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ABSOLUTE RIESZ SUMMABILITY OF A FACTORED FOURIER SERIES 

By G. D. Dikshit 

In this paper we discuss the absolute Riesz summabiIity factors for the Fourier 

series of a function óf bounded variatioii and establish ‘ a general theorem. 

As- corolláries to our theorem we get results which are of interest in different 
directions.While Corollary - 1 fùrnishes a result -due to Bosanquet [3J and 
Corollary 2 extends and improves upon a result- of _ Mohanty and Misra -[8J , 

Corollary 3 induces some interestingobservations in the theory of absolute Riesz 
summability. 

Let iI.=iI.(ω) be a monotone increasing and differentiable function in (h, ∞〉
where h is some finite positive number and let it tend to infinity as 띠→∞. Given 
a -series- S U

n 
let 

Rf(ω) = {iI.(ω〕} -k g {X(ω) - A. (n)} 윌! k르O. 
n< úJ 

If R;(ω)εBV(h， ∞)， the series E% is said 띠 be absolxtelj sμ%ηzable by the 

Riesz method 01 ‘order’ k and type ‘A’ and we write J;’%ε 1 R, À.(ω)， kl. It is 

known [6J that the method I R, μ k I is equivalent to the Cesàro method I C, k 1, 
k>O. 

Let 1ε L(-π， π) andbe a periodic functonwith pieriod 2π and let the 

Fourier series of 1 be given by 

I(x)""'"웅ao+ εi(an cos nx+Þnsin nx)=SAn(x). 

We shal1 use the following notations: 

ψ(1)=웅 {f(x+t)+/(x- t)}， 

φa(t)=7￡재(t-uy-1φ(μ) du, 

φc(t)= ψ(t)， 

CfJa(t)=r(α+l)t-aφ'a (t)， α는0， 

e(ω)=exp(logω)1+빈 β는0， 

α>0， 

r-1 β 웅(ω" t, s)= S {e(ω) -e(n)} r- 1e(n) nS(logn)- μcos nt. 
n<띠 
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옹(ω• t)=웅(띠• t. 0). 

;ua꿇g(ω， μ)du. 

Q(ω• s)={e(ω) -e(m)} r- 1e(m)ms(logm)-a빅 
where m is an integer such that 0<ω-m드1. 

ik stands for a suitable constant chosen for convenience in analysis. K. K l' K 2 ••• 

denote absolute constants. possibly different at different occurrences. 

We prove the following theorem: 

THEOREM. Let 0 <a <1 and β르O. Then 'Pa(t)εBV(O. π)~ 

∞ An(x) , ~ n ， 1+β 
똥←L그EεIR. exp(log ωY-'''. r 1. r>a 

(logn) 

To give a neater appearance to the proof of the theorem we work out certain 

()rder estimates in the form of a lemma. 

LEMMA 1. Let O<a<r드1. Then 

{i) 웅(ω• t. s)_Jωs+1er (ω) (logω)-a(a+1)+Q(ω• s). s는 -1. 
~(ω. t. s)-l.-r .. s+1-r _rr .. , rl __ .. ,ßcr-a-1) ) lt-r (.ùs+ l-r er (ω) (log ω)"，. -"'- • .1 +Q(띠• s). s> -1; 

aer(ω) (logω)-ßCa+1)+Q(ω• a-1) 
‘(ii) g(ω， t) ={ e 

t-rω，a-rer (ω) (log ω)βCr-a- 1)+Q(ω• a-1). 

These estimates are given elsewhere (see [4]. Lemma 1) for the case r=a. For 
the sake of completeness we reproduce the modified version of the proof for the 
'Present case. We give a proof for the estimates for S only. the proof for C is 
similar. 

PROOF. s(ω• t. s)드 ε {e(ω)-e(n)}r- 1e(κ)nS(log n)-aß 
n<띠 

= ε- + 3그 =S1 +S2' say. 
n:5:，";ω ‘/ω <n<띠 

S1 <{e(띠)-e(‘/꼬)} r..，- 1e(‘/강)(μ교)s+1 (logν/교)-aß 

= {(ω- "，j피)eτω1)} r-1e(‘/피)(μ교)S+t (log‘/교) -aß• ("，j，교〈ω1<ω). 

