117

Bull. Korean Math, Soc,
Vol 14, Na.2, 1978

ATIYAH-SINGER INDEX THEOREM
AND ITS APPLICATION

By Eut.,me:- PaAK -AND- DonNg Pyo CH:t

§1. Introduction.

Atiyah and Singer made their index theorem in answering a problem po-
sed by Gelfand 1960. Gelfand’s problem was to express the Fredholm oper-
ator type index of an elliptic'differential operator D : C*(M)—C™(M) in
terms of topological invariants of the manifold M and a bundle (or rather
an element of K(T'M), where TM is a cotangent bundle of M) Not only
answered -for this question, they developed their theorém in various ways.

In their original proof [12], they used many machineries, especially cob-
ordism. In a series of their subsequent papers -appeared.in -Annals of Mathe-
matics-[1-47, they developed an elegant way of presentation. And they did
not need cobordism any more. After many years of endeavors, Gilkey and
Atiyah, Bott, Patodi got the index theorem in more analytic way, which
is called Heat equation method. The latter method is more appropriate to
the application in physics which- we. have in our mind.

The purposeé of this paper is a. presentation of the index theorem via
heat equation method, and an announcement of a result which says Adler
anomaly in Physics is a manifestation of the index theorem. This result
will appear somewhere else.

One of us (D.P.C.) would like to express deep thanks to Dr. Kwang-
sup Soh for teaching him Physms involved.

§2. Heat equation method.

Let E, F be bundles over M, with A: I’ (E)wa{’(}i') a. differential opera-
tor of order <m, where !’(E) (or I'(E )) is a set of all smooth cross sec-
tion.of E over M.

DEF The leading symbol of A, denoted by o (4), is the matrix obtained
by replacing differential operator ™/3z,%++0z,% by §1%10-+€,% where & rep-
resents a cotangent vector ‘corresponding to z; when A ‘s expressed as ' a
matrix locally and a differential operator of order .-
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Der: A is elliptic © o(A) is invertible when &= (&, -+, &,) is not a zero
vector. '

Then in the theory of elliptic operators this nonsingularity of o(4) it
exploited to comstruct a parametrix for 4, that is, an operator P: I'(F)—
I'(E) such that PA and AP both differ from the identity by smoothing ope-
rators. We have the following Fredholm type theorem.

THEOREM 1. Suppase that A - T (EY—=T'(F) is an elliptic operator aver the
compact manifold M, then botk the kermel and cokernel of A are finite dimen-
sional. In particular the index of A is well-defined by index(A)=dim kerA
—~dim cokerA. )

The proof of this theorem goes as follows, First we extend I"(E) (and /7
(F)) into a Hilbert space called sobolev space. Then A becames exactly a
Fredholm operator. And it can be shown that the index just defined is in-
dependent of extensions. Weyl's lemma says the elements in ker 4 or k er
A¥* are smooth functions. - '

DEer: Laplacian [] of A means the operators on 77(£) and 7'(F) respec-
tively given by ,
[lg=A*4, [Ip=AA®
and 73(E) = {sel'(E) |[Jgs=As} and define T, (F) similarly.

THeorEM 2. (Hodge Thebrem). For all A€R, I';(E) is finite dimension-
al. Further I'\(E)=0Q ezcept for a discrete set of nonnegative X's and this co-
untable sequence of subspace gives an orthogonal direct sum decompo;itian of the
Hilbet space Lo(E) cbtained from I'(E) by completion relative to ( , )g.

Thus Ly(E) =@ (E) and I'y(E)=ker A, T'y(F)=coker A, A: I'y(E)~T;
- (F) is.an isomorphism. Hence index (A)=dim I'y(E)—dim I'y(F). Moreover

for any function ¢(z) with $(0) =1, we have index (A)=; @ () dimI'(E)

—Z ¢ dim Iy(F).

The last statement suggests us to consider ¢~7¢ instead of [] itself, beca-
‘use the corresponding ¢, (z) =¢**, and moreover ¢ is a smooth operator.
Hence there exists kernel H,(z, y) such that (e"%t) (z) =]H,(z, y)s(y) | dy|.
Then A1) = 243(-“ dim 7,(E) = futrace H,(x, z)|dz].

. In terms of an orthonormal base of eigenfunctions {¢,(z)} of (], trace
Hy(z, z) |dz| =Ze™i"| g, (2) |*] dz].
f ¢ is small enough, then it is known that trace H,(z, ) |dz lﬂ:}; £ ()
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n=dim M and m=order of A where y; is a measure and a local invariant
of A. Actually the crux .of heat equation method is to show that y; is a
rational function of the coefficients of A and their derivatives. The last
fact was observed by Atiyah and Bott [5]. But they thought the form
would be too complicated to identify them as a differentia] form representa-
tion of topological invariants like Chern class and Todd genus.

