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CONCAVITY PROPERTIES FOR CERTAIN LlNEAR COMBINATIONS 

OF STIRLlNG NUMBERS 

By Jin B. Kim and Y ong M. Lee. 

1. Abstract 

This paper studies some problems suggested by Stirling numbers, and defines 

:.generalized Stirling numbers s(n, k, r) , S(n, k, r) and proves that generalized 

:StirIing numbers and certain linear combination of generalized Stirling numbers 

,are strong logarithmic concave functions of k for fixed n and r. 

In the notation of Riordan [6, p. 33] , the Stirling numbers s (n, k) and S 

r(n, k) , of the the first and second kind respectively are defined by the rela

‘tions 

(X)n= ” ε-:: s(n, 
k=1 

k)l 

” x”= ￡’ S(n, k) (X)b 
k=l -

'where (x)n=x(x- l) (x-2) ... (x-n+1) is the factorial power function. 

DEFINITION 1 • 

. ηr+r)， 

Let r be a positive integer. 

” (x)~ = r:: s(n, 
“ k=l 

k, 7·)xk 

” xft = r:: S(n, k, r) (x): 
k=l -

Let (x);=x(x-r) (x-2r) … (x-

and 

’ The numbers s(n, k, r) and S(n, k , r) are called respectively generalized Stirl

‘ ing numbers of the first and second kind. Following the numbers C(m, k) and 

JJ(m, k) in Jordan ([4] p.l84) , we define C(m, k, r) and D(m, k , r). 

DEFINITION 2. C(m, k, r)꽉렐 (-1)1十k꺼m카 )s(j， j-m, r) 
J=m-r-1 、 J 

'Where C(m, k, r)=O for k>m-1, C(1, 0, r)=-r, C(m, m-1, r)=(-1)mm! r m 
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and C(m, 0, r)=( -1)m1,3 '5 ... (2m-l)rm, and 

D(%, k, 7)=2?활l(-1〕k+j2낀k) S(j, j-m, r) 
J=m-t 1 、 J 

where D(m, k , r)=O for k>m-l , D(1, 0, r)=r, D(m, m-l, r)=rm and D(m• 
0, 1')=1.3.5 '" (2m-l)rm• 

2. Strong Iogarithmic concavity functions 

Leib [5] has shown that the Stirling numbers s(n, k) and S(n, k) are bothl 

strong logarithmic concave functions of k for. fixed n, that is, they satisfy-
2 

[s(n , k)r>s(n, k-l)s(n, k+l) and [S(n, k)]"'>S(n, k- I)S(n, k+l) for k=2, 3, 

…, n -1. We generalize this inequality in the folIowing lemma. 

LEMMA 1. Let {a(n , k): k=l , 2, "', n} be a seqμexce sztck that [a(%, k]2-

> a(n , k - I)a(n, k + 1) lor 2든k르κ- 1. Then 

(i) a(n, k"-Oa(n, k+O>a(n, k- z" -I)a(n, k+ z"+I) for z"르0， 2+ z"르k르n-z'-ll 

(ii) a(n, k)a(n, k+H 1)>a(n, k一 1) a(n, k十z'+2) lor z"르0， 2르k르M-i-2. 

REMARK 1. Lemma 1- (ii) is essentialIy the same as (2. 22. 1) in Hardy, 
Littlewood and Polya ([2] , p.52). Note that the expressions in (i) are symmet-
ric. The technique of the proof of Lemma 1- (ii) is the same as that of Lem

ma 1- (i). Therefore we wilI just prove (i) only. 

PROOF of Lemma l-(i). We prove this by induction on Z". If z'=O~ it is~ 

trivial by the assumption. Let m be a fixedpositive integer and we suppose' 

that the inequality a(n, k-Oa(n, k+O>a(n, k- z" -I)a(n, k+Hl) has been., 

proved for z" <m. Froma(n, k-m+l)a(n, k+m- I)>a(n, k-ηz)a(n， k+m) , it fol

lows that a(n, k-m+l)a(n, k+ηz-1)a(%， k-m)a(%, k+%)> [a(%, k-%)]2 [a(%, 

k+m)]2>a(n, k-m-l)a(n , k-m+l)a(n , k+ηz-l) a(n, k+m+ I), from which, 

we have a(n. k-m) a(n, k+m)>a(n, k-m-l) a(n, k+m+l). Hence we proved' 
(i) by induction on z'. 

、

Observing that the inequalitya(n, k-O a(n. k+O>a(n, k-z'- I) a(n, k+Hü 
2 implies the inequality [a(n , k)] "'>a(n, k-O a(n. k+O (z"르 1) ， we raise a ques-

tion: 

What are necessary and sufficient conditions on the sequence {a(n, k): k= 1, 

2, "', n} for the inequality [a(1z, k)]2>a(n, k--:- i) a(n, k+ i)(i르 1) implies the ‘ 

inequalitya(n, k-O a(n. k+O> a(n, k-z'-I) a(n, k+H1) (z"르 O)? 

