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By H. B. Pandey 

1. Introduction 

In the present paper we have. obtained some conditions for a Riemannian 
manifold M to be isometric to a sphere. For, we have appIied several results of 
weIl known authors. 

Let M be a Riemannian manifold of dimension n with metric tensor gji' We 

denote by Vi Kk/ ' Kj~ and K the operator of covariant differentiation with 
RIZ ’ JZ 

respect to gji’ the curvature tensor, the Ricci tensor and the scalar curvature 

of M respectively. We put 

(1· 1) Gji=K1i-움K gji 

(1. 2) Zkjih=Kkjih - 감r흙1) {g샤 gji-gih g힘}. 
Then we have 

(1. 3) 

(1.4) 

and 

Gji ~Z=α Zajr =덕·z’ 

[ E·i GIi=Kji KJi--효 

ka·i h*·i 2K2 (1. 5) Zh헨 Z J =KA&ji K J - -?-x 

h 
When M admits an infinitesimal transformation v ’ we denote by J} the op-

erator of Lie derivation with respect to 암. Thus, if M admits an infinites­

iÍnal conformal transfòrmation vh
• we have 

(1. 6) (a) J}gji=2pgjí' 

(b) EgzA= -2pgik, 
for a certain scalar field p. Let 싼=ViP. 

1 

For an infinitesima1 conforma1 transformation 섭 inM. we. have 

_ (1. 7) 
k 

gKkjt = -δk 와 Pi+δj 따 Pi-Vk P찢ft+민 ￠ gki 
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(1. 8) 

(1. 9) 

where 

(1. 10) 
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:ÆKji= -(κ-2) 'Vj Pi- !:1P gJl' 

:ÆK= -2(n-1) !:1p-2pK, 

Ap=g1i Fj 까 p. 

Thus in M with K=const. , we havp 

!:1p= -쏠， p 

We have 

(1.11) ￡Gji= -(%-2) (Fj Pi-웅!:1p 원， 

gzkjih = -캡 까 Pi+쉰 VK P -FK Ph gft 

+인 pk gkt+꽃!:1p(야 원-δ? gk·)· 

Let us now state some weIlknown results: 

THEOREM A (Yano, [4]). If M is compact orienab!e and of dimensz.on n>2, 
μ，z"th K =const. , and admz"ts an z.nfinitesimal non-isometric conformal transformation 

앙: :Æf?ji=2pgji’ p:;r!= const; such that 

MGjiP1p’ dv는O 

dv bez"ng the νoluηze element of M , then M is isometric to a sphere. 

THEOREM B 2. If a compact orientable M • of dimension n>2 wz"th K=const. 

admits an z.nfz"nitesz.ηzal non-ho11Zothetz"c conformal transformatz"on v": :Æ gji=2 pgji’ 

p:;r!=const; sμch that 

g(G1Z EGji)드0， 

then M is z.sometric to a sphere. 

THEOREM C. If a compact orientable M admits an 생'-fz"nzïesimal conf01’mal 

transformation 냥; a?gji=2pgji tketZ ψe haνe 

(1. 12)/ .... pF dv=-수 1 .... :ÆFdv :J M ,-- - - n J 

for any funcUon F. 

We also need foIlowíng integral formulas proved in (Yano, K. [3] ) : 

If a compact orientable Riemannian manifold M of dimension n>2 with K= 
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'const. admits an infinitesimaI nonhomothetic conformal transformation V
h: ;f}gji 

=2.0 gji’ .o ~const. ， then we have 

(1. 13) M 덕샘1 pzdν= 1 ( M L2p2 와 강+웅p;f}(장 려 Idν 
i 

‘(1. 14) M Gji Pj padu= MI 울p2Zk섭상ih+놓p;f}(Z제ih Zkjih)1 dv 

2. Sorne Theorerns 

Let us prove the foIIowing Iemma first. 

