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A STUDY ON THE OPERATOR LK

By TAEBOO KIM

. 1. Introduction.

Naimark [3J, Krall [2J, and. Kim [lJ discussed an operator generated by
a differential expression

ly=-y"+q(x)y, O:5:x<oo, S:lq(x) Idx<oo

and various boundary conditions. In 1954, Naimark [3J discussed an ope­

rator L o generated by the ·differe~tial expression ly= -y"+q(x)y, where J:
e"xlq(x) Idx<oo for some e>O, O$x<oo and the boundary condition y'(O)
-Oy(O) =0, where () is a :fixed number. In ·1965, Krall [2J discussed the
differential operat(?r L ge~erated by the differential expression ly= -y"+q

(x)y~ where S:lq(x) Idx<:oo, O:5:x<oo: and the boundary condition rK

(x)y(x)dx={3y(O) -ay'(O), where K(x) is in L2(0, 00) and lal 2+ 1{31 2=/=0.
In 1973, Kim [lJ discussed an operator Lx generated by a dIfferential ex­
pression ly=y"-h(x) (alY(O) +a2Y'(0», where hex) is in V(O,oo) and

latl 2 + la21 2::;t:0, and the boundary condition S:K(x)y(x)dx=b1y(0) +b2y'

(0), where K(x) is in L2(0, 00) and Ibl l2+ Ib212::;t:0. In this paper, we
want to discuss the operator Lx further. We shall discuss the expansion of
the green's function G(x,~, il) of the operator LX+A and the eigenfunction
expansion of a certain function.

2. Expansion of the green's function G (x, ~, A) of the operator LK+ A.

We define the differential expression ly=y"-h(x)(alY(O)+~y'(O», for
all functions yEC2[0, 00), where hex) is an arbitrary measurable function
in L2(O, 00) and lall 2+ la21 2;t:O.

Let D be the set of those functions f(x) on [0, 00) satisfying
(1) f(x) is in V(O, oo} .
(2) f' (x) exists and is absolutely continuous on every, finite subinterval
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[O,b] of [0,00)
(3) If(x) is in L2(0,00).
Let K(x) be a function in L2(0, 00) and let bl and b2 be complex num­

bers such that Ibtl 2+ Ib2 12 =,t:0. Let DK be the set of those functions f(x)
satisfying

(1) f(x) is in D

(2) J:K(x)f(x) dx=bd(O) -b2f' (0).

Now we define the operator L K by LKf(x) =If(x) for all functions f(x)
in DK • We shall discuss the operator LK in the following way;

(1) We :find L2 solution of ly+.ily=O
(2) We :find a particular solution of LKy+.ily f(x)
(3) We :find the green's function of the operator LK+,i!
(4) We expand the green's function which is obtained
(5) We expand a certain function using the eigenfunctions of the operator

L K •

THEOREM 1. Linearly independent L2 solution of ly+.ily=O is given by

- . f'" eis:c
where s= .v .l, O~args<lt", s=o+zt", a=J ~ 2is h(x)dx.

Proof. See Kim [1].

THEOREM 2. For the eigenvalue problem LKY+AY=O, the eigenvalues are A:
=S2, where Ims>O and s is a solution of

where

Proof. See Kim [1].
If we define f3 by
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f3=2iso+ flI~iSa2 s:K(x) VI (X,

we can write (2) as a form

2isa(alb2+a~1),
(3) f3C=O.

THEOREM 3. If LKy+..ty=O has only trivial solution, then for any function
f(x) in L2(0, 00), there exists a solution of the equation LgY+AY f(x) and
the solution is expressed by

(4)

where

D-nd

D-nd

y=S:G(z,~, A)f(~)d~,

G (x, ~, A) = VI (x, r;, A) +V2(x, r;, jl)

-1 eiS.xV2(f;,s) al~~~ VI (x, S)V2(r;, s)

.+._1_ bI+isb2 is.x is~+_l_ (bl+isb2) (al+ isa2)
2is f3r; e e 2isf3 '2

VI (x, s)eise

+~ al-isa2 v (x s)eis~
2is C 1, ,

V2 (x (; A) =-A--eiSx>e-isX<
, "', 2is '

Proof. See Kim [1].

