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Effects of the Longitudinal Inertia Force on Timoshenko Beam Vibration

Nack- Joo Lee

Abstract

The influences of the large amplitude free vibrations of simply supported Timoshenko beams with

ends restrained to remain a fixed distance apart and with no axial restraints, which cause a longitudinal

elastic force and a longitudinal inertia force, respectively, are investigated. The equations of motion

derived by an appropriate linearization of the nonlinear strain-displacement relation have nonlinear

terms arising from large curvature, longitudinal elastic force and longitudinal inertia force. The fourth

order nonlinear partial differential equations for the deflection, can be reduced to the nonlinear

ordinary differential equations by means of Galerkin procedure and a modal expansion. The general

response and frequency-amplitude relations are derived by the perturbation method of strained

parameters. Comparison with previously published results is made.

L # ]

2o HiREl lelA FERMEE 2 RE
(£t 2 #hF), M AdS —Estdl FAF
W BfE o R fhiko R el dol  FHsEe
womel Mekh o @Ames EEel HME

& Ao gHmel EHH §T nEPoEH o
epuiAl slel EEER 0 BB 39
3hx] ¢ Euler - Bernoulli B} Qo4  wilE
Ael g —EsHA AT Ao T RkIELR Y
vl ot #hhm MY HE nefFoz4 3o K
BARBRET B4E B A st o5, Wo-
inowsky - Krieger (1], Burgreen (2}& ¢ 4|3}

*OERA,

A RER I KFE

o] Wah{3), McDonald (4), Srinivasan (5],
Evensen (6), Ray & Bert (7], Eisley(8),(9),
Dickey (10) % Z = #%(11) §°l o= A
EREES BHRGN st Jacobl BEHE
#7, Ritz - Galerkin 3%, strained Parameter #:
9 averaging i S| st BEM T 1R
AU E T3ldeh saERB 0 st Tseng

& Dugundji (12) 2 Rehfield (13} 5o ®#&
dov, HiFE WM e Aol Xl B

FEHL 8 o Galerkin Z3 harmonic bala-
nce ¥& #EAIG o, ®REEL REST ®BEY
8ot B HE & o Galerkingho 2 iR
PR -RIge MEXS FESIch Wagner

(14)+ 2 Koz walohd fhdee) JRpRidl
gy £BRA wmAyme #BEHE sk



Timoshenko ¥ o} K& sjz] =

Galerkin gho 2 stk —F Atluri{15)
< EEEEsS #AAER NS 2459 E o
ol HiRE) o3 e Galerkin g3} multi-

ple - time scales Bto 2 3 a3slg ., Buchanan,

Huang & Cheng (16) & & E#fa 3w
e et =o #A8K AAS HER
BE BENABYE Sho] FHESIYE =37 Verma
(17} #@FmMez —Fd do! fEAY « A
@Al & 7395 strained parameter }Ho 7
ohFRAT s F(18) v HEEEN AN
B Hel o sF-g multiple - time scales Hro @
3 3skgich

Timoshenko w o} RHFHFERE Adoly =
+ SR 1 lell A eto] mAst AT
o AF 4KREESRES A ek oA
= By oA A BHSFERLE 13
o Rl AL 4B HFER] FEsH, 2
HA o2 Fdslv 2BMSHEAN EFHHE
Kol visled S3sA =2, FEKRUME NA=

of 7lo] mode o Hipgkel UE FEBRBIFETA
x@51A "eh ol olzre] Timoshenko ® o 3
BRAUREE . oy HMESEE 2 PR

BRE LB Aol Rao et al.{19)¢] g
Bo} MMEE -GS 3k, WA IR
#BEs A4 3xK € 1kAez &PAA
BREREZ RHBBE BMEHE
R FE(20)w @AY 43 FA4
83 2IE ITAAA A 9brb Aek