LEMMA 2. 1. [f a comþact oyz'entable Riemannz'an manzfold M of dimension 

:n> 2 wzïh K =const. admits an 쩌ifi쩌tesz'ηzal non-homotheUc conformal transformaNon 

νh: ￡gji=2p gjt, p#C0%St. , tkeκ we have 

r" j J J .. 1 r r 1 _2m mkjih 
(2.1) .1 M 갇;i P' p-dv= ~ .1 M IτP-Wkjih W""'+ 8 P;f}(Wkjih w .. , ... ) I dv 

where 

,and 

n 
α­- n-1 

W kjih = K kjih -
1 

n-1 
‘ 
[Kkh gji-K;h gki] 

1상 þrojec!iνe curvature tensor, reþresentlng the de서vaUon of the manzfold from 

þrojecNve flatness. , 

PROOF. A relation between Zkjih and Wkj쩌 is given 

W"헨=Zh헨+깊1 [웰 앓-g상 와i] • 
'Then we ha ve 

(2.2) 않jt W%ji=Z값jiZ淑-뜰1 . Gki cki 

From (1. 14) and (2.2) we have 
i i _ r r 1 2(__ __hkii . ? _ _k 

M Gji p' p' dv= μ t숭P-tWhk;i W .... ,. +강담 Gki C--

("'TT' Tr,hkji , 2 /O,... "k 
+웅씨;f}WhkjiW"'" +τ=r￡Gkt G” dv 

M Git P1 pe dZl= 윷 p2 Whkji W쩨+웅P ;f}(Wh상t Wh텐 I dv 

+-:τLr Q [p2 따z G빼+축P;f}Gki G
상 I dv 
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From (1. 13) we get 

r r 1 2 ~T nrhkji , 1 ~ /~~ _.hkji 
MGji P ρ dv= 1M l 2ρ W hkji w.,.,. +웅ρ￡(Whkj1 W J ) | di-

1 _ n-2 r +-- --- μ Gji P pt dv n-1 2 JM 

1 ”-2 - 2(n-1) 
G.p1pzd”= M -Jl 

1 _ 2 ..... 7 TT7hkji 
MIτ p- W"kji W 

+웅pÆ(W"쉰i Wh덴)1 dv 

G , dj du= J 101 -J' 

hence proved. 

짝二1) 
n l M LP2 Wh힘i Wh헨+놓pÆ(W"헨 Wh헨) dfJ" 

THEOREM 2. 1. Sμ:ppose that a compact Riemanηt'an mam'fold M of dimenst'on:’ 

n> 2 -wit.k K = COltst. admits an 쩌iinitesimal nonhomothett'c conformal transformae 

tio1Z νk. 

If Eg(Wkjzll 
wkjzi) 르O 

the ,'’z M is isometric to a sPhere. 

PROOF. Using Lemma (2.1) and Theorem C we have 

2lM Gji 
Pj pi dZl=공 M(째rkjzh Wrkjzh du 

+섣 fM P￡(Wkjih wkjik) du 
• 

1 -
α 

Now, since α>0， as n>2, 

M P2 w상ih W힘ihdu-찮L 융fM EE(Wkjih 
wrkjzh) dν 、

we can easily see in the light of theorem A, that iK 

ÆÆ(Wkjih W
씬ih) 르O. 

then M is isometric to a sphere. 

TNEOREM 2.2. (for instance see Hiramatu [1] , 74). If a compact orientable' 

Riemannz"an ηtanifold M with constant scalar curvature jz"eld K and of dimensio1'T'‘ 

h n adlηits an injz"mïesimal conforηzal transformatz'on v": Ægji=2 gji’ 
낯 const, suclr 

that 

M 
P(Vj pz) 

Gji dU르O 

then M is isometric to a sPhere. 

PROOF. By using Green’s theorem, we have 
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Si%ce F q·i=o, 

(2.3) 

/’ M R71(Gjt ρzp)dy= M c'íi 와) pZ P dν 

+ JM Gjicyi /)p dv+ 

we have 

M Gji Pjj du=0 

M P(?f pi) Gji du+ M Gjt PI pt dp=o. 

Thus the result foIIows from Theorem A. 
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THEOREM 2. 3. 1f M z's compact orientable and of d z"mensz'on n>2 (n>4) witk 

K=const. and admzïs an injz"nitesz"mal nonhomothetic conformal transformaUon 

ν\ ;f;gji=2pgji’ sμch. th-at 

(2.4) M P2 Gji Gji dν드α M P2 Qfi di dν르O 

then M is z'sometric to a sphere. 、

PROOF. In order to prove it, let us take the following tensor. 

