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ON THE H-FUNCTION OF n-VARIABLES 
• 

By R.K. Saxena 

1. Definition of the H-function of n-variabIes. 

Following [13, p. 256] , the H-function of 1z variables is defined in terms of a 

multiple Mellin-Barnes type integrals in the following manner. 
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Xj~O (j =1, "', n) and an empty product is interpreted as unity. 

Further A , C, D; M l' "', M n ; N l' "', N n ; P l' "', Pη and Ql' ''', Qn are 

nonnegative integers, satisfying the inequalities 

• The definition considered here is a slight variant of the earlier definition and can be 
obtained by making slight changes in the parameters and the variables but in essence 
the function remains the same. 
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O드A르C. 

aII complex numbcrs and a ’ s. ß ’ s. r ’ s and δ ’s are aII positive numbcrs. 

Thc sequence of parameters in the integranrlof (1. 1) are such that none of the 

poles coincide. That ìs the. poles of theintegnind öf (1. 1) are simple. In case some 

of the polcs coincide. then by foIIowing the method of Frobenius. the integral in 

(1. 1) can bc evaluated in tcrms of Psi-functions and generalized Zcta functions. 

In this connection the reader is referred to the work of Mathai and Saxena [10]. 

The paths of integration, are indented, if necessary, to ensure that all the 

poles Of I1(b?)-ξs쐐끼 for j=l , .... M r (r= l, ''', n) are separatcd from the 
~ 1' ='1 

poles of r(cj+ 소 Srr)')) for j=l • .... A and r (I -aj')+ 소 Srα(끼 for j=l • .... 
, ,.=1 - ~ " r=l ‘ 

N r (r=l, .... n). 

The function represented by the integraI (1. 1) is an analytic function of x1’ 
" x ll provided that 
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From the asymptotic expansion of the gamma function it readily foIIows that 

:the integraI in (1. 1) converges absolutely if 

larg xrl <웅πμr (r= 1. .... n). 
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Whenever, there is no risk of ambiguity. the H-function of n variables will 

.be denoted by any one of the foIlowing notations 
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foIlowing results readily follows as a consequence of the definition 

HA, (M, :N.) 
C. D. (P.:Q,) 

11"_* _.(r) , .1".1 ",Cr) 기 ,r' (cj, η ) : (ζ， δY;) l 
.tl ?) ?) ?) ?) ’ ( , , α， ) ; (b, , β~I -') 

(1. 1). 



On the H-Function 0/ n-Varlables 223; 

1 7"TA , (M.:N.) 
- μlμ2'"μ” “ C,D, (P.:Q.) 

---

provided that μ10 μ2， ---, μ，，>0. 

Xll 
(2, 2) 

Ho, (M, : N.) 
C, D, (P. : Q.) 」

‘
” 

• 
x 

_ uO, (N.: M.) 
- .... D, C, (Q, : P.) ••• 

(2.3) 
X. 

H~， ~M~~N~_I :' 
0 , 0 , (P.:Q.)J 

x 
n 

-• 

j) --(j) 
3 ??M,, N.| • j (강l , αPl ) 

M ‘ N , where H되’'Q;'(x) is the Fox’s H-function 

For n=2. the H-function of n variables reduces to H-function of two variab]c'~ 

studied by Munot and Kalla [12]. Verma [17] and Mittal and Gupta [11]. 

3. Relations between LauriceIla functions and H-function of n variaJ: 

In this section the poles of the gamma functions appearing in the various “ 
tuple integrals are assumed to be simple. 
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A series expansion 
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The result can be proved on computing the residues at the poles 
(r) 

bl +ν 
Sr=-쉰π」-(hr=1， …• M r ; 까=0. 1 .... ). for r=l • .... n. 

γh， 

and x~ and xi a1’e defz"ned z"n (1. 2) and (1. 3) resþectz'νely. 

5. SpeciaI cases 

A large number of special cases of the result( 4. 1) associated with products 

()f several special functions occuring in Mathematical Physics and Chemistry. 
Statistics and Biological Sciences can be derived on account of the most general 

character of the H -function of n variables occurring there. but for the sake of 

brevity they are not presented here. However. a few interesting special cases 

are enumerated below. 

(i) For n=2. (4. 1) reduces to a result given recently by GoyaI [51. 

(ii) When M 1="'=Mn =1. C=A. ß~~)=l .b~~)=O for aII r. Ql=N1 replace 

1-ψ by ψ). (4. 1) then giv‘ 
iceIIa functions of Srivastava and Daoust [161. 

(iii) FinaIIy if we take n = 1 then (4. 1) reduces to Braaksma’s formula for 

Fox’ s H-function [11. 
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