드Ker(ω) 띠(s+l)/2(log ω)B(r-a-1); 
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S2 드l찮 {e(.ω)-e(μ)}r- 1e(μ)μS(log μ)-aßdμ +Q(띠• s) 

드Kωs+1 (log~/강)-β(a+1) {e(.ω)-e(‘/꾀}r +Q(ω• s) 

드K띠，s+1 (logω-ß(a+1)er(ω)+Q(，μ s). 

This furnishes the first set of estimates. 

Let ω1 = Iω-좀 1. and 

웅(ω• t. s)=r E + Eml {e(ω) -e(n)} r- 1e(n)ηS(log n) -aßcos"t 
ns띠1 띠.+1 

=5'"3+ S4’ say. 
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As {e(ω) -e(n)} r-1 e(n)상(log n) -a
ß
} is ultimately monotone increasing in κ for 

n<ω， 

S3=0\ {e(ω)-e(ω1)}r-1e(ω1)ω~ (log ω1)-a，βmaε 1 E:cosntl 
‘ s..a<‘ os‘llJ‘ 

=olt-r er (，ω)ω，S1- 1-r (log ω)에-1-a)l. 

and 

S4르lζ츄 {e(，ω)-e(κ)V-1e(u)μS(log κ)-aßdι+Q(，ω• s) 

=O(ωr+니e(ω)-e(ω-훔ìV(log ω)-β(써)+Q(.μ s) 

1 

=이 ωs+1-rt-rer(.ω，)(log ω)βCr-a-l) I +Q(，ω• s). 

(ii) r(l-a)g(，ω• t) 

ω1<ω흩〈띠， 

= ε {e(ω) -e(n)} r-le(씨(log n)-뼈 
n<ω 

t+ 소4 
t 

/:上1 (u- t) -acosnμ du 

= E {e(ω)-e(n)f-1e(n) (log n)-aß{cos nO f'+웅(μ-t)-adx+ 
n<.ω .1/ 

+na에a씩l따」a따폐d$따1/'싸/ 
= E {e(w)-e(n)f-1e(n)na-1(log n)-aßμ떤깐뜨+sinnO’ -sin(nt+l) 
n<ω L l-a 

=o~ ω
aer(ω) (log ω) -ßCa+l) +Q(，ω• a-l). 

t- rω，a-reT (ω) (log ωlCr-a-1) +Q(.ω• a-l). 

by(i). 
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PROOF of the theorem 
00 A 

똥An(log n) -aþε IR e(ω)， rl , iff 

dω 
2 띠er (ω) l'b n<띠 
∞ 끼 l π 

= r. (10퓨2r- l lψ(t)웅(ω， t)dt I d띠 
2 ωe’ (ω) I ~ 

lS convergent. 
π π u 

Now 
1 
r ---d ” ” 띠

 

/ , 
、않

 

/ , ‘ 
、

m 
I 

J n u 

종(띠， μ) (μ - t) -adφa(t)dμ 

π π 

- r (1 -a) .J .. (μ _ t) -a옹(띠， μ)dφa(u) 

-
π ‘ 

/ 

=fg(ω， t)dφa(t) 
0 

π 

J Z짧(ω， u)ψ'a(u)du 
o 

π 

=-GCω， π)CPa(π)+ .f. G(ω， t)dφa(t). 
o 

taking φ(1) to be. a constant function in the above. 

G(ω， π)=0 

we notice that However, 
、

and therefore 
π π 

ψ(1) 웅 (ω， I)dt= JG(띠， t)d%(t)· 
o 0 

~ As ψα(1)εBV(Oó π)， to establish the convergence of the integal 1 it is sufficient 

to know that 

J(t)= ∞ 맺쁘lElG(%， t) |dω=0(1)， 
ωe’ (ω 2 

uniformlj in t, 0 <t <π. 

After Lemma 1 we notice that 

rcα+1) IG(ω， t) 1 = 1 ta g(ω， t)-a 앙-1g(ω， μ)dμ! 
0 

드K아aωaer(ω) (log ω)-ßCa+ 1)+K2 taQ(띠， α-1); 
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and also that 
π 

r(α+l)IG(cμ 

t 

π 

= It엉(띠， t)+αff-1g(ω， u찌)du 

E드-;'K1념ta-rωa-r%er까(ω) (log ω)β(r-a-1〕+K2 tαQ(ω， a-1). 

