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ON THE COSYMPLECTIC BOCHNER CURVATURE TENSOR

By SanG-Seur EuMm

80. Introduction.

In a previous paper [3] K. Yano, U-H. Ki and the present author studied
on transversal hypersurfaces of an almost contact manifold, that is, hyper-
surfaces which never contain the vector field £ defining the almost contact
structure.

In the present paper, we shall find a relation between the contact Bochner
curvature tensor of a Sasakian manifold and the Bochner curvature tensor

"of the transvérsal Kaehlerian hypersuiface. ™ -

The purpose of the present paper is to define the cosymplectic Bochner

curvature tensor in relation to the contact Bochner curvature tensor and to

seek out the form of the components of the cosymplectic Bochner curvature
tensor.

'§1. Transversal hypersurface of an almest contact manifold.

Let M be (2n+1)-dimensional differentiable manifold covered by a system
of coordinate neighborhoods {U; s, where, here and in the sequel, the
indices 2,1, j, k, --- run over the range {1,2,--:, 2n+1} and let M admit an
almost contact metric structure, that is, a set (p;*, &% 7u;, g;) of a tensor

field ¢;* of type (1,1), a vector field &, a 1-form 7; and a positive definite
Riemannian metric g;; satisfying

(1.1) pitpid=—0r+nLk, =0, @HiI=0, pét=1,
1.2) i PO =gm— T ;=8 g6 =1.

Consider a 2n-dimensional differentiable manifold M covered by a system
of coordinate neighborhoods {V; z¢}, where, here and in the sequel, the
indices a, b,c,d, -~ run over the range {1,2,+-, 21}, and assume that M is
differentiably immersed in M as a hypersurface by the immersion i: M—
M, which expressed locally by yt=yk(z9).

We assume that for each pc M, the vector field &* at i(p) never belongs
to the tangent hyperplane of the hypersurface i(M). We call such a hyper-
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surface i(M) a transversal hypersurface of an almost contact manifold. In
this case, we can take & as an affine normal to the hypersurface i (M).

Now the vector B,*=0d,5* (9,=0/92%) and &* being linearly independent,
the transforms ¢, Bt of B,* by ¢, can be experssed as

(1. 3) (DhiB¢h=BbiFab+ Ofagi,

where F,% is a tensor field of type (1,1) and «a, a 1-form of M.
Applying ¢ again to (1.3) and taking account of (1.1), we find

(1- 4) Fchab= - 5:3‘, =",
where
(1.5) " 9a=Blys

Thus M admits an almost complex structure F and 1-form a.
Transvecting the first equation of (1.2) with By B* and using (1.3), we
obtain [ 3]
(1 6) FaFy (gae_' 77a77e) =&cb— Necbs
where g;=B/*Byigs;.
This shows that
1.7 ' Teb=8es— b

is an almost Hermitian metric with respect to the almost complex structure
F. ,

In the previous paper [ 3], we proved that 7 is positive definite.

We now assume that M is orientable and choose a unit vector field C% of
M normal to i(M) in such a way that 2241 vectors B* and C* give the
positive orientation of M. We put

1.8) gh= B+ ACH,
then we have
(1.9) gat=1— 72,

where 7°=g*n;, from which, we see that the contravariant components 7
of the metric y are given by

(1- 10) 7"'['=g¢'5+712__ 77&'776.

- - - - k E
Denoting the inverse matrix of the matrix (gz) by (B, Cy), the follow-

ing relations are well known.
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(1 11) Bakak = 5ab’ Bakclz =0, BakCIz =0, Ckck =],
(1.12) B}Be+CICy=i,
(1.13) gaB=g1jBy’, g*Br=g* B?;.

We denote by K,;,¢ the curvature tensor of the Levi~Civita connection form-
ed with g, and by R_.? the curvature tensor of the connection formed
with 7. In this case, the equation of Gauss of i(M) in M is given by

(1 14‘) chad = Kk jithkajBainh + (hcdhba— hbdhca) ’

where K p.0=K.5.°8ca, Kijin=Kujig:n and k, is the second fundamental tensor
of i(M), K;;* being the curvature tensor of the connection formed with g;;-
of M.

§2. Bochner curvature tensor of a transversal hypersurface of a.
Sasakian mamfold

In this sectlon we consider the Bochner curvature tensor of a transversal.
hypersurface i (M) of a Sasakian manifold M.
In a Sasakian manifold M(p;% &% 7;, g;), we have
2.1 Vo= —gri&h-+0it;,
(2.2) Fich=qh,
where [7; is the operator of covariant differentiation with respect to g;; of

M.
In the previous paper [3], we verified the fact that the almost Hermitian

structure (F,7) introduced in a transversal hypersurface (M) of a Sasakian
manifold M is Kaehlerian. For a transversal hypersurface i (M) of a Sasa-
kian manifold M, we also verified in the previous paper the fact that

Revea— earva—7ToaTca+ FeaFoa— FpaFoa—2F 3 F og)
= (chad - hcdhba + hbdhca) - (gcdgba - gbdgca) -

