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AN INFINITESIMAL DEFORMATION CARRYING A
HOLOMORPHICALLY PLANAR CURVE INTO A CURVE OF
THE SAME KIND IN A KAEHLERIAN MANIFOLD

By SANG-SEUP EUM

§1. Introduction.

In a Riemannian manifold M with local coordinates {z%}, we consider
the point transformation

(1.1) Fi=zi+evf,

where ¢ is an infinitesimal constant and vf is a vector field of M.
If the infinitesimal point transformation (1.1) under the condition

L2
1.2) 21 ‘fz vi=0,

where g;; is the Riemannian metric and s is the arc-length of the curve,
maps any geodesic into a geodesic, the equation of Jacobi:

oot b 927 dt
(1. 3) ——d—;z——"}‘ Rkj, v ds ds -—"0
is satisfied, where ;s denotes covariant differentiation along the curve,

Ry is the curvature tensor of M and the terms of order higher than one
with respect to ¢ are neglected. If the solution of the equation (I.3) vani-
shes at a point py and at another point p; and if it does not vanish bet-
ween po and p; then the points py and p, are said to be conjugate on this
geodesic. <

Recently K. Yano and 1. Mogi studied the distance between consecutive
conjugate points on a geodesic in a Kaehlerian manifold and proved the following

[2]
THEOREM A. In a Kaehlerian manifold of positive constant holomorphic cur-

vature k (>0), the distance between two consecutive conjugate points is const-
ant and is given by 2w/} .

Received by the editors July 9, 1977.
This research was supported by the fund of MOST, ROK government 1977



154 Sang-Seup Eum
On the other hand, a curve zi(¢) in a Kaehlerian manifold defined by

Fob g, dad
.4 aE % g TR

is, by definition [1], a holomorphically planar curve or an k-plane curve,
where ¢/ is the Kaehlerian structure and a, 8 are certain functions of .

- The purpose of the present paper is to study an infinitesimal deformation
carrying an h-plane curve into a curve of the same kind in a Kaehlerian
manifold and to obtain a result analogous to the theorem A on an A-plane
curve in a Kaehlerian manifold.

§2. An infinitesimal deformation carrying an h-plane curve into a
curve of the same kind in a Kaehlerian manifold.
Let us consider a 2n-dimensional Kaehlerian manifold with local coordi-
nates {z'}. Then the Riemannian metric g;; and the Kaehlerian structure ¢;*
satisfy the following equations

oltof=—0 aupfot=g; Vip/=0.

In a Kaehlerian manifold, we consider a curve L : z*=z"(s) parameterized
with its arc-length s and satisfies the differential equation

52.1:" - k dxj
2.1 v F e i (>0)
where ;S indicates covariant differentiation along L and a is a constant,

If we use an arbitrary parameter ¢ of L, then the equation (2.1) turns
into

Szh _  dzh , dzi

2.2) 7 el i P
___dax _dt
where o= a2 B=a s

Since the integral curve of (2.2) is called a holomorphically planar curve
[1], we shall call the integral curve of (2.1) alsoa holomorphically planar
curve or an h-plane curve in a Kaehlerian manifold.

Let v be a vector field defined along A-plane curves and assume that for
any infinitesimal constant e, the point transformation:

(2.3) F=giter, g2~

maps any k-plane curve into an k-plane curve. Then we say that v¢ preser-
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ves the h-plane curve.
Now we ask for the condition that v' preserve the A-plane curve.
By straightforward computations, we have

d2zh _ dit dzi - Td
LE ) DI L p @)
N 02x¢ dai
(2 4) = (Oih_é?vl {lhi} ) < dse "ang ds )

Sk 32k k i
. I3 ov o4y yS dx dx" 7 ]
+ 5[ agy PR + 3 + K 3 s o |,

where {;*;} is the Christoffe] symbol, K;}* is the curvature tensor of the
Kaehlerian manifold and terms of order higher than one with respect to ¢
are neglected.

In the sequel, we always neglect terms of order higher than one with res-
pect to e.