THEOREM 1. 11 a(n, k)ε {s(n， k }, S(n, k) }, then a(n, k- z) a(n. k+O> 

• 
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a(n, k-i-1)a(n, k+ i+ 1) for i르0， 2+z.르k르n-i- 1. 

The proof follows from Lemma 1 and [5] , 

Since concavity property of s(n, k) , S(n, k) , C(n, k) , D(n,. k) are. deduced 

from their recurrence relation, we might like to ask the followingquestion: 

What conditions should be imposed on f(n , k) and g(n, k) such that, a(n, k} 

=f(n, k) a(n-1 , k-1)+g(n, k) a(n-1 , k) of a sequence {a(n , k)lk= 1. 2, …, 
2 

n} of integers with the property [a(n, k)]"'>a(n, k-1) a(n, k+ l)? 

THEOREM 2. Let a sequence {a(n , k) I k= 1, 2, .. ', n} of 쩌tegers sati욕fy a(n, 

k)=(xn+ê) a(n- l, k-l)+ (Zn+d) a(n-1 , k) with a(l , O)~O， a(n, k)=O for 

k>n-1 or k<O, and x, ê, 2, d are integer constants. 
2 Then, we have[a(n, k)]"'>a(n, k+1) a(n,k-1) for 1든k르m-2. 

PROOF. Using induction, we prove that all the zeroes of the polynomial’ 

n-l' L 

PH_,(x)= L그 a(n, k)x‘ are real for n=3, 4, 5, ...• Then the desired result 
” ‘ k=O 

n k 

follows from the Newton’s inequality: If the polynomial P(x)= r:,’ CLx has. 
k=l Il 

only real roots, then 

c2>c c for k=2, 3, …, n-1 k/" k十1 "k-l 

[2] • 

Clearly, P1 (x) has real zeroes. Suppose P n-2 (x) has all real zeroes. We want 

to show that Pn_1(x) has only real zeroes. But from the.definition of Pn_1(x} 

and a(n, k) , we have 
n-l L 

P • 1 (X)= ~’ a(n, k)x‘ 
“ k=O 

n-l 
=B {(상+ê) a(n- l, k-1)+ (Zn+ψ a(n -,- 1, k)} xk 

k=O 

= {(xn+ê)x+(2n+d)} Pn-2 (X). 

This proves that Pn- 1 (X) has only real zeroes. 

THEOREM 3 •. Let a seqμence {a(n, k)lk=1 , 2, 3, …, n} of integers saft"상y 

a(n, k)= (Xn+ .Yk+ê) a(n-1 , k-1)+ (Zn+i얘十d) a(n-1 , k) with a(n, k)=O for 

k>n-1 , k<O. Moreover , 
- 2(z+d) 

(a) a(l, O)~O and r):;~~.~'-，U: is a negaUve real nuηzber. 
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(b) 

(c) 

” 

찌
 
-ay 7‘ 4. 5. . .. 

g(n) and f(n). whz.ch are solμtz"ons of 

yg(n) - yf(n)=xn+ê+ y and -ÛJf(n) =zn+d. saH욕fy g(n)>O. f(n) > g(n)十χ
-2 for n=3. 4. 5 •...• where yψ>0. ÛJli. ÛJld • .9 lx. and ylê. 

Then the numbers a(n. k) sat석fy the z"nequaUty 

[a(x, k)] 2>.a(x, k+ 1) a(%, k -1). 

PROOF. We generalized the method used in [1]. Using induction. we prove 
n-l " 

that aIl the zeroes of the polynomiaI P ,,_1 (x) = ε-:; a(n, k)x" are reaI. negative 
” ‘ k=O 

and distinct for n=3. 4. 5 ....• Then the desired result foIlows from Newton’s 

inequaIity as in the case of theorem 2. From ~he definition of P n-l (x) and 

from the fact that a(n. k)= (xn+ yk+ê)a(π -1. k-1)十 (zn+ÛJk+d)a(n-1. k) , 
d p .. _?(x) 

we have Pn-l (x)= {(xn+ê+y}x+(zn+d)}Pn_ 2 (x)+(ýx+ψ)x "~"~ . . Let 

'Us consider the rationaI f unction: 

(jx+Zi) g(n) 

X fln ) 
Qn-l (x)= P n - 2(Z). 

