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SOME TRANSFORMATIONS AND IDENTITIES INVOLVING
H-FUNCTION OF TWO VARIABLES

By Namprasad Singh

1, Introduction

Generalizaton to two variables of Fox’s H-function [3, p. 408], has been

introduced by Verma [6), which will be represented as follows:
z|l(a,, 4,01 [(c,, C)l:le,,E, )]
(1 1) H(m: ymg) o (g, n2), 1y 1 41 }

(Bubed. 13} (awadas) (B, B D1 i [(d,, D] [(f F,)]

(2m)2 f f V(s )p(s+8)x y'dsdt,

where
(1.2) U(s, 1)

1, 789 Il ra-e+4 [ ra-op i ra-c+co

—
e = Py

H F(l b+Bs) H F(a —A4.5) H F(l d;+Dit) H f'(c—Ct)

Jj=m +1 j=n+1 J'—'mz"l' J=n,4

ﬁ I'(l1—e;+E;s+E)
(1.3) 9(s,t)=- =1

1'[ 1"(3 —Es—Et) H P(l—f—l—Fs—l—Fz‘)
J=ny+1 j=m,y+1

and [(ap, Ap)_' represents the set of parameters (a;, 4,), (a, 4,), -, (czp, Ap).
In what follows for the sake of brevity [P,], [P,]l, [P3], [Q], (Q,], [Q;] denote
respectively the sets of parameters [(q,, 4.1, [(c,, Cpa)] , (e, Epz)], (5,

Bq.>]’ [(dq; qu)], [(fqa, Fqs)]. The contour integral defined in (1.1) will be

denoted in a contracted form by H[x,y]. Further we mention only those sets
of parameters where there is some change, for example,

(my,mg) o (ny, 13), 42, X [Pl] : [Pz] :(a'—?', l)’ (b_r’ m)’ [P3]-1
(1. 2 H(P:rﬂﬂ)npu‘l"z;(41:‘73)-4'3‘1‘1 v [Ql] . [Q2] ’ [Q3]l (d—?’, k)

will be written as
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p—,

o2 x|Ca—r, 1), (b—7, m), [Pg]”
pst+2,q.+1 y,[QS]’ (d—7r, B) "

—

The integral in (1.1) converges, absolutely, if |arg x| <-—é—u1n and|arg y| <iu2:fr

where
(1.5) ﬂl—-_(nZlA+ZB+ZE) (ZA+Z B.+ ZE+ZF)'
n,+1 7 m+1 7 ny+ 1 7
(1.6) uz—_<”ic+zp+zE) $5c+ 5D+ E +35E |

ny-+1 7 m,+1 7 ns+ 1 J
Following known results will be utilized in this paper from Luke [4, p.110],.

we have
1, b, ¢c+1; z 'a, b; 2z} bz a+1, b+1; 2
1.7) JF =,F F—
(115 ‘ld, ¢ 1 < d | el 2F1_d+1 ]
From Rainville {5, p.32], we have,
L _ n
(1.8) I'(l—a—n) (—1) _

'l—a) — (a),

2. The transformations involving generalized H-function of two variables to
be established are:

2. 1) " 1y -+ 4 "x|(a—r,1), (b—r,m), (c—r—-1,n), (c,n), [P3]”

vt ety lQyl, (@=7k), (c—r,m), (c—1,n)

2 st [ x| (a—r,0), (b—7r,m), [Pl
_r§0 7! Hpa+2,q.+1 d—7r.
[Q3]: ( 7, )

r+1 )

-
LS 2| (a~—r—1,D, (b—r—1,m), (c,n), [P3]]

i 3

-

=0 rl TPHThatd 5 1Q), (d-7—1k), (c-1,n)

where (p+l+m—£k)>0,

|arg xl<—§—(ﬂ1 I+m—k)n, (uo+I+m—k)>0,
larg y| <"%‘(u2+l+m—k):r and |z| <1.