(2.5) W패=aZ쩌+ 씀2 -(gkh 와-힘 Gki+따h gji-'-gjh gki)' 

a and b beiIig cönstants (Yano & Sawaki [3]). 

have proved the foIIowing 
In general Yano and Sawaki 

,kjih __ 2 '7 '7kjih I 4(2a+b)b ” 1 
wr/kjik wr = a Zkj· Z + G? kjih ~ ,. n - 2 .... ji .... (2.6) 

(2. 7) (;f;W' kjih) W，kjih=2pW’kj채 W써싸-4(a+b)2 Gj2 Fi pi, 

(2.8) (;f;W'힘ih W'힘;ih) = -4p W'헨h W써·ih-8(a+b)2 G;-t 
Vj pZ 

Using (2.6) - (2.8) in (L 14) we get 

Using (2.3), 

MGj펴 pZdu= L [한
2찮 W써;ih W'험ih-쩔뿔k Gjz 강 

we get 

+웅 p kjih~ 4(2a+b)b 10 ,,... r、j
-τ겼(W' b;;‘ 

W/ ) - 9 까~(Gi; α ) 
a ‘ ”‘.. (n-2)aW J" 

2b(2a+b)p2 
n-2 

+ j쁘호i 
a 

‘ 

G .. G'z dν 
)Z 

M 
pGji V

I 
/ dv 

a2_(a+b)2 
2 a 

MGjid p‘ dv 

dv 
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b(2a+b)(n-4) f' 끼 ; =, '-~ 2," __ , -, " I u pW G:; G'~ dv 
2aW (n-2) •μ 

、 G d pi du=￡E f p2G Gii du 
M - ji" ,- - - n - 2 J M 

bence we get the result for n>2. 

THEOREM 2. 4. If acom，ψact orz"entable M wz'th K=consi. of dimension n>2 
h 

f(Jdmz'ts an z"깐ïnitesimal conformal transformation v': Æ gji=2p gji' such that p 

does not vanish on any n-dt"mensional domaz"n and 

(2.9) ÆÆh<O, h=Wkjih W상ih 

ûzen M is projecUvely flat tf and only zf M is isometric to , a sPheγe. 

PROOF. We have 
kjih 2 W L "L W kjih = Z L::L Zkjih _ :2τ- G.; G 

"'J~" “J ‘" n-! κ‘ 

Therefore, 
、

겼(Wkjih wrkj샤)= -4pWkjih Wkj싸-캘 ’t-l 
(FI pi)Gji 

; Multiplying both sides by p and integrating the resulting equation over M, we 

iind 

4 t. /h dv+ r“ PEh du= -」암 L p(?ipi) G-i dU 
M " .J M " " n-l J M"' "' I ‘ 

ln the light of (2. 3) we get 

4lM P2k@+fM P겼h dv=줬rj;wGjiPi p1 dU 

Now let us use the Lemma (3.5) of H. Hiramatu [1]: 

According to it for the Riemannian manifoldM which is isometric to a sphere, 
we have 

41찌 감 h dv+과 pÆhdν=0 
I{)sing theorem C we have 

4l;M P2 k du-융JMÆ겼 h dv=O 

Iln the light of (2.9), We have 

M P2 h dU르0， 

lfrom which p2 h=O, or h=O~M is projectively flat. 

Conversely, let M be projectively flat then h=O and. M Gji rI / dv=O from 
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Lemma (3.5) of Haramatu [1] .M is isomtric to a sphere. 

THEOREM 2.5. Under the same assumption as in Theorem (2.4), zf K=const. 

ðnd (2.9) is rePlaced by 

(2.10) 셨다;=o 있-뚱1 )" /1" (생기르0， 

1 bez'ng a non-negaUve iκteger and αk constants sμch that 다=0 와〉 α then M 상 
þrojecUvely flat tf and only tf M is z'sometric to a sphere. 

PROOF. Let M be isometric to a sphere then as in the previous theorem we 
<lid, we have 

or 

0=4 M (aO+a1+ … +αl) % h du 

+ JMPtao .ø h+a1\-호닫 ) /1(앙)+ ••• 

'''+al( -각괴/ /11
( .øh) ’ dv 

M (ao+a1+ …al) P2 k@-움 M tiao 갱+a1‘ -

... +에 -각괴
1 /:，./(장)fdv=O 

. ) l1C.øh)+ ... 