Assumption (c) Ieads to: 

d Q”-1(x)= 

Clearly P 1 (x) has negative reaI zero by assumption (a). By induction hypoth

esis. aIl zeroes of P n_2(x) are r eaI negative and distinct. By assumption (b) , 

Qn_l(X) has (n-1) distinct. negative reaI zeroes and one zero at -∞. By Rol-

le’ s theorem 부→Q←1 (X) has (n-1) distinct.negative reaI zeroes. This proves 

that P n-l (X) has (n-1) distinct. negative reaI zeroes. 

r. Some properties of generalized StirIing numbers 

We begin with 

LEMMA 2. s(n. k. r)=s(n. k)rn- k and S(n. k. r)=S(n. k)r
n
-

k
• 

PROOF. Consider (xj=x(x-r) (x-27) --- (x-%r+r)= 증(증 -1 ]쓰 -2 ) ... 
7 

.s(n. k, r)=s(%, k)rn-k. 

츰)krn= 훨 s(n. k , r)xk , 

SimiIarly. S(n. k. r)=S(li , k) r • k. 

ftom which we obtain 〈증-γ+1)r”=끓s(n ， k) 
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REMARK 2. Recurrence relations for the generalized Stirling numbers take 
the following forms (see Riordan( [6] , p.33) for the recurrence relations for 
the Stirling numbers) s(n+1. k , r)=s(κ， k-1 , r)-nrs(n, k , r) and S(n+1. 

k , r)=S(n, k-1 , r)+krS(n, k , r). 

LEMMA 3. C(n, k , r)=C(η， k)r” atd D(t, k, r)=D(n, k)r”. 
We omit the proof of Lemma 3. 

REMARK 3. (see Jordan [4] or [1]). We have that C(m+1 , k , r)= -(2m-k 

+1) (C(m , k- l, r)+rC(m, k , r)) and D(m+1 , k , r)=(m-k+1)rD(m, k- l, r) 

+(2m-k+1)rD(m, k. r) , as recurrence relations for C(m, k , r) and D(m, k , r). 

THEOREM 4. Let a(n, k, r) be a member of {s(n, k , r). S(n, k , r)}. Let 

X르3 and 1든k. Then 

(i) a(n, k-i, r) a(n, k+i, r)>a(n, k-i-1) a(n, k+ i+ 1, r) U르0， 2+z.르k 

든n-i-1) 

(ii) a(n, k , r) a(n, k+ i+ 1, r)>a(n, k- l, r) a(n, k+ i+ 2, r) U르0， 2든k르 

n-2-i) 

PROOF. L늄t a(n, k , r)=s(n, k , r). Then [a(κ k , r)] 2= [s(n, k)] 2 r2n- 2k> 
2n-2k .s(n , k-1) s(n, k+1)r=-""=a(n, k-1 , r) a(n, k+1 , r). Now (i) and (ii) follow 

from Lemma 1 and Lieb [5]. 

THEOREM 5. For m르3 and k=l , 2, …, m-2, 

(i) the numbers C(m, k , r) and D(m, k , r) are strong logart"lhmz.c concave func

tions of k for fixed m and r , that is, lettz"ng a(m, k , r) ε {C(m , k , r) , D(m, k , 

1")}, we have [a(m, k , r)] 2>a(m, k-1 , r)a(m, k+1 , r). 

(ii) Letting a(m, k , r)ε {C(m， k , r) , D(m, k , r) }, We have a(m, k-i, r) 

a(m, k+i, r)>a(m, k-i-1 , r) a(m, k+ i+ 1, r) U르0， 2+z.르k르m-z. -1), a(m, 

k , r) a(m, k+ i+ 1, r)>a(m, k-1 , r) a(m, k+i+2, r)U르0， 2르k든m-i-2). 

The proof of Theorem 5 follows from Lemmas 1, 2, 3 and [1] , i. e. , defining 
m-l m-l 

P __ 1(X)= 도’ C(m, k , r)x" and H __ l (x)= B D(m, k , r)x" as in [1], it is 
… ‘ k=O " “ k=O 

‘easy to prove that C(m, k , r) and D(m, k , r) are strong logarithmic concave 
functions of k for fixed n and r. 

West Virginia Univ. 
Morgan town, W. Va. 26506 
U.S.A 

Trenton State College 
Trenton, N. J. 08625 
U.S.A 



36 Jin B. Kim and Yong. M •. Lee 

REFERENCES 

[1] ]. C. Ahuja, Co ;zcavi!y properties for certain li1Zear combinaUons of Stirling .numbers, 
The ]ournal of the Australian Mathematical Society Vol.. XV-Part 2(1973,) 145-147. 

[2] G. H. Hardy, ]. E. Li ttlewood and G. Polya, Ineqμalities， (University Press, Cambr

idge, 1952). 

[3] L. H. Harper, SiirUng Behavior is asymptotically normal, Ann. Math. Statist.38 

(1967) , 410-414. 

[4] C. ]ordan, Calculus of finite differeηces， (Chelsea, New York, ~950). 

[5] E. H. Lieb, Concavity properties and a generating functioχ for Stirling Nμmbers， 

]. Combinatorial Theory 5(1968), 203-206. 

[6] Riordan , An introduction to Combinatorial Analysis (Wiley, New York, 1958) • 

• 


