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FIXED POINT THEORY IN SEMI- SPACE. 

By Sudhanshu K. Ghoshal & Madan Chatterjee 

Introduction 

Banach’s fixed point theorem in a metric space is stated as foIlows : - i) If 

(X , .0) be a complete metric space and T be an operater T: X • X satisfying the 

condition .0 (Tx, Ty)드λρ(x， y) for all x, yEX, where 0<,1 <1 then there exists a 

unique fixed point Xo such that T(xo)=xo' 

By “ Semi-metric" on a space X is meant a function .0 on XXX into R satisfying 

the following conditions: 

(1) .o(x, y)= .o(y, x)르0 

(2) .o(x, z)드.o(x， y)+ .o(y, z) 

(3) .o(x , x)=O 

where x, y, z are arbitrary points of X. Note that this definition slightly 

differs from the definition of a “ quasi-metric." If in addition to this condition we 

have .o(x, y)=O >x=y then .0 becomes a metric on X. 

An equivalent form of Banach’ s fixed point theorem may be given here as 

foIlows: 

THEOREM 1. Let (X, .0) be a complete semi-metric space and T: X • X is a 

continuous 1.η~appz"ng such that 

.o(Tx, Ty)<Àp(x, y) (1) 

for any two points x and yεX， (0< ,1 <1) then there exists at least one point 

xεXsμch that p(Tx, x) =0. Further, zf there be any other point y satz"sfyz'ηg 

.o(Ty , y)=O then p(x, y)=O 

PROOF. Let xn=Txn一 1 where Xo is any point of X. 

then .o(Xn+k ’ 
Xn)=p(T”+kx。， T”xo)드Àn.o(xk’ xo) 

Now .o(장， xo)드p(xn’ xn- 1)+ .o(xn_
1' xn_

2)+ ...... +p(xl' xo) 

드An-1P(Xl， xo)+ ------ +p(X1
’ 

xo) 
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드(1-λ) -1 p(Xl' xo) 

'. p(Xn+k' Xn)드λk(1_ λ) -1 p(Xl' XO) 

Now as 0 <A. <1, {xn} is Canchy in X. 

As X is complete {xn} converges to XεX. 

Now p(Tx, x)드p(Tx， xn+1)+P(xn+1' xn)+p(xn’ 
x) as xn+l =Txn’ as n→∞ 

xn+1• Tx, xn 'x and p(xπ+ 1' xn)• O 

:. for sufficiently large n we have 

p(Tx, xn+1)르E/3， p(xn+1' xn)드1:/3， p(xn, x)드E/3 so that p(Tx, x)드1: where 1: is 

arbitrary small positive number. 
'. p(Tx, x) =0 (2) 

Again, (2) ~ T(x)ε {x} 
As T is continuous. Similarly if p(Ty,y)=O ~ T(y)ε {y} 

Now p(x, y)드p(x， Tx)+p(Tx, Ty)+p(y, Ty) 

'. p(x, y)드p(Tx， Ty)드A.p(x， y) 

where 0<A. <1 ~ p(x, y)=O 

COROLLARY 1. lf X be a ,complete metric space z'n theorem 1, then T μ1m have 
a μm.qμe fz'xed poz'nt. 

Theorom 1 may be generralized further as follows: 

lf (X, p) z's a complete semz'.metric space, and T a coχtz'nuous maPþlng of X z'nto 

itself, sμch that 

p(TPx, TPy)드A.p(x， y) (3) 

where 0드A. <1 and p is a posz"!z've integer, then there exists at least one xεx 

satisfying the rela tz'on p(Tx, x)=O 

FU1얘~er if p(Ty, y)=O for any other yEX 

then p(x, y)=O 

THEOREM 2. Let (X, 씨 be a semi-ηzetric space and T a contz'nuous maPþlng T: 

X→Xsμch that 

p(Tx, Ty)드A.p(x， y) 

for any two poz'nts x and yεX， 0<A.<1. lf {Tnx} has a convergent subsequence 

{Tn.x} μIhz'ch converges to xo' then {Tnx} converges to Xo such that p(xo' Txo)=O 

샤
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ρ(x2• x3)드Ã.p(xl' x2)드Ã.2p(xo. x1) 
••••••••••••••••••••••••••••••••• 

p(xn’ 
xn + 1)드Ã.np(xo. x1) 

p(xn’ Xκ +p)드p(xn’ 감+1)+ ...... +p(Xn+p_1• Xn+p) 