Now we consider the expansion of the green's function G(x, r;, A). We
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assume that hex), K(x) are in L2(0, 00) and for simplicity, (3(s) is never
zero for all real s and the complex zeros of (3(s) ~re smilIe zeros. We shall
use the residue theorem to integrate about a closed contour which may con­
tain the boundary of the analytic function being considered as long as the
function is continuous on that part of the boundary.

We choose the contour C in the A plane to be the course consisting of
the large circle CR , C+, and C_ (see).

Figure 1

-.
From the equation (2), we can obtain the following theorem easily.

THEOREM 4. A= s2 is an eigenvalue of the operator L K if and only if (3
(v-Y) =0.

We first consider VI (x, ~, A). Let Al=S12 be a simple zero of {3 ( vT).
Then Al is a simple pole of the function VI (x, ~,A) and

(5) ( ) _ R (x, ~) ( )
VI x,~, A - A-A{ +Gz x,~, A

where G2(X,~, A) is analytic in a neighborhood of the point Al=SI2. By the
residue theorem,

(6) ( )
_ cp(x)

R x, ~ - (3'(SI) ,

where

(7) cp(x)=- al- isla2 r:K(X)VI(X,sl)dxeiSlXeiSl~
2is1(1 +is1aa2-aal) J 0

+ b1+is1b2 eiSlXeisle+ (a1b2+a2bl) + (al-isla2)0
2is1(1 +is1aaz-aaI) 1+is1aa2-aal

VI (x, sl)eisl~
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For a fixed~, cp(x) becomes an eigenfunction of the operator L K corres­
ponding to an eigenvalue At- We need to prove that cp(x) satisfies ~the di­
fferential equation Y"+AtY = h (x)(atY (0) +a2Y' (0» and the boundary con-

dition f:K(x)y(x)dx=bty(0)-b2y'(0)- From the equation (7), we obtain

the relation,

(8)

h(X)V2(~' St).

To compute atcp(O)+a2CP'(0), we use the expression (7) and the expre­
ssion (2), and obtain

(9) atcp(O) +a2CP' (0) = (atb2+a2~t) + (al-isla2)o eisl~- at+ista2
1+zStaa2-aal 1+istaa2-aat

'V2(~' St).

Therefore cp(x) satisfies the differential equation

(10) cp"+Atcp=h(x) (atcp(O) +a2CP'JO».

Now we wish to show that cp(x) satisfies the above boundary condition_

If we substitute cp(x) in f:K(x)cp(x)dx, we have

(11) fooK(x) cP (x) dx= ~t+istb2 eisl~o+ .a~b2+a2bl eis1eC""K(x)
o 1+zStaa2-aa1 1+zStaa2-aat J 0

Vt(x, sl)dx

a +is a f"" )
1+

.1 1 2 V2(~,St) K(X)Vl(X,st)dx-V2(~,St 2isto_
ZStaa2-aat 0

Using the relation (2), if we substitute an equivalent form for f:K(x).

Vt (x, St) dx, the equation (11) becomes

(12) f""K(x)cp(~)dx= (atb2+a2bt) {(b1-istb2) +2ista (alb2+a2bt) } eisl~
o (1 +istaa2-aat) (al +is1a2)

+ atbt-S12a~2-isl(atb2+a2b1) (l-2aal+2is1aa2) eis1ea;
(1 +istaa2-aa1) (a1 +is1a2)

(bt -istb2) +2ista{atb2+a2bi)
--O.."'O"'-~::--=:''--:-'-=--=--'-----''~'----'''--''"'---V2(~, s1) _

I +istaa2-aa1

Now consider btcp(O) -b2cp' (0) _ We compute
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(a1-is1a2)eisle J:K(x) VI (X, Sl)aX

2is1(1+is1aa2- aa1)

+ b1+is1b2 is e(b . b)
2· (1+" ) e 1 1-ZS12

ZSl zslaa2-aal

(h1-is1b2).