Therefore 
f ∞ β 

~ 7: 
ωe'Cω) 

드Klta fωα-1(log ω)-aßd，ω+K2ta-rf (log않t-α) dω 
s ; ω 

I ’(log ω)ß 
+K?f I →:흥보스-Q(띠， α -1) dω ) 

싱 ωe'(띠) 

드K1ta-ra(lOg -r) -aß 
+Ki

a - r
7:
a- r (log -r)βCr-a) 

m+l 띠 r r_/ •. ~ _/ •• _",-1 e(m) (log ω)ßma-1 
+K3 ε I {e(ω)-e(m)}r r aB 

m=2 짜 ωe'(ω) (log m)“
μ 

a ka (,. k \aβ( , k. ~， , k 1 -aβ 
드Klt 「긍( Iogτr""l!ogτ+ß Iog Iog t 

+Kq 숭 싸-1e-r(m) (log m)-aß{e(m+l)-e(m)}r 
V m=2 

k 1-aß ( '- l 
__ k ìβCr-a) 

log Iog': 1 
-,... 

1 Iog Iog ': 
드K， ~l+ß L 

‘ I +K써 1+β ， ‘ 
-1 Iog주 J -l Iog Î . 

r 
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2 
꺼-낀m)(log m) -aß e(m’)떤+1)앓 

βCr-a) 

.m<ηz’ <m+ 1. 

<K.+K_+K‘울 (1og1 %) . 
l ι J 2 nziTI -“ 

<K. 

CoroIlaries and Remarks 

COROLLARY 1. (See Bosanquet [3J). Let 0 <α<1. φa(t)εBV(O. π)=> 
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Z’An(x)εIC， rl , r>α. 

COROLLARY 2. Let 0 <α<1. ψa(t)εBV(O， π)=> 

흘3란LεIR， exp(log ω1+ 1/a， rl , r>a. 
2 log n 

This corollary is an improvement upon the result of Mohanty and Misra [8] 

who have proved it forr= 1. 

Our theorem though not given for α=0， is known to be true when ß=O 

alongwith α (Bosanquet [2]). However, for the case a=O, we do obtain the 

following result. 

COROLLARY 3. Let e>O and ß>e. Then ψ(t)EBV(O， π)=> 

∞ An(x) ~ 1 n ____ /1 __ __ ,.l+ß 
오--TelR， exp (1og 띠Y' I-'， rl , for r>줍 
2' (log n)" 

PROOF. Let a=좋. Then αε(0， 1) and the corollary follows after the follow­

ing lemma : 

LEMMA 2. (Bosanquet [1]). Let δ>0 and b>a르O. 

Then CfJa(t)εBV(O， δ)， =>CfJb(t)εBV(O， δ). 

REMARKS 1. Fix ß> 0 in Corollary 3. We note that smaller the e> 0 we 
choose, better the result we obtain rcgarding the ‘order’ r of the summation a 
result some what not very comrnon in the theory of summability factors. 

2. Similarly, fixing e>O in Corollary 3 we see that smaller the r we choose 

better the result seems to be arrived at for the summability of the series regard­

ing both the ‘order’ and the ‘type’ . In this respect one may note that for 
J+ß' .. ,..--, D ___ ~n ____ ,)+ß intergral k , R , exp(log ω)""' ， klclR, exp(log ωY' I-'， kl , B'>B> -1(Guha[5L 

Pati [9]). However, whether this second theorem of consistency, for absoulte 

Riesz methods also holds for non-intergral ‘order’ k does not seem to be explicitly 

known, as the results given to us in this direction are rather of involved nature 

where it is not easy to verify the conclusioin in a specific case (see Guha [5] , 

Prasad & Pati [10] and also Kuttner [7] ). 

Finally we have 

COROLLARY 4. 
An(x) ~I"" ____ /1 ___~l+ß 

φ(t)εBV(O， π) =j E----τε IR, exp(log ω)' , 1"', r 1 J for ev(;γy 
(log n) 
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e>O, r>O, β> -1. 
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