드(λ”+------+λn+p-1)p(XO' x1) 

n 1-Ã.P 
드λ τ_~ p(XO' x1) 

~n 

<- /'_ 1 p(X". X,)• o as n→∞ O' -'1 
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(4) 

'. {Xn} is a Cauchy sequence. so as {X，찌} 

to XO' 

converges to XÜ' . {Xn} also converges 

.·. T%→x。
n.+1 As T is continuous Tx,,= lim T""'x" 

‘ k→∞ g 

n.+2 TXn= IimT n 
- k→∞ g 

'. p(xo' Txo) = !im p(Tn.x. T n.+1x) 
R-O。

n.+l 까+2 = lim p(T""'x. T"'''''x) 
k→∞ 

= p(Tx。， T2Xo)는Ã.p(xo' Txo) 

which is impossible. '. p(xo' Txρ=0 

I)EFINITION 1. The mapping T of a semi-metric space X into itseIf is said 

to be contractive if p(Tx. Ty) <p(x. y) for x낯yεX (5) 

DEFINITION 2. Let F denote the family of functions a(x. y) satisfying the 

following conditions: 

(1) α(x. y)=α(p(x.y)) 

(2) 0드α(p) <1 for each p>O (6) 

(3) α(p) is a monotonically decreàsing function of p 

With the above definition we can write theorem 1 in a more general form 
as follows 

THEOREM 3. ‘ lf (X. p) z's a complete semz'-metric space and T is a coη#nuous 

maPPing sμch that T: X • X and 

p(Tx. Ty)드α(x. y)p(x.y) (7) 
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lor any two φoz"nts x. yεX. then there exz'sts at least one pot'nt 용• sμch that 
p(~. T옹)=0. Fμrther zf there z's any other poz'nt η such that p(η.Tη)=0 weshall 

have p(용， η)=0 

PROOF. Let 감=T%。， x。εx

Now p(Xn+k, xn)=p(Tn+kx。， T”xo) 

드α(Xx+k-1， xn-1)------a(Xk’ X~P(Xk’ XO) 

Now if infp(x".H XJ르ε 
k, n --… ... 

sup α(Xn+k' xn)드α(f) 
n.R 

:. p(Xn+k’ xn)르 [α(ε)]np(xk' 장) 

p(xn• xo)드p(xn’ Xn-1)+------+p(xl, xo) 

드{ [α(f)]n-l+… ... +1}p(x
1’ xo) 

... __ n 

드÷은;-p(xl' xo). 

k 

'. p(Xn +k' xn)드슨a p(X1' 
xo) 

Hence {xn} is Cauchy and converges to xεX. 

Rest of the argument similar to that of theorem 1. 

THEOREM 4. Let X be a semz'-metrz'c space and T a contracUve mappt'ng 01 X 

into itsell such that there exz'sts a poz'nt whose seqμeηce 01 tÏerates {TnxO이} co야ntaz'’ns 
a co.띠’χrαv’εrgen짜zt s앓zμ‘b삶se띠qzμtence{T~

’야n，

x 
- t→。o -

PROOF. Let us suppose p(용.T응) ~O. Now the sequence {T까 +lX} converges to 

T댄). Let us denote the mapping r(x.y) of Y=XxX -Lf (where Lf is the “ diagonal" 

{(x. y)lx=y}) into therealline. as follows: 

- ρ(Tx. Ty) (x.y) = p(x. y) 

This mapping is continuous on Y. 

There existsa neighbourhood U of (<웅， 

O드r(x. y)<R<l 

Now Sl=Sl(용• p) and S2=S2(T(웅). p) 

(8) 

T(<흥))εY such that x, yεU implies 

(9) 

be open discs centered at 용 and T(용) respectively and of radius p>O. which is 
so small that p(용• T(웅))>3p. Now due to this assumption 
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3xoEX: {Tt(X이} 그 {Tn
‘(xo)} with 많￡ Tnt(Xo) εx 、 (10) 

then exists a positive integer N such that z"> N , Tn

‘(xo)εSI and so by p(Tx, Ty) 

<p(x, y) we find that Tn， +I(XO)εS2 from (10) 

p(f, Tn'xO)+p(Tn
‘xO' T

끼+1Xo)+P(Tηt+1x。， 

:_ p(Tn
‘(xo), Tn,

+\xO))>P' z">N 

From(8) and (9) we obtain 

p(Tnt+1x。， Tnt+2xo) <Rp(T”lx。， Tni+1Xo) 

Repeating this argument, when 1> j> N 

p(Tn,
x, T n,+1x) <p(Tn,-, + \, T n,-, +2x) 

<Rp(Tn,-,x, 

This contradicts (10) 

T n,-, +IX)< . ._._. <R
I- j p(TnJx, 

:. p(f, T웅)=0 
If there is another η#용 such that p(η， Tη)=0 

T(f))>3p 

n,+1 T"'i T .J.