Using the equation (2), if we substitute an equivalent form for rK(x)
. 0

"VI (x, 51) dx, the equation (13) becomes

(14) b
1
cp(0)-b#'(0)= (aIb2+a2hl) ~(bl-i51b2)+2isla.(alb2+a2bl)}eis1e

(1 +zslaa2-aal) (al+ZSla2)

+ albl-s12a?h.-:-isl(alb2+1L~1) (l- 2aal+2islaa2) eis1eO
(1 +islaa2-aaI) (a1 +isla2)

2is1a(al~+a2bl) + (b1-islb2) (e )
1+ · V2'O,Sl'zslaa2-aa l

Comparing the equations (12) and (14), we see that cp(x) satisfies the
boundary condition

J~K(x)cp (x)dx=b1CP (0) -b2cp' (0).

Therefore the theorem is proved.
Now we go back to the equation (6). Since Al is a simple zero of the

function (3 ( ""l), there is only one eigenfunction )'1 (x) corresponding" to it,

up, to a factor independent of x, for the operator LK • R(:t, e) =.p(x) /(3' (.y--Xl)

is also an eigenfunction.corresponding to an eigenvalue .y""II= Sl. Therefore

(15) R(x,e)=a(e)YI(X).

We wish to determine the function a(~). Let G*(x,~,A)=G(~,x,).).

Then G*(x,~,A) becomes the green's function for the operator LK*+i',
where LK* is the adjoint operator of the operator LK • Since G(x,~, A) is
expressed by

(16) G('" e ') = Rex, ~) +G ( t:') + v: ( t:,)"','0, A A-AI 2 X,<",II 2 $,<",11,
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G* (x, ~, A) has the form

109

(17) G*(x, c, A) = R_(~,!) +G ( ~ A) -!- v: ( ~ A).. A- Al 2 x" , 2 x" •

So, for a fixed~, R(~, x) is an eigenfunction of the operator L K*, corres­
ponding to the eigenfunction i 1• If we denote one of these functions by
%l(X), we then have

Hence

(18)

Comparing this with the equation (15), we find

(19) R(x,~) =CYI (X)Zl (~).

Now we try to determine the constant c.
For the equation

(20) G(x,~, A) R}~'A:) +G2(X,~, A) + V2(X,~, A),

multiply both sides by (A - AI). Then we have

(A.-AI) G (x, ~,A) =R(x,~)+ (A-AI) G2 (x, ~, A) + (A-AI) V2(X,~, A)

=CYI (X)Zl (~) + (A- AI) G2(X,~, A) + (A- AI) V2(X,~, A).

Multiplying both sides by Yl (,;:) and integrating it, we have

(21) (A-AI) J:G(X,~,A)Yl(~)d~=CYl(X)J:Zl(~)Yl(~)d~+(A-Al)J:G2(X,~,A)

Yl (~)d';:

+ (A- AI)s:V2(x,,;:, A)Yl (~)d~.

Taking limit both sides, we have

(22) lim (A- Al)J=G(x,~, A)Yl (~)d~=CYl (x)rYl (';:)Zl (~) df
A-AI 0 0

On the other hand

(LK+A)Yl (x) = - AIYl (x) +AYI (x) = (A-Al)Yl (x)

and

(23)



110 Taeboo Kim

Substituting the equation (23) in (22), we get

Yl (x) =CYI (x) S:Yl (,;)ZI (.;) d.;.

c 1
J:Yl (.;) ZI (.;) d.;

Thus R (x,';) in (19) becomes

(24)
[Yl(';)ZI(';)d'; •

Using this argument, we have the following theorems.