A ol A= FEHFEE BEE - BUMRS
i, Winse) BifhikEel Timoshenko v o 4
MmAe st —EYd o #pEBEs ¥ #F
el it Brhes <o dpymEsm e A
7 ae e 27kx e HBM Rl g AyMEs)
=2, —#m RSB - RES 18 ApLE
strained parameter B0 2 HEstdreh =g
multiple-time scale fholl s 4] Qdozxl FHE
o] EMT-E B L, BRRHAS YIBEH
2 7 W E 2 B EEHES olEe '
Bmel Ax BRskg e

2. &&x EHHER
o e ¥ LAl ulde ==z

§2
[o

BOF R G el st 63
v, Rolel v Fted s g =i o WALE
= —2y(x, 1),
uz= 0, 2. 1)

us = wx, ).
of 7] 4]
Uy, Up > Uy © X,y 2 EIHMY WA,
vz, t) g o @HA,
wx, t) 1 z el A
o2 FH3m, FEERe B - BEERER

. 1 s
Cax =—2 4 + —2—(w )R,

(2.2)
b =5 (=),
% Hooke o] #:Hl 984
Oxx =F €xx, 01z2=2G €z (2.3)

= ADSH2D. BEBES FRmd o4
BHEAE T
'w 089 | 0 0w

YTy +v5—;(N ax) 2.9
ou 9N
patz _ ax (25)
oty M ‘
R
Dk, EYE x & (2.6)
Li-,
M=oz dA:—EI%ﬁ, @7
X
ow
0-fouwda=-rGA(S%-y). @8
EA rdw\
N:J'OudA:—2’<'5; » (2.9
) I
K= (2.10
o 1 x29 BiffAeld o3 HE,
w B EHREAT,
A 29 EERK,

ko BYERERE (22).

o W Aelst —sEshA " sl #
FHwEn S v £/ AA pPEEe A
stat, (2.9) 2%H

N(t)i%ﬂ(%%)z dx (210

ol §lsgyel #AHe® #—stA  fEARe L
Az 4 ogleh 9 AE (2.5)e ARASH



64 z
SN e 00 28 o 4 ek

dH ot WHRCE HEZO BT + o
& Ao #Am Wit

uCx, )= =5[22 ax 2.12)

o, oA (25) AT, u(0,1)=0,
2N, =09 BHE st Eostd

N(x, t)=—;pf W{ Bw dx}dx (213

7k "ok oldle] #hiel BENS e A,
#yme #Avl AMESeE @ARY B4
2 FHEs A dech Jez EBHHER (241
@26)llA ¢ (x, )T HHES Addq g
oA ezn4
4 2

g — 0 gtw pkf(1+;%—

3w N p? K 8w
dx2ot? kGA att
LAk (v22)- EL 3

EI

T kGA 9x0t' \" 9z’ kGA ax°
(v22) + 2 (w22 214
= oA =+
3 BiAMm HtEhH
ST ]

__E _
‘% ' 7T ’(pz‘

= HASH (2140«

9z 9z 9z . 0z
ay* +6 -~ b+o dytort ot ort
:abc(azN dz 6_17 2’z = 'z )
ot 8y° at ordy %oy
~0'z a - 9%
acN 3y N 37 @D
2 5, (2.11)t
N=EAaN
— __1 17 9&\2
Nlz) = 2 -[0(6—y> dy 3.2)

A
7b slvh B9 #EA BXHE R o 5t

N
z2(y, = gl gnl7) sin nxy (3.3)
2 FHsid (23] (3.2)+
Ty F 3.4
Niz) 4 ngln ( )

ol "k (33)% (B Dol AR, 4 HE
sinjzy 2 F sgel yol FAHA 0oA 1
7tx] HEsy3he, & Galerkin &4r& # shsd

4

b2
ch,"’+—[1+b(l+c)]2n—2]q e Eial 5 i

__ar'f 2 L
. Z{Zbcm(qmqm+qm)

+cffnim q,,.+—biq,,,}q-—£bczn—4j2—
{Zm (]QO}q; abc‘lt ] {Zm (]m}QJ
j=1,2,-- , N, (3.5)

