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ON THE DISTORTION THEOREMS I

By Shigeyoshi Owa
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1s well-known, Koebe distortion theorem has close connection with the coef-
ficient problems of univalent functions. It is purpose of this paper to give the

distortion theorems for fractional integral and derivative of univalent functions.
1. Definitions of the fractional integral and derivative

There are many. definitions of the fractional integral and derivative. At
first, Liouville [1] defined the fractional integral of order a by
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where f(x) is continuous in [e, 8] and a> 0.
Recently, Osle?r (2], [3] defined the fractional derivative of order « by
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where f(2)=2g(z), where g(2) is analytic in a simply connected region of the
z-plane containing the origin and Re(p)> —1, the multiplicity of (¢ —z)_a-"l iS
removed by requiring In({—z) to be real when ({—2)>0, and symbol (z+)
means the integral path is enclosing z once in the positive sense.

Moreover, Nishimoto [4] defined the fractional derivative of order a by
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where f(z) is an analytic function that has no branch point inside of C, C™
and C+, which are the integral curves which are shown in Fig. 1 and Fig. 2
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respectively, and » is any positive integer.
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el e —— SR YOO N

Re(2)

Fig, 2

In this paper, the fractional integral and derivative of order & are defined
by the following.

DEFINITION 1. The fractional integral of order o is defined by

F 4
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D, f(z)——m!‘z;z)l_rdc.

f()= lim D" f(2),

where « is a positive real number, f(z) is an analytic function in a simply
connected region of the z-plane containing the origin, and the multiplicity of

(:S-—-z)"”’_1 is removed by requiring In({—2) to be real when ({—z)>0.
DEFINITION 2. The fractional derivative of order o is defined by
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f'(2)= lim D £(2),
y—
where 0<a <1, f(z) is an analytic function in a simply connected region of

the z-plane containing the origin, and the multiplicity of ({—z)~ " is removed

by requiring In({—2z) to be real when ({—2)>0.

2. The class of univalent functions
LLet S denote the class of functions

(1) f(z)=2z+ E’a z

n=2 "
are analytic and univalent in the unit disk, S* denote the class of functions
(1) are univalent starlike with respect to the origin in the unit disk, and C
denote the class of functions (1) are univalent convex in the unit disk.
'A necessary and sufficient condition for f(z)ES to be univalent starlike in
the unit disk is

(2) Re{-—z%?—-]w, 12] <1.

A necessary and sufficient condition for f(z) €S to be univalent convex in
the unit disk is

. _af7(z)
(3) Re {L s }>o, <L
For the functions f(z) of the form (1), the simple computations give
(4) F(z)=F(2+a)z"aD;af(z)

=gt E._ n!"(2+a) a. 2",

=9 I'(n+1+a)

where a is a positive real number, and

(5) G(2)=I(2-a)z" D’ f(2)
— 71 Zm. ?Z”_'(Q—a’) a zn’

w0 1 (n+l—ao
where 0<a<1.

THEOREM 1. There are the univalent starlike functions of the form (1) in the
untt disk such that F(z)&S*

EXAMPLE 1. Let
(6) f(2)=2z+a, =T
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Then, from (2), it is clear that 2|a,| <l.

Therefore,

2F’(2) }_ (2+a)2+6(2+a)laz\ |ZICOSC9+¢5)+8|6212IzI2
F2) 1 2+a)*+42+a)layl 12l cos(0+-§) +4la, %217
}L(2—I—a—2la2| 1z1)(2+a—4la,l1z])

(@ +a+2]e,|lz])”
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for |z| <1, where z=|zle

REMARK 1. If the function (6) belongs to S* then F(z) is an univalent
convex function in [z| <(2+4+a)/4, where « is a positive real number. |

THEOREM 2. There are the univalent convex funclions of the form (1) in the
unit disk such that F(z)eC.

EXAMPLE 2. Let the function (6) belong to €. Then, the necessary and
sufficient condition (3) gives 4/a,| <l.

Therefore,

Re[u zﬁpjcg) } J (2+a)z+12(2+a')la2|Iz[cos(5+¢)—l—32lc222\2lz;|2
C+a)'+8(2+a)la,l |zlcos(6+9)+16la,|" | 2]
- (2+a—4la,l1z])2+a—-8la,llz])
- @+atidla,l |z2])°

>0
for |z| <1, where z= I,zrlei6 and az=laglew.

