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SOME REMARKS ON DCS/x SPACES

By joo Ho KANG

1. Introductign.

In paper [2], N.L. Levine proved that for an invertible spaces certain lo-

cal properties become global properties.
V.M. Klassen introduced DCS space and DCS/x space. DCS/x space has
the above property. We investigate some properties in DCS/z spaces.

DEFINITION 1.1.[1]. A topological space X is said to have the disappear-
ing closed set (DCS) property or to be a DCS space, if for every proper
closed subset C there is a family of open sets {U}y, such that U;,,cU;
and NZ,U;=¢, and there is also a sequence {&;}:2, of homeomorphisms on
X onto X such that #;(C) cU; for all 7.

DeFmiTION 1.2. [1]. A topological space X is said to have DCS/z pro-
perty or to be a DCS/x space, if for every proper closed subset C which
miss z there exist two sequences {Uj}x, and {k}7, satisfying the DCS
property.

2. Main results.

LEMMA 2.1. For every neighborhood P of x there is a sequence {hj}iz, of

homeomorphisms on X onto X such that T)h,-(P)=X.
i=1

Proof. Let {U}:x, be a decreasing sequence of open sets in X such that
ﬁ U;=¢ and {h;}3, a sequence of homeomorphisms in X such that &;(X—P)
i=1
< U; for each i. Then X— G ki(P)Ceﬁ U;, so XCG h;(P) since F]Ui=¢.

i=1 i=1 i=1 i=1

THEOREM 2.2. If P satisfies the first axiom of countability then X satisfies
the first axiom of countability.

Proof. Let ac X and U be an open neighborhood of a. Let {}, be a
sequence of homeomorphisms in X such that Gh,-(P) =X. Then ach; (P)

i=1

for some integer 7, and thus hi,"'(a)€P. Let{Ujjz, be a countable open
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base of k;;"'(a) in P. Then k" (@) € U;ch; "1 (U) NP for some integer j.
Hence {#;,(U;)|j=1,2, -} is a countable open base for & in X.

THEOREM 2.3. If P satisfies the second axiom of countability, then X satis-
fies the second axiom of countability.

Proof. Let {U}r, be a countable base in P and let {k;;, be a sequence
of homeomorphisms in X such that Ljhj(P) =X. Then ({&;(U)ls5=1,2,
=1

-} is a countable base in X since {&;(Uy)|i=1,2,-} is a base in k;(P)
for each j.

THEOREM 2.4. If P is a Lindelof subspace of X then X is Lindelof.

Proof. Let {U,} be an open covéring of X and let {h}:; be a sequence
of homeomorphisms in X such that [_j h;(P)=X. Since P is Lindeldf, &;(P)
is Lindel6f for each i. Then there 1; la countable open subcovering {U/7|j
=1,2, -} of {UJ such that hi(P)= U Uy for each i. Therefoie (U7]4J
=1,2, -} is a countable open subcox;;ring of {U,} such that L} Ui=X.

LEMMA 2.5. If P (or P) is a connected subspace of X then P (or P) is
not clopen subset of X. o

Proof. Suppose P is closed subset of X. Then %;(P) is clopen subset of
X for each 7, where {h;}, is a sequence of homeomorphisms in X for X—

P, Then X= Lj k;(P) and X is disjoint union. Hence there exists an inte-
ger iy such th.;tl z€h;;(P) and er)(ignhi(P). That is, z&X—hk;(P) for
each i#i,. Let {U}:2, be a decreasing sequence of open sets in X such that
ﬁU,:qS for X—P. Then z€k;(X—P)CU; for each i#iy.. Since {U} is

decreasing sequence, x& N U It is contradict to N U;=¢.
i=1 i=1

From the above lemma we obtain the following theorem.
THEOREM 2.6. If P or P is connected subspace of X then X is comnected.

Proof. Assume that X is disconnected. Then there is a nonempty proper
clopen subset O of X. O is neither P nor P by Lemma 2.5. Since X=

6 k;(P) and ¢#0 <X, there exists an 7, such that ¢+#k; (P) N0Sk;, (P).
i=1
Suppose h;(PYyh;(P) NO for all i, then k;(P)—O for all i, so X=0. Hence
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PN hk;;71(0) is nonempty proper clopen subset of P. It is contradict.

THROREM 2.7. If P is regular and some U, is regular then X is regular,
where {U,} is a sequence in X for X—P by DCS/z property.

Proof. Let a€ X and C a closed in X such that ¢ C.