+ deh A74 ERFE IV 9 ()& BE
of A7 HHE FATUH k4 (35)F Wi
4 REEMS HREA M, 482 #k(couple) B
FHMBIFEZ 5o ek o]z -2 strained par-
ameter (ko 8 F7 £351do

t'=wr (3.6)

gilt)=egpn +eqs +¢° gjs + - 3.7

F=wh (1+e%an +etwy + ) (3.8)
gt Fod

— 2

N: —Z—m);m qm1)+€ (I ;m dmi

qm3>+ """ (3 9)

o!‘:l—'—’

dtgi _ d*q; _ Vo'

dtt dt’t 4

dq;

drzj B q]” i

gt ek (3.6)~(3.9)F (3.5)d KA ¢
of ZE KEol ¥ \HES Tel4d 1 HEKE
FE3d '

bz
2

t. @i gj +—{1+b(l+ )it }

'4 .4

Lo gn=0 (3.10)

3

wl gh +



Timoshenko ¥ o} #HEBo) ©] %) 4=

2
63:'[7"2*-(0,,%3%- {l+b(1+c)j2752}
‘4 _4
w5 473 +‘]_2—(1i3

=—bzcwﬁwzgﬂ'~-{1+b(l+c)] }

@ w3 gji
“‘qﬁn“JZ{Zm (Gmi gmy + qm)}
onjl
an's® acxjtN\ . 2
(i TE e Tt
4 52 , ; b 4 22
_w(ﬂg (4331 Z m2 dmi dm "_a'*gg_l‘_
2
w% ql;x Z m? qgnl @1
S e
ol A4 FRF IV Y (): ¢ro) Bd A
& ZAg
Vil o s
gi{0)=¢c;, ¢;{0)= 3.12)
< #HsiA
g1 10} = ¢;, ({jh(O): 0, o= 4 (3.13)
g {0 =0, ¢(0)=0,
olch, AF
gj1 = exp(ipit’), p >0 (3.14)
g s, (310)cwaH
{1+6(1+e)j %)
(p: wo ¥ SRLAAAL AL
b1+ 0)s 82" — 4 b2 i ta’
2b*c (3.15)
T derh zad 2 2o BHY, = (315

]

o4 AT FHREN 42 HD T o

3 202 BEN R4 o)A o st
o E|ore WY 4+ AT (24). =k (313)
= HEEhe (31009 mA

gn =c¢j cos pit’ (3.16)
= derh oA S (311)° Kol LAz

gis o) W3 Mo HERS %“g—’({ g% 9
A"k aeiv 2@l (3.10)3 @l —& To)

BT Mo o gFell abaled 65

2R (B1DY A4 cosptr o el glo
o] ol KA IE (secular term)o] 1l A =
of & #sts| el A cospir o REE 0%
Fotekdl, )28 H 0, T T F Ao,

. a ;
_ 7' aca® 58+ o~ abe pfowp)

w2 =
16 piwe P {1+ 1+¢)j%2% )
(2 mPch +35%¢})
e (3.17)
—28cplwh)
£ derh L ULy #MoaHERe #HEel =
S HEESL, =3 HAKY BRAAE 1 &
#£7F S denmz oA FEGEREITA A
ol 1HEME FHsbslz b
giltl=¢cj cos pjwrt
=g cj COS @) T 318
o 7} 4
w; :pj(uo(1+—1'52wz) (3.19

2
°leh. (318)%F (3.3)e fRASH™ kete @t
sz, (3197 B RIS BEX L

4 #HE WmiEH
Bhme 2o WAl Bz e dE (213)
22 FAs e #AE BHEHS ek giE
NA o] MRS ol gstul (214)=
9tz 9%z d%z , 8'z
F+HTZ b+ dytat roe ort
_ ( PN 3z 3N 'z
T8\ Gy By C ayor 9v6r
L ON 'z  8°N 9*z 9N 9t
Dy 0y 8 Gy’ 8t 8ydr
~ g%z 9°N 6z 9:N 8%z
+N——) ~ = -
N 261‘2> abe( 3y 8y ' ay’ 9y
N 3%z  — 9%z
35‘5‘5 MR T )
ON oz — 9%z 41D
-+ —_— .
%y oy +N8y"‘)
r:l.Y
- 1 az
-5 {j( dy}dy 4.2)