α。， αl' …, 아 being constants such that I ’;=o ak> 0. Thus by virtue of (2. 10) 

we have lM P2 k du=o=〉k=O추Wkjih=O. 
Conversely, let M be projectively flat추h=O-=> JM 띤i d 상 dv추(from Lemma 

{3.5) of Hiramatu [1] M is isometric to a sphere. 

THEOREM 2.6. lf a compact orientable Riemannian manifold M wtÏh constant 
.sca!ar cμγvature K and of dimensi‘on κ>2 admits aκ infinitesimal non-isometric 

k .conformal transformation v": 겼gji=2p gji’ 
p:;60, then 

kjih , "11" rrr,kjih 
JM .ø.øö(aZ"jih Z"'"'+βW/*jik W ) &, 

kjih. ~ ~P'. ~p，kjih 
든4κ , M (f ö(a Z kjih Z 

.. , ... 
+β W'"jih W ’ '"") dv 

‘ 

Jor any non-negative constants a and ß κot both zero, equali
’
'ty hol ding if and 

~Jnly if M is isometric 10 a sphere. 

Before proving the above theorem, let us use the following lemma: 

LEMMA 2.2. (Yano and Sawaki, (3]). 1/ a compact orientable Riemannian man-
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zfold M wzïh constant scalar cμrvatμre. K and of dz'me.sz'on -n admits a~ z'f1,finite.$‘ 

z'mal co nformal transforη2att0% Uh: 짜~gji=2pgji’ then 
kiih , _ _ _ . _, 2 r ,MÆÆ(W’kjih W I" "")dv= -:-8n(a十brLM 망 d i dU 

+4% lM P2 wrkjih W/kjik d”· 
PROOF of Theorem. 

M 까?겼A(a Zkjik Zkjtk+β W'kjih W'헨h) dv 

-4n I꺼 P2 A(α Zkjih Zkjih+gwrkjik W/kjih) dv 

8nK r 
= {a+ß(a+bnτ-7 |M Gji P P du 

The result now foHows from Lemma (3.5) of Hiramatu [1]. 

REMARK. In 1967 Hsuing introduced a tensor (~"Zkjih+b gkh Gji) and ob­

tained a condition for M to be isometric to a sphere (see [2]). After one year 

in 1968, Yano and Sawaki used a new tensor given ,below ; I 

… 
W’kjih=a Z셰iih +강즈2" (glih Gji-gjh Gki+Gkh gji-Gjh 'gki) 

(vide see Yano and Sawaki [3]) •. a , and b used above l1re constants. Using­

W'kjih Yano 1j.nd Sawaki proved a theorem similar to Hsuing. . If we introduce. 
’ 

a third tensor: 

Tkjih=aZ쩨+옳τ [gkj Ghi~ghj Gki], 

then T kjih will possess 'the " propertiessimilar to W ’kjih defined' bý Yano and: 
Sawaki. In short we can easily check that 

and that, when a+b=O 

Tkjik gkh=(a+b)Gji 

T L.:,, =a W kjih - ~ " kjih 

/ 

Where W kjih is projectiγe curvature tensor. We can prove in this case a Lem­

ma similar to lemmä , '(2.1). Thus, under the conditions giyen in Lemma (2.1) 

we have 

(2.11) 

where 
jl4 Gji 

Pj 뼈= 송 fM [감 Th힘i Tkkji+놓pÆT싸ji 1텍 dv 

/ 2 - b(b+2a)(n-2) a/=(2a + / 
/ 

’ 1 

ι , 

‘ 
’ 
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_1n-2)(a+bi+ni 
- n-1 

Here we can see that for a= 1, b= -1, (2.11) is same as (2.1). 

Since for χ> 2, a'> 0, we can find under the conditions of Theorem (2. 1) 

that if 

Æ ÆT kjih Tkjih든O 

Then M is isometrÏC to a sphere. We can check that Theorem (2. 1) is a par­

ticular case on taking a=1, b=- l. 
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