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THE LATTICE DISTRIBUTIONS INDUCED BY THE SUM OF
I. I. D. UNIFORM (0, 1) RANDOM VARIABLES

By C.]. PARK AND H. Y. CHUNG

1. Summary.

Let XI. X 2, "', Xn be i. i. d. uniform (0,1) random vlhi.ables. Let fn(x)
denote the probability density function (p. d. f.) of Tn= Ei,;'lXi , Consider
a set Sex ; 0) of lattice points defined by sex ; 0) = {xlx=o+ j, j=O, 1, "',
n -1, Os oS; I}. The lattice distribution induced by the p. d. f. of Tn is
defined as follow:

(1)
if XES(X; 0)

otherwise.

In this paper we show that fn (0) (x) is a probability function thus we obtain
a family of lattice distributions {fn(O) (x) : Ososl}, that the mean and
variance of the lattice distributions are independent of O.

2. Main Results:

Let fn(x) be the p. d. f. of T m then fn(x) can be written, See Wilks
[1962J.

(2) fn(x) = (l! (n-l) !) L;i'::O(-l)i(~) (x-i) +n-l,

where

if x:2::0

if x<O

First we show that fn (D) (x) defined by (1) is probability function.

THEOREM 1. Let fn (0) (x) be a function defined in (1).
Then

Proof: Using (2), we can write
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(3)
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!: in(6)(x) = (1/ (n-I)!) !:j;JI:j~l(-l)i(~)(o+j-i)"-l
""Sl"'; ill t

_~"_l(n-l) ~ 1 't"'~-1~.J (_I)i(tz)(Jo _,;),,-1-k
- "-"=0 k u- (n -1)! "-'1=0"-"=0 i • .

By rearranging the summation it can be shown that

(4) !:j;;;~I:i~O( -I)i(~) (j-i),.-1-k= I:;;;;~(-l)i (nj1)(n-1- j)n-l-k_

But it is well known that the right hand side of (4) can be written as the:
differences of zeros, see Riordan (1958). Thus we get

if O<k::;n-l

if k=O

Hence the conclusion of theorem 1 follows.

Note that the expression (3) is a polynomial in 0 of degree (n-I) anQ.
the coefficients of (Ji, for k~ 1, vanish.

To obtain the moments of probability function i,,(i)) (x), we need the follow­
ing lemma.

LEMMA: For any positive integer 1R and r, 'tile have

(5) :E/=O:Ei~O(-1) i (mt1) (0+ j - i) r

= ~;o(;)OgEI=O(-1)1(7) (m-ly-q

= !:q~o(~)O!1!:~;;:zm!S(t, m),

where Set, m) is Stirling number oi the second kind defined by

n! S(r, n) = !:j~o(-I)i (j) (n- j)r or

t"=Er~ot(r) S(r,n), where t(r)=t(t-I)···(t-r+l).

Now we evaluate the k-th moment of the probability function i" (0) (x) ..

/4= (l! (n-I)!) Ej:~Ei!O(-1)i(~)(o+j_i)"-l(O+ j)k

- 1 ~,,-1~ i ( l)i(n)(.s+ 0 .)""':1~ k (k)C.s+· ·)k-Z·Z- (n-l).!"-'j=O"-'i=O - i u ;-t ."-'z=o t u ;-t t

- 1 ~k(k)~z S(t )~"-1~j C l)i(n)(~+o .)10+1-1-1 0 (,>-- (n-I)! "-'1=0 l "-'r=O ,r "-'j=O"-'i=O - i 0 j-t t
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(n!1) ! ~1~0(;) ~r~oS (t, r)( -1) rn Cr )X

~n+l-l-dn+k-1-1) ;;1n~,!-r-l (_1)j(n-r-1)( __ ")n+k-l-l-q
"-'q=O ~ q fP"-'J=O j n r J

= I ~n+k-l O'I~m;n[n-hn+k-l-q'k](k) (n+ k-1-1) X
(n-I)! q=O 1=0 1 q

~r~oS(l, r) (-1)rn Cr)~j;;;o...,J. (_1)i(n-j-1) (n-r- j)n+k-H-q

= 1 ~n!k-l Oq~min[n-hn+k-l-q'k](k)(n+k-I-I) X
(n-I) ! "-'q-O "-'1-0 1 q

Er1oS(l, r) (-l)rn Cr)E7~C-l-l-q(n-r-l) !S(t, n-r-l)

Using (6) in conjunction with the properties of Stirling number of the
':second kind, the following theorem can be established.

THEOREM 2: The mean and 'cariance 01 the p.f. Ina}) (x) is independent 01
..0 il n2k+1 lor k=I,2. That is,

fl.=fl.l'=n/2, fl.z'=n(3n+l)/12, and

q2= P2' - p2=n/12.

We note that the mean and variance of In (0) (x), 04=0, is same as the
mean and variance of In CO ) (x), for n23

However we have not obtained p,,' for k~ 3 and can not conclude whether
-or not they are also independent of o. It would be interesting to find the
-set of values of k such that the k-th moment of In (0) (x) is independent of o.
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