o0 r B

0,9) S~.2_pmte x| (c=r—1,n), (c,n), [PJl, (a—r,1), (b—7,m)]
¢ ) r—0 7! T h+4 a3 [Q3], (d—7r, k), (c—7r,n), (¢c—1,n)

Y
— >~ 2 _pgm x| [pg), (@—7,0), (b—r,m)
Lyl [Qs], (@—7,F) .
L2t 2w, [P, (a=7=1,0), (b—r—1, m)]

' Ly [Qq), (d—7r—1,k), (c—1,n)

L

|
where (g —{—m—£k)>0,

arg x| <5-(y—I—m—b)r,
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(uo—I—m—k)>0, |arg y| <—é—(ﬂ2-—l-—m—k)rr and |z] <L

© (a+7)z" yym+3 x| (b—7r,m), (c—r—1,n), (c,n), [Pgl]
(2.3) 22 H

r=0 7} Pt3.043 | [Qsl, (d~7,k), (c—7,m), (c—1,1)

=sa T(atn)z pm+t | 2| (0=r,m), [Pg]”

r=0 r! ﬁ“*“’*“w (Qs), (d—7,k) _

_I_E_]__'_(a {2;: 1)3"'*‘1 Ny + 2 x| (b—r—1,m), (c, n), [P3] )

i L __

! htLntl y|[Qy), (d—r—1k),(c—1,7)]
where (p,+m—k)>0, (g+m—k)>0, larg x| <5 (u+m~kx,

larg y| <—%—(ﬂ2+m—-k)zr and |z} <1.

o, e [x' (a—r,m), [P] : (b—7,m), [P,] ; T
CDRp el S AR (e=r=Lm), (e:m), [Py
LY [Q3.:: (d""f,?ﬂ), (C—T,m), (C—l,m) i

= 3 z?’ H(n1+1.ﬂ=+1) ﬂ X (a—f, m): [Pl] ’ (b—?', m): [PZ]_
y=0 7! @1+1:P=+1):G:+1h‘y [QS]’ (d—7,m)

bt o

©O 7t

L x| (@a—r—1,m), [P]: -
Z ”l+1r”'2+1)-ul+1 . -
+f§()r 7] H(P1+1.p=+l),ﬂa+1:q.+2 (0—7r—1, m)' [Pz] ' (C: m): [Pal—l

yi [Qg]r (d_r_']-:m.): (c_l:m)

where u;>0, |arg x| <-—12—p17r, Us >0, larg y| <-".12—y27r and |z| <l.

PROOF. To establish (2.1), expressing the H-function of two variables on the
left-hand side as contour integral (1.1), we get,

y=0 7! T ['A—c+r+us+u)l(2—c+tns+nt)

T Q@—=c+r+nst+nt)l ' (1—c+ns+nt)
X I'(1-d-+r-+ks+kt) ¥y’ ds dt.

Now changing the order of summation and integration in view of [1, p.176

(2.5) E z _1 ['AQ—-a+r+is+IHI(1—-b+7-+ms+mit)
ooy Lf szw‘cs, P(S+2)

(75)], which is permissible under the conditions given in (2.1), we get,

1 I'A—a—+Is+IH)H[(1—b+ms+mt)
(26) ~ 53 Lf was’ Dgls+i) I(A—d+ks+Fkt)

1—a-+tls+Ilt, 1—-b+tms+mt, 2—ctus+nt; z
1—d+ks+kt, 1—ctns+nt .

Now applying (1.7), expressing both the Gauss hypergeometric functions as.
series, changing the order of integration and summation and interpreting the:

X aF, Sy ds di.
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result thus obtained in view of (1.1), we get the right-hand side.
Proceeding on similar lines the results (2.2), (2.3) and (2.4) can also be

established.