X) • 0, as 1→∞ 

Now p(용， η)드p(f， T，용)+p(T웅， Tη)+P(77， Tη)드p(T，용， Tη)<p(용， η) 

which ~ p(용， η)=0 

(11) 

THEOREM 5. 11 T Z"S a contractt"ve ηzapping 01 a metric space X z'nto t"tsell 

and there exists a subset MCX and a poι~nt x。εMsμch that p(x, xo) - p(Tx, Txo) 

능2p(xO' Txo) 101' eνery xεX/M and T mαps M into a compact sμbset 01 X , then 

there exz'sts at least a point f sμch that p(용， T~)=O 

COROLLARY 1. 11 T z's a contractive mapPz"ng sμch that there exists a poz"nt Xo 
EX satis지쩌g p(Tx, Txo) 드α(x， xo)p(x, xo) 101' eveγ'y xEX, where α(x， y)= 

a(p(x,y))EF and T maps S(xo' 
r) wz"th 

7 -
2p(xo' 

Tx0) 
-

l-a(2p(xO' Txo)) 

z'nto a compact subset 01 X , then there ext"sts a φoint 용εX such that p(Tf, 용)=0. 

Instead of proving this theorem we present have a more generalized theorem 

(Nα7). 

THEOREM 6. 11 T 1 a쩌 T2 be ttUO C0%μ·%μoμs mψ'fJings 01 a semi-metrz"c space 

X z'nto t"tsell sκch that 
p(T1x, T2y)<p(x,y) 101' x~yεx (12) 
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and then exz.sts some x。εX， the seqμence {xn} conνergz"ng to x then p(x, T1x)=O. 

and p(x, T 2x)=O 

PROOF. Similar to that of theorem 4, .' 

THEOREM 7. Let T 1 and T 2 be two mappz"ngs of a semi.metric space X z'nto 

üself satisfying condi!t"on (12) sμch that there existsa subset MCX and a þoint 

x。εM sa!t"sfying p(xo' T ix) -ρ(T1xO' T1T2x)르2p(xO' Txo) for every xεX/M， z'= 

1, 2 and T 1T 2=T2T 1 ............ (A) 

and that T 1 aχd T 2 maþ M into a compact sμbset of X. Then there exz.sts a po쩌t 

용 such that pC용， Tl~)=O=P(용， Tz용) 

PROOF. Let us assume that xo=F-T lxO. The sequence {xn} has the same definition 

as in theorem 6. Now T 1 and T 2 map M into a compact subset and so to prove 

this theorem, it w i1l be sufficient to prove that xnεM for aH n. Rest will 

follow from theorem 6. 

Now p(T1x , T 2y)<p(x, y). So 

p(x2n’ x2n+1) <p(xÜ' x 1) and p(x2Cn+1)' x2n +1) <p(xo' x1) 

p(xo' x2n+ 1)드p(xo' x1)+p(xl' x2Cn+l))+p(x2Cn+l), x2n+l) 

=p(xo' T 1xO)+p(T1xO' T2Tlx2n)+P(x2n+l' x2Cn+1) 

•• p(xo' T 1 x2n) - p(T 1 XO' T 2T 1 x2n) <2p(xO' TxO) 

:. from(A) it follows that X2nεM. 
SimilarIy 

p(xo' x2Cn+ 1)드p(xo' T 1xO)+p(T1xO' x2Cn+l)+I)+p(x2Cn+1)+1' x2(n+l)) 

.• p(xO' T zX2n+ 1) - p(T lXO' T 1 T 2x2n+ 1) <2p(xO' T 1xO) 

:. XnεM for every n. Hence the theorem follows. 