It was Patodi [8] who observed that the possible form of u; ‘is exactly
the corresponding differential form. But his algebraic machinery was very
complicated. Shortly afterwards Gilkey [8] showed that y; should bea sim-
ple differential form representation of topological invariants on a priori gro-
unds. Still the arguments are not easy, and very combinatorial. We owe
the final and crucial simplication to Atiyah-Bott-Patodi [7]. They used
classical invariants theory heavily to reduce the number of possible forms

of g
Before giving the main theorem, let us make several definitions.

DEF: By a Hermitian bundle over M, we mean a tnple = (Eq¢, ke, De)
consisting of a complex vector bundie E over M, together with a Hermiti-
an structure ke on E, and a connection D, on £ which preserves A,

DEF: A joint invariant is a function o which assigns to every Riemann
structure g in M, and every Hermitian bundle & over M, a g-form w(g, &)
eA9(M) such that if f: M/—M is any smooth map, then f*w(g, &)=w(f?
&, f18).

DEF: A joint invariant w is homogeneous of mixed weight (%,1) if w(A?
£ rqu) zkﬂzw(g? E) A #>0

TuroreM 3. (Gilkey, Atiyah-Bott-Patodi). A reguiar joint invariant o

(&, &) of mized weight (k1) vanishes identically if k>0, or 10, while if
k=I=0 then w(g, &) has values in the ring generated by the Chern forms of

& and the Pontrjagin forms of g; i.e.
0 if k>0 or [0,

z Pont(g) @Chern(&) k=I=0.

Let us go back to the index as defined in theorem 1. Now index
A=h, ([IE) _'ﬁ:.(DF)-

Note that this equality holds for any £>0. Therefore when we replace
trace H,(z,z)|dz| by a series éxpansionjﬂtm"m(ﬂ), the constant term
B —R

w(g,6)={

Iuto(Cp) — 10 ([Lle) s equal to index A.
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After some calculations Seeley obtained the following theorem,

THEOREM 4. (Seeley). The function pz(4) is homogeneous of weight k/2m .
in the coefficients of A.

Now let us apply theorem 3 and theorem 4 to get the Hirzebruch Signa-
ture theorem. M is a manifold of dimension 2/. Consider deRham complex
with 4 : Q=01 and D*: Qi—0Q1 as the adjoint of 4. Let *: Qs—>Q2-2
be the Hodge star operation. If we define r(a)=i##?"D+ha for asQ?.
Then r?=sId. Denoting by 2. the +1-eigenspaces of z, one verifies that
d-+d* interchanges Q. and Q.. Signature operator A is d-+d*; 0.—0Q_.
And it is an elliptic operator. It is easy to see that the corresponding an-
alytic index is the well known Hirzebruch Signature, Hence the Hirzebruch
Signature is [ po(A*A) — o (AA*) =[3 w. When theorem 3 and theorem 4

is combined, we have the following proposition.

PropoOSITION: The differential form « as given above is a universal polyno-
mial in the Pontrjagin forms, say w=Fi(ps, ba, =, br), where fi is of total
degres 4k.

The exact form of f; can be obtained by computing enough special cases.
The basic examples are manifolds of the forms M(;, «-, &) =Py, X+ X Py,
Zk;=h, where Py=CP% Then we can see that the polynomlal fi should
be the one obtained by Hirzébruch himself.

Since general index theorem can be reduced to the above Hirzebruch
Signature type index theorem, we have shown every essential parts of the
Atiyah-Singer Index Theorem.

§3. Application in Physics.

It is well known among theoretical physicists that the various anomalies
in particle physics, especially Adler anomaly (see the references for the
physics involved), have a very deep relation to the index theorem. Espe-
cially in terms of differential forms, they are very similar. Anomaly occurs
because of singularity of Green’s function G(z,y) along the diagonal. Also
we could see that-the index (analytic) is non zero because the parametrix
of the elliptic operator given is not equal to identity, By checking the de-
finitions of Adler anomaly, we could show that by taking proper function
¢(2), not necessarily ¢7*# as in heat equation method in §2, Adler ano-
maly is just another name of the index theorem. Especially we obtained.

THEOREM 5. If thé index is not zero, then, there should ezist an anomal-
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ous term in the divergence of the axial currents.
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