THEOREM 5. For every simple zero Al of the function f3 ( VD,

G(x,';, A)(25) Yl(x)~ +G2 (x,';, A) + V2 (x,';, 1)
(A-AI) [Yl(';)ZI(';)d';

where G2 (x,';, A), V2 (x, e, A) are analytic in a neighborhood of the point AI-

THEOREM 6. Let {Ak} k=l be the set of simPle zeros of f3 ( vD, i. e. {Ak}

1=1 be the set of simple eigenvalues of the operator LK - Then we have

G (.., ", 1)~t "]=)z.<~ . +G...('" ", 1)+ V, (.., ", 1)
k-I (A-Ak) Yk(e)Zk(.;)d';

o

where Gn+1(x,';, A), V2 (x, .;, A) are analytic in a neighborhood of each of

{Ak} k=b and

V, ('" ", .l) ~ t Y'1:);;;m- +G••, ('" ", .l).
k=1 (A-A~ Yk(';)zj(';)d';

. 0

Now we integrate VI~~ ~~1) around the contour in Fig. 1,· where Ao=

S02 is in the interior of CR and is not an eigenvalue of L K • By the residue
theorem, the contour integral of

IS
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where (J is the sum of the residues of

d.:l.=O as R-H:>O, we have

(27)

The residue at the eigenvalue Aj is

lim(A-A') VI (x, ~,A) = Yj(x)-;;m
1 1 J .:I.-A f=--

- j 0 (Aj-AO) /j(~)zj(~)d~

Thus the sum (J of the residues is

(28) q~ i: YJr.ZjW" +V, (~, f. '0)'
j=l (Aj-Ao) /j(~)zj(~)d~

Substituting (28) in (27) and simplifying it, we have

(29) VI(X,~,AO)=~J= VI(X,~, vD dA-_1_.f= VI(X,~, - v-:f) dJ.
2n-t 0 A- AO 2n-t 0 A- .:1.0

1 n Y -(x)z -(~)___~ J J •

. 2n-i j=l (Aj-Ao) f:Yj(~)zj(';:)d~

Thus, we obtain the following theorem.

THEOREM 7. Let .:I.O=s02 be not an eigenvalue of the operator L K • Then

(30) VI(X,.;:,AO)=~J= VI(X,~, vD dA-~f= VI(X,~, - v'V d.:l.
2n-t 0 A- AO 2m 0 ,1,- ,1,0

1 n Yj(x);;cfj

- 2ni ~I (Aj-Ao) f:Yj(~)zj(~)d~ .

We now consider V2(X,~, A). Let AO=S02 be in the interior of CR and such
that AO=S02 is not an eigenvalue of the operator L K • If we integrate the
function

(31)
e-i.Fix<eiJlx>

2i V A (A - AO)

around the contour in Figure 1, we have

(32) f
c
+ V2(X,~, A) dA+ f V2(X,~, A) dA+ f

c
_ V2(X,~, .:I.) dA=27ti(J

J, ,1,-,1,0 JCR A-Ao J, A-AO
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where q is the sum of the residues of

Since J
CR

(33)

V2 (z,';, A)
A-Ao

V2(z,';, A) dA=O as R-HXJ, we have
A-Ao

5: ~-;7;~~~0) dA+s: -~~;-;;~AO) dA=2rciq

The left hand side of (33) hzcomes

(34)

Since the function

of the residues is

J: e-i~:~~:~;:~:);JTX dA.

V2(x,';, A) has no singularity except A=AO' the sum q
A-Ao

(36)

VI (x, f;, - vV dJ.
A-Ao

(35) q=1im (A-A(~V2}"),.;, A) V2 (x,';, Ao).
l-.lo - 0

Therefore we have the following theorem.

THEOREM 8. Let AO=s02 be not an eigenvalue of the operator L K • Then

Ii e-;,;:xe;·i'~+r!·;J."e-ii;X

V2(Z,';,Ao)= 2rci Jo 2ifi(A-Ao) dA.

Combining theorem 7 and 8, we have the following theorem.

THEOREM 9. Let Ao= S02 be not an eigenvalue of the operator L K , and {Ak}

.=1 be the set of simple eigenvalues of the operator L K • Then

(37) G(z,';, Ao) = VI (z,';, Ao) + V2(z,';, AO)

1 Joo VI (z,';, vV dA__1_.i
= 2rci 0 A-Ao 2m J 0

1" Yj(x)zj(f;)
---.1; -----='-:::c:----=-----

2rct }=I (Aj-Ao) [Yj(';)zj(';)dt;

1 {OO e-i ,;-;xtI,,--;e+t!·;4e-i ,;'7x

+ 2rci 0 2i V A (A-AO) dA.