3. Particular

CaSEes

In this section, we derive some infinite summations from the transformation
formulae discussed above. (i) In (2.1) and (2.2) putting z=1 on both the sides;
on the right-hand side expressing H-functions of two variables, as contour
integrals, changing the order of summation and integration and evaluating the

summations inside the contours with the help of Gauss theorem [2, p.61, 2.1.3
(14)] and using (1.1), we respectively get the following summations :

G T H

__H.u,+3

n,+4

+H

Pl+3: q:+2

pl+4r Ql+3

1y +4

[ x

e

X

LY

X

(a—r,1), (b—7r,m), (c—r—1,n), (c,n),
r=0 72 2t et yl(Q,), (d—7,k), (c—7,n), (c—1,n)

(a,!), (bym), (d—a—b+2, k—1—-m), [P}
[Ql(d—a+1,k-1), (d—b+1,k—m) |
(a—1,0), (b—1,m), (d—a—0b
Ly1[Qs], (d—a+1,k—-1), (d—b+1,k—m), (c—1,n)

where (uy+/+m—~)>0, |arg x| <—;.12—(u1—|-1. m—k)w,

(o 1+m—k)>0 and |arg y| <5 (uy+I-+m—k)m.

> 1
(3.2) rg?!-ﬂ

7., + 1

Pa"‘3- Qa+2

242
+H T

pa+4: G'a+3

ﬂ3+2
pa+4- QE+3

X

Y

(d—a—b+2 k—l—m), [P.), (a0, (bm)
[Q.), (d—a+1, k=1), (d—b+1, k—m)

(c—r—1,n), (c,n), [Ps), (a—7,1), (b—7,m)]

(Qsl, (d—7,k), (¢c—7,n), (¢c—1,7n)

(P3] ]

3, k—l—m), (c—n), [PE,]]

-

(d—a—b+3, k—1l—-m), (c,n), [P;], (a—1,0), (b-l,m)]

Qs)l, (d—a+1,k=-0), (d—b+a k—m), (c—1,n)

where(ul—l-—-m—k)>0, (u,—l—m—£k)>0, |arg ::s:|<——%—(1ml [—m— k)7,

and |arg y| <—%—(#2 l—m—FB)r.

(i1) In (3.2) putting /=m=#» and £2=2x#, we obtain:

> 1
3.3 27

=["(a+b—d—-1) Hp3+2,q3+2

ny + 2

PI+4: QH+3

X

(c—7r—1,n), (c,n), (P3l, (a—7,n), (b—¥,n)"
Ly [Qs]l, (d—7,2nr), (c—7,n), (c—1,n)

F

X

LY

P.l, (a,n), (b,n) 1

Q4l, @—a+1,n), (d—b+1, n).

Sl
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1, + 1 E; (c,n), [P3]: (G""l,ﬂ), (b—-l,ﬂ) i

I (a+b~d—2)H 5
(a JH, 13 0+ y([Qql, (d—a+1,7), (d—b+1,7), (c—1,n)]

where(y; —4n) >0, (up—4n)>0, |arg x| <—%—(p:1—4n) 7 and |arg y] <—:12—-—(u2—-4n)7r_..

(i) In (2.3) setting z=1 and applying the similar method as in (3.1), we
get,

G4 2=
(3.4) r=0 71 TTht3013 (Qyl, (d—7,k), (c—7, n) (c—-l ”)

mtz [x] Gom), (a—b+d+1,k—m),
=la H 5 . 4o
PreaTd »11Qg), (d+a, k), (d—b+1, k— m)
3 [%]| G0—1Lm), (@—b+d+2, k—m), (c,n), {Pj]
pt3etd ylQy), @+e k), @=b+Lk-m), (c=1,n) ]
valid under cond1t1ons as given in (2 3) T

(iii) In (8.4) puttlng k m=n, we get

- r(a—l-?')_f-{n,-‘]-é | ;-x'(be,m) (c=r—1,1), (c,n), [P3]]