Case I; CcX—P. (i) acX—P. Since U, is regular and #,(a), #,(C)
CU,, there exists two disjoint neighborhoods U, V of &,(e), #,(C) in U,
respectively. Hence £, 1(U) and k,”1(V) are disjoint neighborhoods of a,
C in X respectively. (ii) a€P. Put C;=CNP. If C;=¢, then a€P, CC
X—P and P, X—P are disjoint opens in X. If C;#¢, then there are two
disjoint opens U’, V' on P such that e U’ and C;c V’. Let U, V be opens
in X such that U'=UNP and V'=VNP. Then acUNP, CcVU (X—P)
and UNP, VU (X—P) are disjoint opens in X.

Case II; CNP+¢. (i) acP. This case is same to case I, (ii). (ii) a<
P—P. Let C;=CNP, C,-=CN (X—P). Then there are two disjoint neigh-
borhoods Uy, Vi’ of 4, C in P respectively and two disjoint neighborhoods
U,, Vp of a, C; in X respectively. Let U; and V; are opens in X such
that U/=U,NP and Vi’=V,NP. Then U;NU, V,U (ViNP) are disjoint '
opens in X such that a€U;N U, and CC V,U (V;NP). (iii) acX—P. Let
U, V are two disjoint neighborhoods of 2 and C, in X. Then UN (X—P)
and V| P are two disjoint open ne1ghborhpods of ¢, Cin X.

Case IIl; CcP. (i) acP. Let U’, V' be disjoint neighborhoods of a, C

1n P respectively and let U, V be two opens in X such that U’=UNP and

=VNP. Then U, VNP are two disjoint opens in X such that e€U

and CcVNP. (i) ecsX—P. X—P and P are disjoint neighborhoods of
a, C in X respectively.

THEOREM 2.8. If P is.normal and some U, is normal, then X is normal,
where {U,} is a sequence in X for X—P by DCS/x property.

Proof. Let C;, C, be disjoint closed subsets of X.

Case I; C,, C;=X—P. Since k,(Cy), k,(Cy) U, and &,(C;) ﬂh (Cy) =9,
we can take two disjoint neighborhoods of C;, C, in X.

Case II; C2HP¢¢. Let F1=ClﬂP, FZZCZQP, Gl=Clﬂ (X'—‘P) and Gz
=C,N (X—P). Let Uy, V be disjoint neighborhoods of F;, F, in P and
U,, V, be disjoint neighborhoods of G;, G, in X. (i) C,cX—P. (U;NUy)
U(UsN (X—P)) and .V, U (V;NP) are disjoint neighborhoods of C;, C, in
X, where U,, U, are opens in X such that U/=U,;NP and V/=V;NP.
(ﬁ) C1“P7’—'¢- Pllt W1=U1ﬂP, W1’=-VlﬂP, W2=U1ﬂU2, W2,=V1n Vz,
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W3= Ugﬂ (X—'P) and W3'=V2n (X—'P). Then CIC W1U Wg U W3, Czc
W/ U W UWs and WiUW,U W3 WyYUWYUWSs are disjoint opens in
X. (i) c,cP. W, VU (X—P) are d15]01nt open neighborhoods of C,,

C, in X respectively.
Case IlI; CocP. (i) C;<P. It is trivial.

@) CiNP+¢. It is same to Case II (iii).
(iii) G;cX—P. (UNP)U(X—P) and V;N P are two disjoint neighbor-

hOOdS of Cl, C2 in X.
THEOREM 2.9. If X and Y are topological spaces with DCS/x property
and DCS[y property respectively, then X XY is DCS/(x,y) space.

Proof. Let C be a proper closed subset of XX Y such that (z,y)&C, and
let zePcX, yEQCY be open sets in X and Y, respectively, such that
(z,9) €PXQ=(XXY)—C. Let {U}Z,, {h}Z, and {V} 7, {&}7Z, be the
open sets and homeomorphisms for X—P and Y—@ in X and Y, respecti-
vely. We define a sequence of homeomorphisms in XX Y

¢i(a, b) = {h;(a), k;(B)} for each (a,0)eXXY,

and
Wiz ={(U:XY) U (XX V)}is.

Then {W3}:2, is a decreasing sequence of open sets in XX Y such that .ﬂ

Wi=¢.
Since CC (XX Y)—(PXQ)={(X—P)XY} U {(XX(Y-@)}, ¢:(C)c {h (x
—~P)X Y} U XXE(Y—Q < (U;XY) U (XX V;)=W; for each i=1,2, -
Hence XXY is DCS/(z,y) space.
TaeOREM 2. 10. If P is a separable subspace of X then X is separable.
Proof. Let A be a countable dense subset of P, and let {h} ;”_‘r be a se-

quence of homeomorphisms in X such that Uh (P)=X. Then D= Uh (4)

=1

is a countable dense subset of X since &; (A) is a countable dense subset of
h;(P) for each i.

=1
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