THEOREM 8. Let T 1 and T 2 be tμ10 contz"nμous ’nappz"ng of a complete semi. 

metric sþace X z'nto z!self sμch that P(T lx, T 2y ) <p(x, y) for X =F-yEX and let 

there exz'st a subset MCX and a poz"nt x.。εM satisfyz"ng 

(i) p(xo' T 1x)-p(T1xO' T1T2x)르2p(xo' T 1xO) for every xEX/M and z.=1.2 

(ii) p(T1x. T2y)드α(x. y)p(x, T1 x)+β(x， y) p(x, T 2y) for every x. yεM， where 

α(x， y). β(x， y)εF and they are decreasing func tz"ons of p such that α(p(x. y))+ 

ß(p(x, y)) <1 

and obviously α(x， y)=α(y， x) ， ß(x,y)=ß(y, x). 
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Then there exists a poz'nt ~εXsμch that 

p(Tl, 웅)=ü=p(T옳， 웅). 

PROOF. The sequence {x n} is defined as before. Let us suppose that Xo = T 1 XO' 

Now using condition (i), we obtain that xnEM for every n. Again p(T1x , T 2y) 

for x~y gives p(Xn’ 감+1) <p(XO' X1)O Now {Xn} can be proved to be bounded 

due to the following measuring : 

p(xo' x2n+1) 드 p(xo' X1) + p(X1' X2Cn+1)+p(x2Cn+i)' X2n+1) 

드 p(Xo' X1)+α(xo' X2깨+1)P(XO' Tx~ +β(xo， X2n+1)P(X2n+1' X2Cn+i) 

+p(X2깨+1' X2Cn+1)) 

<2p(xO' T 1XO) + [a(xo' x2n+ 1) +β(xo' x2n+1)] p(XO' X1) 

For a given Po>ü, p(xo' X2n+1)는PO' then as α(p) β(p) are monotonic decreasing 

functions of p, so p(xo' x2n+ 1)드 [2+a(po) +β(po)] p(xo' x1) 

Again, p(xo' x2Cn + 1)드p(xo' T 1xO)+p(T1xO' T ~2n-1) 

+p(T~싫-1' T.1x2n)+P(X2n+ 1' X2Cn+1)) 

드p(x，ψ T 1xO) +α(xo' X2깨_1)P(XO' T 1xO)+ß(xO' X2n_1)P(X2n_ 1' x2n) 

+p(x2n’ x2깨+1)+P(X2n+ 1， X2Cn+l)) 

<3p(xO' x1) + p(X，ψ x1)a(xα x2n _ 1)+p(XO' x1)β(xo' x:강t-1) 

드p(xo' x1) [β+α(po')+ß(Po')] for some Po'>ü and p(xo' x2n- 1)는Po’ 

These show that {xn} is bounded. 

Now p(x1, x강드a(xo' x 1)p(xσ T1x이+β(xo' x 1)p(xl' T ~1) 

:. p(x1, x2)드a(xo' x1) [1-β(xo' x 1)] p(xo' x1) 

SimilarIy 
β(x" x?) 

p(장 x3)드 ‘ t ‘ 、
α(x()， x ,) 
~/ζ-」「- - p(x。， Xl), so on 

β(x? __ " X?M) α(x。“ ?' X。“ ,) 
In general p(x?", X2n -l- 1)< ‘’‘-, “ · “-“n-L 2n' ~2n+ l/ - 1-α(x2n- 1' x 2n) 1-β(X2n_ 2， x2n_ 1) , 

α(x2， x3) ß(x1, x2) α(xo' xl) 
'-:;-1--β싸2' x

3
) • 1-α/( x-1-, -x~2):-' 1구(한권) p(xO' x1) 

/ 、 j α(x2n， x2n+1) β(x2n- 1' X'2n) 
P\..X2n+1' x2κ +2) 느 1-β(X2n+ 1， x2n) • 1-a(x2n_1' x2n) 

β(x1， x2) α(xo' x1) 
"1-α(Xl， x2) • 1-β(x。， Xi) P(x。， XI) 
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Now let 1:>0, p(Xì ; xi+ 1)르f， z'=O, 1, 2, ...... , 2n 

'. a(진， xi+1)르a(f)， β(xi' xi+ 1)드ß(f). z'=O, 1, 2, ...... , 2n 

By our assumption α(f)+ß(f) <1 

1 α땅τ- β(f) <1 and τ-τrr<1 

:. p(x2n' x2n+1)르간채p(xo' x1) 

and p(x2n +1' x2Cn+ 1)드간+1채p(xo' x1) 

where r 1(f) =은앓τ and r 2(f) =. 1쩍 
2. 2 ι p(x2n’ 

x2n+p)드간채 [1 +r1(1+r1r2+rî +r;+ ...... ) 

7 Ìri(1 +r1) 
1-r1r2 

+r1r zC1 +r lr2+ ...... )] p(xO' x1) 

Similarly P(x2n+1• X2n+P+ 1)→Oasn→∞ 
'. {x,) is a Cauchy sequence. 