66 Ed
4 4]
z2(v.7) " Y gale) sin nny (4. 3)

B Aot o)z (41009 fLASH 3o Gale-
rkin fi53% b

o

. 1 .y .. T
17204,“ +—§ {1+6(1+e)iint g + ]2 q;j

t\‘)lr—*

=—atter’ TEL (gl an g + Alnin g
+32j"‘dﬂq7+2‘q’m qn (ir +6¢.7.mqn ér
+ am qn k].r +(7m én dr}Amnrj
+an'3 gz;{(Imq"(b_i_qmqn(Ir}
)

7'\(bCanrj ‘Amnrj). (4 4)

-

it
]
Amnr; = mn rJ-O(fm CO8 7y + a7 Fonn SIn 7 1y)
sin jrydy

Smnly) = J.z cos mry cos nrydy
1
{4} ==
qu\y) J-yfmn(y) dy
1 y
:jy{focos mrny Ccos nxy dy}dy

1
Bumnrj = mnrfn(f»’o’m CoS ray = 3a7rfmn

sinrry ~3x°# fun cos rzy —1° 7
Fon sinrzy) sin joydy (4.5
o} mi,

%‘:z nan(y) an(!’)

NI“

an = ((]m gn + ij (h) (4 5)
ol ARBYIEREMs FRR (4% £
2 8led of 4] strained parameter i8S GlH3)
ool (3.6) ~(3.8)% @A, (4.4)7 %+
¢ 2L B REE FEod

L b
e wqq +—{l+b(l+c)] Pl T
-4 4
4
+ ]9'411 == () (4.7)

b2
EziTw?) 0 + — {1+b(l+(;)]2nz}q)o a5

]'4 ”4
5 4d;3

-+

15|
- 2.4 v 1 ;2
= b e ey we gpy Kl {1+6(1+0) 72 2%}

Y . v
i g abler’ ol XX (gmi gm g
m n r
+ 4 (]r;l q':I Jrq 3(]:::] (]r:l g "}‘2(]7:1 dni
Gt O Gm Ga Qi1 Gy Gus dr1 Gy G

q;; ) Amm] - an (l)f A_.' L L (QMI gni gr1
r

+ q:ni (]nll gri )( be anr; "Amnrj) (4 8)

€5 oot e e
IR0 2 o4 (3.12)9F el
q;(0)=¢c;, qjl0)=0 . 4.9

o2 &stal, (479 B=EA
gjt = ¢; cosp; 1’ (4.10

T doH
(B0 {1+6(1+0) 5227}

=V {1+6(1+0) j222 P —4 b j4n*
2 2
be (4.10)

olel. (41008 (4.8)¢ Hi&o AR, Xk
IS dolstrl HMA cospitre |/E 0o
2 Fomay

1
5 n P8
{1+8(1+0) j%x%} 0% P} — 2 b%c 0} p?
labiczwh { cF p} Ajjs5 I}; (cf p; -2 p8
p, ; )Aﬂ'[,‘ + 31’;’ IZ[)I? ()f Aljlj}
=7

8 24 2,2 2y .2
tar b (e ) Ciyis + 02 L ¢2Cyp
I#j

w2 =

+ Z i b Cuyt (4.12
ct,
Cmnrj = b Bunyj — Amnrj. (4.13)
1 BGE U=
g; ) =zc; cos wjt (414
of i,
W) = pon(1+ = &) 415

olvh (4.14)4% (4.3)el fAASHA E o ow
(4.18) 7 REY — bl BHGRK ) ok

5 % - 3
BER TEM HES Hstd 54 (h)7) —



Timoshenko v o KBholl o} 2| & BAFEHENS o gkl wstod 67

EQl B W 7 BN oL e

w(x,0)=chc, sin%x, w(x,0)=0
GE))
2 E HHER®IE A5 4dstat. wel4
q:1(0) = ecy q:1(0) =0 (5.2)
(0} =0 ql0)=10, k= 2,3,-, N.
A7 —gs] #2€ A& (3.17)~(3.19)
2HH