Applying the equation of Gauss of i(M) in M, we obtain, from above-
equation,

(2 3) clzad (Tchba 7bd7’r:a+ch'Fba deFca'—'chbFad)
= (Kypjin— gui&ji+g;ngui) BBy B, B,

where Ripoa =Rcbaei’ ed-
We now consider the so—called contact Bochner curvature tensor [5] in &
Sasakian manifold defined by
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By;r=Ky;2+ 0 —mfH) Lj;— (0 —9;€%) Ly;

' + L (g;i—nm) — L (gu—mem:)
12.4)

+ oMy — @ My+ Mk ji— My
—2(Mujpf+01;MP) + (00 ji— 0 fos— 20850 :4),
-where
_— 1 rr. o (L—1) 7
(2 5) LJ_“ 2(n+2) EKy'{‘ (L+3)gjt (L 1) 7717711
(2.6) Kji=Kyf, Li=Lyg",
(2° 7) Mji:: - thgD,‘t, ME =Mktgths
.and
(2.8) LegiL;——-Kt28nt2) — p_p i

4(n+1)

Since the structure (F,7) introduced in a transversal hypersurface i(M)
of a Sasakian manifold is Kaehlerian 3], the Bochner curvature tensor of
i(M) is defined by [4]

B cbad = Rcbad + 5:JLba - adeca + 7baLcd - rcaLbd
(2 9) + chMIm - deMca + Mr:dea - Mbcha
—Z(Mchad+ Fc ad),

‘where

(2.10) Ly.= ———“——1-———(1{%—*‘—5‘*——7’6:) > Lg#=Lyre,
2(n+2) 4(n+1)

(2.11) Rs:=Ryz%  R=Ry7%,

and

(2.12) My=—Ly,F*,  My*=Mr.

We now compute BBy B, BBy, where Byjin=DByiigu.
The equation (2.4) can be written in the covariant form:

Byjin=Kyjin+ (@an—1em) Lji— (&6~ 078) Li:
+ Ly (gji—=9:) — Lin(gri—799:)
{(2.13)
Fou;i— QM+ Mp ji — Mo

—2(Mjom+ 02;M) + (Pragji— 000k — 2080i0) -
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Transvecting (2.3) with 74 and taking account of (1.7),
13) and the fact that C;f*=], we obtain

Rb¢“2(”+ 1)7’1;4"' (271—' l)gba""%(’?ﬂf)gba - 2 8

12.14)
=K;iByBo'+ 1Kuué By B, — L Ky BB, (Ch 4 EHCR).

On the other hand, from (2.2) and the Ricci identity, we obtain

(2.15) — K€t =g i — 2 i
from which
12.16) Kpjalhet=g;;—nm;.

Substituting (2.15) and (2.16) into (2.14) and taking account of (1.11)
and the fact that

2.17) . naF=1- 2
which is obtained from (1.9) and 7*=¢&#B¢;,, we have -
(2.18) Rpo—2(n+1) 750+ 2085, =K;: By B,
from which

(2.19 Rpo+2n9057,— 27 3a=K ;;By/ B,

by the help of (1.7).
Transvecting (2.19) with 7% and taking account of (1.10)—(1.13) and

(2.17), we obtain
(2. 20) R—dn+ 28 (1- 1) =K+ 5K,6561 - 2 K 0085,

where R=R;rb.
Transvecting (2.15) with g#*, we obtain

(2.21) Kb =2ny,.
Substituting (2.21) into (2.20) and taking account of 7;Ci=21, we obtain

(2.22) R—2n=K.
Transvecting (2.5) with ByB,7 and substituting (2.19) and (2.22), we

.obtain

(2.23) By/BiLji=Lya— 9%,

-where
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‘ o 1 R }
(2- 24‘) Lba_ 2(n+2) l:Rba 4(n+1) 7 ba |-

On the other hand, transvecting (2.5) with &, we get
(2.25) — L;&t=y,.

Transvecting ¢;; with BB,/ and taking account of (1.3), (1.4) and (I
7), we have
(2.26) By Bl ji=Fp,.

Transvecting (2.7) with BB, and taking account of (1.4), (2.23) and
(2.26), we obtain

(2.27) By B,*M j;=Mp,,
where
(2 28) Mba= - thFat-

Transvecting (2.13) with B,*B;/B, B;* and taking account of (2.3), (2-
23), (2.26) and (2.27), we obtain
(2. 29) BckajBainthjih=Bcbad,
where B pai=Bpa7 ea-

Thus we have the following

THEOREM 2.1. The contact Bochner curvature tensor of a Sasakian manifold
M and the Bochner curvature tensor of a transversal Kaehlerian hypersurface
of M are related by (2.29).

THEOREM 2.2. If the contact Bochmer curvature temsor of a Sasakian mani-
fold M wvanishes, then the Bochner curvature tensor of a transversal Kaehlerian

hypersurface of M also vanishes.

§3. Cosymplectic Bochner curvature fensor of a cosymplectic ma-
nifold.

