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THE LATTICE DISTRIBUTIONS INDUCED BY THE SUM OF
L1LD. UNIFORM (0,1) RANDOM VARIABLES

By C.]J. PAark aNp H.Y. CHUNG

1. Summary.

Let X, X, +-, X, be i.i.d. uniform (0,1) random veriables. Let f,(z)
denote the probability density function (p.d.f.) of T,=2X.5X;. Consider
a set S(xz; 0) of lattice points defined by S(x ; ) = {z|lz=6+j4, j=0,1, -,
n—1, 0<06<1}. The lattice distribution induced by the p.d.f. of T, is
defined as follow:

fule) if zeS(x;0)
@® ¥ (@)=

0 otherwise.

In this paper we show that £,’(z) is a probability function thus we obtain
a family of lattice distributions {f,®(z): 0<d6<1}, that the mean and
variance of the lattice distributions are independent of 6.

2. Main Results:

Let f,(z) be the p.d.f. of T,, then f,(z) can be written, See Wilks
[1962].

@ £,@ =1/ G=D 1 Zato = DH() e—i) 7,
where
[ z if >0
Ty
0 if 2<0

First we show that £, (z) defined by (1) is probability function.

THEOREM 1. Let £, (z) be a function defined in (1).
Then

2 fP (@) =1

ze8(z ;9)
Proof : Using (2), we can write
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3 SO @ =0/ =D D EEEL D) @+i-)

zeS(x ;

— 1 s—1 iR . A\n-1—
®) zE(" ) e L B - DG G-,
By rearranging the summation it can be shown that
@ TS~ DH(3) G—de it = Z -0 () a1,

But it is well known that the right hand side of (4) can be written as the:

differences of zeros, see Riordan (1958). Thus we get
_ 0 if 0<k<an—1
Z:-;%(——x.)i(" -1)(n~—1~—j)"'1“"=={
y (»—1)1  if k=0

Hence the conclusion of theorem 1 follows.

Note that the expression (3) is a polynomial in 6 of degree (n—1) and

the coefficients of &, for 2>1, vanish.
To obtain the moments of probability function £, (z), we need the follow-

ing lemma.

LEMMA: For any pasitive integer m and r, we have
®) BBt~ ) e+i-o
= Eeofp ) Bz =0 (}) m—1)rs

=Zq;o(;>5q =m1S (8, m),
where S(t, m) is Stirling number of the second kind defined by
nl S(rum) =B o= 1 (N =) or
t"=Z,’;ot(;') S(r,n), where tP=¢(t—1)---(t—r+1).
Now we evaluate th(;. k-th momenf of the probability function £, (z),

=1/ (=D ) By Bda (- (1) G+i—i) =10+

T -1t (”‘1-1)‘ FaZid(~ 1)()(5+i—i)”;_12150(§)(5+j_,-)k~z,-z

T D1 1) ] Zz=0( )ZrioS(l, PR =IIENECS L (’:) (6+j—i)mH1-1 jo>
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— T Bt (}) B S U 1) (D x
Fiti-1 —z(n-l-k 1—- l) HEazp (_1)5("“;"‘1) (n—r— j)nk-1-1-¢

q=0 q

n+k-1 minln—1yntk—1-gs k] k\fnt+k—1—1
T 1)'2+ ML ) (l)( q )X
Zriﬂs (l’ r) (— 1) ’n(') 22;64 (—l)j(n‘—.;—l) (n.—-r_j)n'*k—l"l'q
n minln—1lynt+k-1-g k k—1—
€6) = T 1)' L skt gyt wioy qu(l>(n+ . 1 Z)X

228U (D) Y —r—1) 1S @ n—r—1)

Using (6) in conjunction with the properties of Stirling number of the
second kind, the following theorem can be established.

THEOREM 2: The mean and variance of the p.f. [, (z) is independent of
S if n=k+1 for k=1,2. That is,

p=p'=n/2, p'=n(3n+1)/12, and
o=y’ —p2=n/12.

We note that the mean and variance of f,®(x), 0+#0, is same as the
mean and variance of £,¢°’(x), for =3

However we have not obtained g’ for >3 and can not conclude whether
or not they are also independent of 4. It would be interesting to find the
set of values of % such that the 2-th moment of £, (z) is independent of 4.
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