gi{tl=ccicoswiz, @le)=0, k=3,5

(5.3)
o],
0-’1’:1710)0(14’%620)2), (5. 4)
n4(ac112+%—abcﬁ%w2)(3c§)
T 16pt D} {[1+0(1+0) 22 ) —2b% ¢ p} i)
(5.5)
olet, SEFBEY A A
k2 2 2
p= Fi_
/2 12 /?

(107%)°) 3, ¢ =3058E =2 p* LS =
Hele /S @A (315)%

:4_4
N2 J =
io =T o
= 42t {(1-b(1+0) 5 %a? (5. 6)
2 AR 4+ den, (55)F
w2 _ 3 K E , K
2~ 32 61(12 %W k%) .7
7 "l ol
o1 _ 3 2 (P _E 2+L2
1 1+ 325 cs /7 an 2
(5.8)

oA u 4wal 71 B ( %«1)0" o) shof &

ol _ ., 3 &ctn
pl g - 32 k% (5. 9)
ol ek o] BifRE Euler mol 4 s

2+ 18 % FRVERDES KURPHES]
= vebd X m—g &89 Kelw (51, (6),
(7). =3 (58) % (594 & + A+ v

o 2ol FHWe] ¥l A4 WET + G
BHL (312 H#A4 Bol Ut 249 B
olef, 2 el A% W B2 ol s 2 Y
& vlAn dge ¢ 4 gk

WhHme B BHZE 4+

actn®

e

(412)2 8¢

T b1+ —2b%cah BT
{b%c p? @ A + Cun }. (5.10)
o 71 A4
T 3
A = 12 39,
13x z
Bunn = 3 15
z° 13z T 3
= =y (A o2
Cim ==be\5 + 5 ) (12 32x
ofef, ojm
ﬁ)_zz(:%hzrc3 L 3 K
2 /2 24 64r 72
z 137

2 BT, BRESR Y Kot
2

wi . &dr YA 3 ]

+
prao Iz 24 64z [?

(5

2 3A=H

(5.9)= #F W#: ol hardening type ¢
FEmBolx, #HE BENLS (512)d4 n-
vhe} Zhol softening type (#R#gel #fnol wie)
REET WSk EHRYSE B F1 9
B o]zl Euler mol4 (5),(6),(7) &
(15) el A f5fdbubel fl—at #5fho) o,
. AKXl A+ strained parameter ol )4 2t
BHRE o F3o04 (35 ¥ (44)2 mu
ltiple - time scales o] 2j#] 4 % FHES e

=

.

(6.12)

Tw=¢"t , m=0,1, - M. 5.13)

g (o) = e ze gim(To, Ti ) Tw)

+ O(E Tu)

_15‘



68 =3
et T, °o]E% (35) % (44)d fRAsZ H
ol 3 1B Y RSB — RIS
Buths Tebdlelvl (317), (3.18) ¥ (4.12),

(414) % F— #RE oo ot HR
FES WBm EmE BT @k Mol 9
e woloh
(% R®)
A BEE 1977 EE BLHERERE B

of BERHKES] XA 2lste ol Foiz]
24 BGREMCIA 4T HES KUt

2 EEXMW
. The Effect of an Axial

Ao

S.Woinowsky-Krieger
Force on the Vibration of Hinged Bars, J. Appl
Mech., Vol. 17, 1950, pp. 35-36.

. D.Burgreen Free Vibrations of a Pin-Ended

Column with Constant Distance between Pin Ends,

J. Appl. Mech., Vol. 18, 1951, pp. 135-139.

T.Wah The Normal Modes of Vibration of

Certain Nonlinear Contiuous Systems, J. Appl

Mech., Vol. 31, 1964, pp. 139-140.