Now 1et j많 p(T션2n-1' x2π +1)= p( Jir:t_ T zX2n-1' ~ir:t_ x2n+1) 
n--->O。

:. p(T2，강， 용)=0 [':T2 is continuous] 

lim p(T1x2n> 월n+2)=p(Tl ii많。x2n’ Jt밍 x2n +2)• O 
n--->O。

•• p(T줍， 용)=0 [.: T1 is continuousl 

This completes the proof. 

Putting T1 =T2=T and α(x， y)=-=ß(x, y) on Theorem 8, we obtain, 

THEOREM 8A. 1f T is a contt'nuoμs mapþz'ng of a comPlete metγtc s양ace X 
sμch that p(Tx, Ty) <p(x, y) for x ;;t:yEX and there exz'sts a sμbset MCX and a 

point XOEM satisfyz'ng 

i) p(xO' Tx) - (TxO' 
T2x)늘2p(xo' TxO) for every xεXIM 

ii) p(Tx, Ty)드a(x， y) [p(x, Tx)十 p(y， Ty)] for every x， yεM， and α(x， y)EF, 

then there ext'sts a poz'nt 용， such that p(용， T흥)=0， 

COROLLARY. 1f X z's a complete semi-ηzetrt'c space and zf p(T 1 X2’ T2y)르 
a(x,y) p(X, T 1x)+ß(X, y)p(y, T 2y) for every x, yεX， then there exz'sts a point ξ 

such that p(용， T1웅)=O=p(~， TZ용)， where α and ßεF. 
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COROLLARY. 11 X i상fs complete seηmμ상iiι;μ-1’ηm’ne강trη’'ic space and α， β are pos야ti.감1ν~e constant삼 s 

such t얘ha따t a+ß<l, t얘he’n tl p(T‘l단x， T2y)-:.드;'ap(“x’ T1x찌)+ßp(y， Tz갱y)t써hen t쩌her’e exists 

at least a point ~ such that p(，용， T웅)=0. 11 there is any other point a+ß<l suck 

that p(η， Tiη)=0. z'=l , 2. then p(η， 양)=0. 

COROLLARY. 11 μle make a=ß in the above corollary, we get the lollowing. 

11 X is a complete semi-metric space and 0<a<1!2 

and p(T1x, T2y)드a [p(x, T lx)+P(y, T 2y )] ...... (B) 

then there e:xists a po쩌t 용 sμch that p(용， T흥)=0 and il there is any other κ:::X 

satt"slying p(r;, Tη)=0， we get p(용， η)=0. 

COROLLARY. Putting T 1 =T2=T, the condition (B) reduces to 
p(Tx, Ty)드a[p(x， Tx)+p(y, Ty)] 

With the help of Theorem 4, we can establish the following theorem: 

THEOREM 9. 11 T z's a contractz"ve maPPing 01 a complete semi-metic space X 

into z"tsell sμch that there exists a sμbset MCX, and a poz'nt x1。εM saUsfying 

i) p(x, xo) - p(Tx, Txo)르p(xo' Txo) 101' every xEX/M 
ii) p(Tx, Ty)드λ(x， y)p(x, y) 101' every x, yEM, where λ(x， y)= À. (p(x， y)) ,. 

O드Â.(p) <1 
and λ(p) z's a monotom'cally decreasing f.μnctz"oη 01 p, then there exz'sts a point ξ 

such that p(용， T용)=0. 11 there z's any ηεX such that p(η， Tη)=0 then p(흥， η)=0. 

COROLLARY. Takz'ng M=X, we get p(Tx, Ty)드Â.(x， y)p(x, y) 101' every x， yεx 

then there exists a 용 such that p(용， T웅)=0. 

THEOREM 10. Let X be a complete semi-metric space and let 

p(T1x, T2y)드α(x， y) [p(x, T 1x)+p(y, T 2y)] lor eνery x, yES(n, r) , 

S(n, r) is an r-nez"ghbourhood of the poi1zt x, and zj 

p(x, Txo) < [l- Â.(x, Tx)]/r 

π(x， x ,) 
where λ(x， y)= Â.(p(x， y))εF， X(x, x1)=--~--」

1" 1- p(x, x
1

) 

then T l' T 2 have a poz'nt 용， sμch that p(용， T용)=0. 

PROOF. We can prove, as before, {xn} to be a Cauchy sequence. Rest is easy. 
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