THEOREM 3. There are the univalent convex functions of the form (1) in the
unit disk such that G(z)&ES*.

EXAMPLE 3. Let the function (6) belong to C. Then,
/ C—-a—-2la,|12])2—-a—4la,| |z])
Re{ zg (z)_}g “allel. — gl 1<1/
(2) (2—-a+2la,||z])

>0
f’;5 . e

for |z| <1, where z=|zlew and a,=le¢ - ".

REMARK 2, If the function (6) belongs to C, then G(z) is an univalent
convex function in |z| <(@2—-a)/2, where 0<a<l.
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REMARK 3. If the function (6) belongs to S* then G(z) is an univaient
starlike function in [z| <(2—-«)/2, where 0<a <.

REMARK ;4.' If the function (6) belongs to S*, then G(z) is an univalent
convex function in |z| <(2—«)/4, where 0<a<l. |

Now, let S; denote the class of functions of the form (1) that F (z)ES*,
€. denote the class of functions of the form (1) that F(2)&C ~nd S*; denote
ithe class of functions of the form (1) that G(z)&S*%,

3. The distortion thecrems for analytic univalent functions

Owa [5] gave the folllowing conjecture for fractional derivative of univalent
functions.

CONJECTURE. Let f(2)&S. Then, perhaps, for any nonnegative o and |z]
-1,

| D%f() | = (et D(at]2])
f2)| = (1_“?')&_{_3 .

Now, the following theorems are given by Theorem 1, Theorem 2, and
"T’heorem 3. |

THEOREM 4. If f(2)ES,, then for |z| <1,
2|7 ~a 2]
é |D f( )l g " ] o 3
rC+a)(1+]z])° = TN re+a)(1—|zl)°

wwhere o 1S a positive real number. Equality holds for Koebe function

B Z
f(z)= (1__33'62)2 .

PROOF. Since the function F(z) belongs to S¥,

2l = Ir@ta)sT DI f() =—E
(I+121)" (1-1z)

Hence, Theorem 4 is right.

COROLLARY 1. If f(z2)&ES ; then D;a f(z) contains the disk with center at
the origin and radius 1/4I' (2+a).

THEOREM 5. If f(2)EC, then for |z| <],

lzla < | N—O - lzla’-
I'24+a)(14+ 2] =10, F(2)]= ['2+a)(l-1z])’
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where o is a positive real number. Equality holds for the function

f(R)=—Z

z L

COROLLARY 2. If f(z)EC,, ther D:“f(z) contains the disk with center al the
origin and radius 1/2I'(2+a).

THEOREM 6. If f(z)ESZ, then for |z| <1,

— — X
1z] 2]

re=oasan =10 /@I = Fa=ayi=Tan
where 0<a<1. Equality holds for the function

f(D=~%

COROLLARY 3. If f(z)ES*, then fo(z) contains the disk with center at the-
origin and radius 1/2I'(2—ar).

The proofs of Theorem 5 and Theorem 6 are given much the same way as
Theorem 4.

The following theorem holds for the conjecture in [5].

THEOREM 7. If f(z)ESz, then for 0<a<1 and

(@~ + 2a'+a' —20*—20°+ 40P+ 1 < 121 <1,

2a'(1 — )
Da )l{F(a+1)(a—l—|z_2_
D, (1—1]z])*"*
PROOF.
_lal™*  Pla+DatlzD
Ir'C=a)(1—=1z]) (1—1z])° T2
_ = 1z2D"P - Pa+ DI -z a1z
r'@2—a)|z|*(1—[z])*T
Let
Pla, 1z])=—1zD)" =I(a+1)I'@2—a)|z|*a+|z]).
Then,

- 2] %(ar+ [ 2[)

Pla, |z])=(0-]z])—a(l~-a) Smm
<A-lzD=-a’-a))zl(a+ 2]
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Therefore, P(ca, |z]) 1s negative for 0<a <1 and

(@' =~ 1)+ Vo ~2" +a’ ~2a" 22’ 44’41 _ |
- 5 — = zl <1.
20t (1—ax)
Hence, Theorem 7 is established.
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