On the other hand, we get

ds d g
where we have put
. da gl
(2. 6) P=&kj ds ds

Using the relation (2.5), the left member of (2.4) turns into

&zh o, did ( ds >2 dp dat 5 Az’
<—d§2 ;i d§> ds +E( ds ds iz )

Therefore if v' preserves the A-plane curve then we have

dp dzt # 4z _ 0%k hg Gzt dzi v
@7 g el g =g HRuiY g g e 5

From the relation (2.6), we have a system of differential equations along
an h-plane curve

p:a(pkjvk dz’ s
ds

(.8) dp _ _ 0vt dxd
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§3. Distance between consecutive conjugate points on an A-plane
carve in a Kaehlerian manifold of constant holomorphic curvature.

In this section, we are going to consider an infinitesimal deformation ca-
rrying an h-plane curve into a curve of the same kind in a Kaehlerian ma-
nifold of positive constant holomorphic curvature k.

In this case, the curvature tensor K, is of the form:

3.1 Ky ='§‘(gkj‘;lh_glj‘skh'i'(ijﬁolk—wljwkh_’z‘Plk‘Pjh) .
Substituting (3.1) into (2.7), we obtain

52‘01' — .h 51’j i —_ dp ‘\_h _3_ h .
G gap it [t ariheet] o

where we have put ‘ZJ =&,

If the solution v* of the equation (3.2) vanishes at a point p, and at an
another point p; and if it does not vanish between p, and p; then the poin-
ts po and p, are said to be conjugate on this h-plane curve.

Taking account of (3.2) and the third relation of (2.8), we get

a¥®p _ = 3,50k
3.3) R c a(a+4k)+4.

Consequently above equaton gives
3.4) p=Asinv ¢ s+Bcosvy ¢ s,

where A and B are constants.
Now we assume that v/ =0 and consequently p=0 when s=0. Then we

have
(3.5) p=Asiny ¢ s

from (3.4).
Substituting (3.5) into (3.2), we have

2.,k j — —_
(3.6) Bd:}z —ap 5;: +-§~v"=A|:1/ c(cosy/ cs)dt

+(@+38) Gin y T )67,

A being a constant.
In this place, if we put
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o

Sok

T =0 =" —bptvl,

3.7

where b is a non-zero constant given by the relation

ko
(3.8) a—b+—z€ =0,

then we easily see that
(3.9) bot=gt(pI—q’).

Differentiating the second relation of (3.7) and substituting it into (3.6),
we obtain

5ph . — — . - X
(3.10) odps +—4%—</>j"PJ=A[«/ ¢ (cosv ¢ s)oj"+(a+»§—k) (sin v/ CS>§0jh]EJ’

by virtue of (3.8).

Regarding (3.10) as a system of simultaneous ordinary differential equa-
tions with respect to p*, there exists a system of solutions p*(z(s)) along
an k-plane curve, and moreover this system of solutions is determined uni-
quely by the system of initial values p*(z(0)) at the point s=0 on an A-
plane curve.

On the other hand, we can see that

(3.11)  ph=— —é—[ 4]2 (siny/ ¢ s)e*+ 4/ ¢ (cosv/ ¢ s) wj"éf]

satisfies the differential equation (3.10) along an h-plane curve.
Therefore under the system of initial conditions

(3.12) Pz (0) === vC (p ) (2 O)),

p* defined by (3.11) is a system of unique solutions of (3.11).

Substituting (3.11) into (3.9) and integrating, we can see that the sys-
tem of solutions v* of the system of differential equations (3.6) is determi-
ned uniquely by

(3.13) vh=—A(sin y T p e
under the system of initial conditions

L @) ==y T (o) (0.

From the first equation of (2.8) and (3.5), we can see that, if v* vani-

(3.14) 8 (2(0)) =0,
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shes at a point, then p vanishes at this point and consequently sin+/ ¢ s

vanishes also at this point.
Conversely, from (3.13) we can see that if sin v/ ¢ s vanishes at a point,

then v* vanishes also this point.
Thus if v* vanishes at a point po(22(0)), then point at which sinv ¢s

vanishes immediately after s=0 is given by s==z/+/¢. Thus we have
the the following

THEOREM. In a Kaehlerian manifold of positive constant holomorphic curva-
ture k, the distance between two consecutive conjugate points on an h-plane cu-

rve is constant and is given by n/+/ ¢ , where c=ala+ %k) —l——i—.

If we consider the case of a=0 in (2.1), then the k-plane curve becomes
to a geodesic and +/ ¢ takes the value % /2. Therefore above theorem as-
sures the theorem A stated in §1.
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