An almost contact metric manifold M(p;%, &, 7;, gs;) is said to be cosym-
plectic if the 2-form @;;=¢;#g;; and the 1-form 7; are both closed. It is
known [17 that the cosymplectic structure is characterized by

(3' 1) Vk(Pjh::Oy nghzoy

where [, is the operator of covariant differentiation with respect to gj; of

M.
We verified in the previous paper [3] the fact that the almost Hermitian
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structure (F, 7) introduced in a transversal hypersurface i(M) of a cosymplec-
tic manifold M is Kaehlerian.
For a transversal hypersurface i(M) of a cosymplectic manifold M, we

also verified in the previous paper [3] that
Rcbad = (chae —hechp,+ hbchca) T’d'

Thus we have
3.2) Ripaa=Kepaa— (hoahpa— hyahcs),

where Rcbad:‘:Rcbaered and chadecbaered-
Substituting (3.2) into (1.14), we obtain

(3.3) Reyaa=KijinB:* By B, By*.
In §2, we proved that the contact Bochner curvature tensor By of a

Sasakian manifold M and the Bochner curvature tensor of a transversal hy-
persurface of M are related by (2.29), that is,

B.*By/ B, Bi*By iy =B, jsa-
In relation to this fact, we are now going to certify in a cosymplectic.
manifold M the existence of a temsor By, satisfying the relation
(%) BBy B, BBy jin= Bebaas
where B, is the Bochner curvature tensor of a transversal Kaehlerian hy-

persurface of M.
The purpose of this section is to seek out the form of the components of a.

tensor Byji.
The Bochner curvature tensor B,? of a transversal Kaehlerian hypersur--

face i(M) of a cosymplectic manifold M is defined by (2.9).
Transvecting (3.3) with 74 and taking account of (1.10)-(1.12), we ob-

tain e
(3.4) Ryo= (BetBugi-+ 33 BBuE1E™) BBy BB K s

where we have used the relation
(3.5) r=EBe,,
Taking account (1.12) and the fact that C;é¢=1, we obtain from (3.4)..

(3.6) Rb,,=K,-,-BbiB,,"+715[$"E"— —ﬁ- (Crehy C’*&’*)]BHBJKW-.

On the other hand, using (3.1) and the Ricci identity:
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Vi i~V iV mi= — Kiji#0n

we obtain

@7 Kijitm=0,

from which,

(3.8) K ;i6%=0.
Substituting (3.7) into (3.6), we obtain

(3.9) Rpe= st'Bbj Bai-

Transvecting (3.9) with 7% and taking account of (1.7), (1.10)-(1.13)
and (3.8), we obtain

(3.10) R=K=Kg".
Taking account of (1.5), (1.7), (2.10), (3.9) and (38.10), we obtain
(3.11) ByiB, L j;= Ly,
where
(3.12) L= """‘E‘Tz;"]:_*—_‘g)“[Kji’*‘L (&ji—n7:) }
and
(3.13) L=L;gi= -_—*—K—-——, K=Kj;g¥.
4(n+1)

Transvecting (3.12) with & and taking account of (3.8), we obtain
(3.14) L£=0.

On the other hand, transvecting ¢;; with By/B,’ and taking account of
(1.3), (1.4) and (1.7) w:‘ have

(3- 15) BbjBai(Pji =F, bas
where Fy,=Fifr.,.
By the help of (2.12), (3.11) and (3.15), we obtain

(3.16) By B M ;;= M,
where
3.17) Mj;=—~Lpf.

Taking account of (3.3), (8.11), (3.15) and (3.16), we obtain
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B By B, B/ Kijin+ (@un—mam8) Lji— (g jn— 1) Lus
+ L (20— 1) — L ji (8ri— 747:)

(3.18) + ouaMji— QM+ Mpp ji— M jnppi
—2(Mjoin—02iMir)
= Bcbad .

Thus we have the following

THEOREM 3.1. There exists a tensor I_Bkj,-,, satisfying the relation (*) in a
cosymplectic manifold M (dim. M=2n+1), and the components of E,j,-l. are

given by the following:
Byjin=Kajin+ (@an—1am) Lji— (€n—7;7) Lus
+ Ly (gje— %) — Lin(gri— 772
+ oM~ 9 M+ Mup ji— Mjnpn
—2(Myjpin+ ;M) ,

where

1
LJ-,-= —WEKji"‘L(gji“"]jvi) :Is Ljh=thgth,

; K y
— ) J‘:————-—.—.——-———’ K: J'K'i)
L=L;sg 4(n+1) g
Mj,~=~Lj,<p,~‘ and Mjh,—_thgth_
We call such a tensor By the cosymplectic Bochner curvature temsor of a
cosymplectic manifold. Thus we have the following

THEOREM 3.2. If the cosymplectic Bochner curvature tensor of a cesymplectic
manifold M wvanishes, then the Bochner curvature tensor of a transversal Kae-
hlerian hypersurface of M also vanishes.
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