Consider the set D* of those functions defined by
(1) g(x) is in V(O,oo)
(2) g' (x) exists and is absolutely continuous on every finite subinterval
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[0, b] of [0, 00)
(3) g" (x) -hex) (alg(O) +a2g' (0» is in V (0, 00)

(4) s:K(x)g(x)dx=b1g(0) -b2g'(0).

If g(x) is in D*, then lim g(x) = lim g'(x) =0. To prove this proposition,
l!&_CO z_co

see KraIi[2]. Asswne g(z) is in D* and f(x)=g"(X)+Aog(x)-h(z)(alg
(0) +a2g' (0» and AO=S02 is not an eigenvalue of the operator L K • Then

(38) g(z) = f:G(x,~, Ao)f(~)d~.

So, g(x) =S:[VI (x,~, AO) + V2(X,~, AO)Jf(~)d~

=SOO[~r- Vl(Z,~, -v'T) dA-~Soo Vl(X,~, - v'T) dA
o 27t"t J 0 A-AO 27t"t 0 A-AO

1 .. Yj(x)~
--E r

21ri j=1 (Aj-Ao)Jlj(~)Zj(~)rJ(~)

lr e-i •i7.xtl·i"'k+tI,,7xe-i ,,7x ]
+ 21i{] 0- 'li7 XO-=Ao) .' dA f(~)d~

=--21 . 'g(~) ('[VI (x, ~, v'l) - VI (x, ~, - v'])JdA)d~1rtJo Jo
_1_.r- Soo[ e-i"dtl"'-'+ei"J.Jre-io/)i ]

- 21ri J og(~) (0 .. . 2i v' A dA)d~

.. Yj(x)J"Zj(~)g(~)d~
+E 0

j=1 [Zj(~)Yj(~)d~

Therefore we have the following theorem.

THEOREM 10. Let g(x) be in D*. Then

(39) g(x) =--21 . foog(~)(I[Vl(X'~, v'1J-Vl(x,~,-v'T)JdA)de
1rt 0 J 11

1

1 Soo Joo[ e-i"J.xtl./-;E+ei"-;Xe-iJ~ ]
- 21ri l(~) (1

0
, 2i v' A dA)d~.

II Yj(3;) r-zi(~}g(~)dt
+1: ..,Jo

j=1 JoZj(~)Yj(~)d~
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3. Conclusion.

Using the differential expression ly=y"-h(x) (aIY(O) +a2Y'(O» and the

boundary condition J:K(x)Y(x) dx=bly (0) -b2y' (0), we define an operator

LK by LKy=y"-hex) (aIY(O) +a2Y' (0» for all functions satisfying the ab­
ove boundary condition. When ilO=S02 is not an eigenvalue, the green's
function has the following form.

G (x, ~, ilo) = VI (x, ~, i/o) +V2(x, e, ilo),

where

1 n
--.~

271:t j=l

V1(x,e, v) d:<__l_.{'"
il- ilo . 271:t 0

. Yj(X)Zj(~)

1 f'" e-i.ilxei./i'+e-iJut/ii<
V2(x,~,ilo)= 271:i 0 2iv J. (il--::-AO) .. d~.

The eigenfunction expansion of a certain 'function g(x) has the form

1 J'" J'"g(x)=--2. g(~)( [VI(X,~,V~)-VI(X,~,-v-Y)Jdil)d~
7I:to 0 .'

--I-f'" .J"'[ e-iJUt/JT(+e-iiiot/..ifr ]
271:i og(e) ( 0 . 2i v" A d:<)de

" Yj(x) [z:;IDg (e) de
+~ f'" 0 ..•

j=l /j(e)Yj(e)de

REMARK. If hex) is identically zero on (0,00), the operator L K reduces
to the operator L discussed by the KraIl[2]. If hex) and K(x) are identi­
cally zero on the interval (0, 00), the operator LK reduces to the operator
L e discussed by Naimark[3]. So this paper is some extension or generlized
one of Krall's and Naimark's.
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