. P.H.McDonald : Nonlinear Dynamic Coupling in
a Beam Vibration, J. Appl. Mech., Vol. 22, 1955,
pp. $73-578.

. A.VSrinivasan : Large Amplitude Free Oscillations
of Beams and Plates, AIAA Joumal, Vol. 3, No. 10,
1965, pp. 1951-1953.

. D.A.Evensen : Nomlinear Vibrations of Beams
with Various Boundary Conditions, AIAA Journal,
Vol. 6, No. 2, 1968, pp. 370-372.

. J.D.Ray & C.W.Bert :
Beam with Pinned Ends, J. Engr. for Industry.

Nonlinear Vibrations of a

Trans. ASME, Vol. 93, No. 4, 1969, pp. 997-1004.

. JG.Eisley : Nonlinear Vibration of Beams and
Rectangular Plates, ZAMP, Vol. 15, 1964, pp.
167-174.

. 1.G.Eisley : Large Amplitude Vibrations of Buckled
Beams and Rectangular Plates, AIAA Journal,
Vol. 2, No. 12, 1964, pp. 2207-2209.

10. R.W.Dickey : Free Vibrations and Dynamic Buckl-

ing of the Extensible Beam, J. Math. Analy. Appl.,

Vol. 29,1970, pp. 443-454.

N.J.Lee & C.H.Lim :

11. Nonlinear Vibrations of

LS

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

|55}
Extensible Beams with Various Axially Immovable
End Conditons, J. KSAS, Vol. 4, No. 2, 1976,
pp. 24-30.
W.Y.Tseng & J.Dugundiji : Nonlinear Vibrations of
a Beam under Harmo:' Fxcitation, J. Appl
Mech., Vol. 37,1970, pp. 292-297.
L.W.Rehfield : Large Amplitude Forced Vibrations
of Elastic Structures, AIAA Journal, Vol 12,
NO. 3, 1974, pp. 388-390.
H.Wagner : Large Amplitude Free Vibrations of
aBeam, J. Appl. Mech., Vol. 32, 1965, pp. 887-892.
S.Atluri : Nonlinear Vibrations of A Hinged Beam
Including Nonlinear Inertia Effects, J. Appl. Mech.,
Vol. 40, 1973, pp. 121-126.

G.R.Buchanan, J.C.Huang & T.K.M.Cheng : Effect
of Shear on Nonlinear Behavior of Elastic Bars,
J. Appl. Mech., Vol. 37,1970, pp. 212-215.
G.R.Verma : Nonlinear Vibrations of Beams and
Membranes, ZAMP, Vol. 23, 1972, pp. 805-814.
N.J.Lee
Force and Shear Deformation on the Large Ampli-
tude Vibrations, Trans. KSME, Vol. 1, No. 2,
1977, pp. 82-88.

G.V.Rao, LS.Raju & K.K.Raju : Nonlinear Vibra-
tions of Beams Considering Shear Deformation
and Rotary Inertia, ATAA Joumal, Vol. 14, No. 5,
1976, pp. 685-687.
T - ZRE , Mg A2 —gel d x5 Timos-
henko v o} JEMTIEF A ol shed, 4EARBEK T
Kitse#e, 4194, A1 235, 1977, pp. 89 ~93.
K.Washizu : Variational Methods in Elasticity

The Effect of Longitudinal Inertia

and Plasticity, Pergamon press, 1968, pp. 142-149,
G.R.Cowper : The Shear Coefficient in Timo-
shenko’s Beam Theory, J. Appl. Mech., Vol. 33,
1966, pp. 335-340.

T.C.Huang : The Effect of Rotary Inertia and of
Shear Deformation on the Frequency and Normal
Mode Equations of Uniform Beams with Simple
End Conditions, J. Appl. Mech., Vol. 28, 1961,
pp. 579-584.
C.W.Silva :

Damping Rotary Inertia and Shear Deformation,
AIAA Journal, Vol. 14, No. §, 1976, pp. 676-680.

Dynamic Beam Model with Inertial



