW Wy gy

. kith kit
=tn [, 0 MaZyy Z7"+8W 4y, W™ do

Sfor any non- negative constants o arnd B not both zero, equality holding if and
only tf M s gsometric to a sphere

Before proving the above theorem, let us use the following lemma:

LEMMA 2.2, (Yano and Sawak’i,- (31). If acompact orientable Riemannian man-
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ifold M with constant scalar curvature K and of dimesion n admits an infinites-
imal conformal transformation o ;§g =2pgﬂ, then

’ JRjih
fM KW iy W J )dv—-—Sﬂ(d—l—b) fM Gﬂp p dv

, ,kah
+4nfMp W’ hin /4

do.
PROOF of Theorem.

Ju LN Zyin Z

—4nfM 0 A(a'Zkﬂh Z

{a+ﬁ(a+b)}8”K fMG J o

kith
T BW W) dy

kiih | kith
Jz +5W’kjfh W" Jz ) d?)

The result now follows from Lemma (8.5) of leamatu [1].

REMARK. In 1967 Hsuing introduced a tensor (¢, Z,;,+0 g, G ;) and ob-

tained a condition for M to be isometric to a sphere (see [2]). After one year
in 1968, Yano and Sawaki used a new tensor given below -

| ; e
4 k;zh“azk;zh B, (gkh gk sz+Gkh ij gr)

(vide see Yano and Sawaki [3]).. a- and & used above are constants. Using
W’ Yano and Sawaki proved a theorem smnlar to Hsulng 1f we 1ntroduce

a third tensor

b
Tkak_azkﬁh ' oy — ]_ [gkj hz_ghj sz]

then T,. ”

Sawaki. In short we can easily check that

- Thiin g _‘*(a-l-b)

5, Will possess the properties similar to w ki defmed by Yano and

and that, when a+5=0 |
* Tkah—a Wk;zh

Where W,
ma similar to lemma.(2.1). Thus under the conditions given in Lemma (2.1)

, 18 projective curvature tensor. We can prove in this case a Lem-

we have | | .
o g1y i 1. f [ 2, wkji |1 BRF)
2.11) fMG d ddv=-1 [ [ Ty T 0 Ty T | a0

where

e b=\
._.F‘f.—(z"*’. JF. ISV )
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_ (n—~2)(a+b) %+ na’
o n—1

Here we can see that for ¢=1, b=-—1, (2.11) is same as (2.1).
Since for 2>2, a’>0, we can find under the conditions of Theorem (2.1)
that if

BET i T <
Then M is isometric to a sphere. We can check that Theorem (2.1) is a par-
ticular case on taking e=1, b=-1.

R.B.»> College, Agra
India.
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