+1"( +1)H

® I(a+7) m+3° [ G=rm); c—r—1,m), (c,n), 1Pl
3.5 H
( ) f§0 ?'! p=+3,qa-—3_y [Q3] (d 7, ?Z) (C 7',72), (C 1, ﬂ)_

lal (b—a—d). L+l (x| G, [P3] T

N - :

- ['(b—d) pi+1, Q!+1;,’.}’ QB] (d—l-a n)_l |

NI F(d“]‘l)r(b a d 1) Hﬂa +2 - X (b"'l,ﬂ), : (cl'”'.jl [P3]
AR pthat? y| Q). (d+a,m), (e~Lm)

q

where (>0, 4, >0, larg x| <57, |arg y| <_;]é—#zﬂ'-

4. In this section we obtain some.interesting identites. o
(irIn (3.1) setting e=c—d—1, b=-—1, m=0, h=n— —/; on the left-hand side

expressing the H-function as double contour mtegra] ‘changing ‘the order of
summation and integration and using Dixon’s theorem [5, p. 92], we get,

- r | - C -' 7 : .- T . R
d, n—10), (d—7+3, 2. z), (c—d—1,D),
4 1 H”l+5 (N o SRR SR ( 2 -1’ _2_"” (C’ _n), [P3] '
A Fpisas d,n—10), @+2,n—10) (d-— ¢ 41, 2 —z) f
[QS]: ( y R— ).‘I ( + s R—1Lt), T ’ T ’ j
’ | c | 7 |
- | o (6_2! n)r ( 2 -1, T) _ﬁ
__Hm+2 x| (2d~c+4, n—=20), (c—d—-1,1), [Pq]
U ht20+2 | (Q., (d+2n-1), 2d—c+2n-2])




208 - Namprasad Singh '

2 Hﬂ.+3 : —x | (2d—c+5: n—2l): (C_d'—z: l)l (C! n)r [P3] T
o pa+3, qs+3 _ . . _
l.yl [Q3]: (d+2rn l)l (2d C 2. n 21): (C ]-: n)_

where (i —n+20)>0, (p—n+20>0, larg x| <—5-(u~n+2Dr,

larg | <%(ﬂ2—n+2!)m

(i) In (3.2) putting a=2c¢~-1, b=2¢—d—1, k=/=2n, m=0 and proceeding as
above, we get, -
| | ny+2 [ x (C—lr ”)l (cr ”)l [P3]l (26_11 2”)
4.2) T'e—-d-H'T i s i ]
L ¥1(Qsl, (2c—2,2n), (d—c+1,n), (d—c+2,n)

=I"(4c—2d—-3)H ' [x [Psl, (2c—1,2n) |
- ptlatl] 91 [Q4], (2d—2c+2,2n).

+ L Uc=2d—4) g+l x| (e,n), [Pj], (2c—2,2n) ]
I'(2c—d—2) p'+2'q‘+2t.yh [Q3]- (2d —2c+2,2n), (c—1,7)

where (u—4m)>0, (p—4m)>0, larg x| <5 (uy—4m)r,

and |arg y| <%—(u2—4n)zr.

(iii) In (3.4) setting a=d—c+2, b=—-1, m=0, k=n and proceeding on similar
lines as above, we have,

e 2 (1 B m. e

¢ 1 _ c n
yh [Q3], (d+2.ﬂ), (d "2 +1, '_'2_)1 (C 2:”): (_2_+11 _'2—')J
-—-H”'+1 -x (2d—6+4rn)r [P3] )

P-+1.q.+2_y [QS]' (d+2,n), (2d—c+2,n)]

) 2d —c+5,n) (c,n), [Ps]
2(d—c+DH" T ;{x ( : }
+2( c+2) Drt+2,qat i [Q3]' (d+2.n). (2d—0+2.n)r (c—1,n)

4.3) H™':

Put3, 0 +4

where (¢;—n)>0, (—n)>0, |arg xl<—é—-(pl-—n):r and |arg y\<%(p.2—n)m
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