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A NOTE ON FEEBLY CONTINUOUS FUNCTIONS
By Takashi Noiri

In 1961, Z, Frolik[2] introduced the concept of feebly continuous func-
tions. The definition is as follows: A surjective function f: X—Y is said to

be feebly continuous [2) if for every subset B of Y, IntY(B);égb implies Int,

[ f_l(B)] #@d. Recently S.P. Arya and Mamata Deb [1] have dropt the condition
“surjective” in this definition and have obtained several properties concerning
the restriction and the composition of such functions. The following is the

definition due to S. P. Arya and Mamata Deb [1].

DEFINITION A function f: X—Y is said to be feebly continuous [1] if for each
open set V of Y, f_l(V);égé implies IntX[f_I(V)]#gé.
In the present note we shall deal with fezbly continuous functions in the sense

of S.P. Arya and Mamata Deb, and shall continue the study of such functions.
Throughout this note CI x(A4) and IntX(A) will denote the closure of 4 and the

interior of A in a topological space X, respectively. Spaces will always mean
topological spaces. By f: X—Y we shall denote a function f of a space X into a

space Y.

In [1] , it is shown that the restriction of a feebly continuous function to a
dense subset is feebly continuous, but the condition “dense” can not be replaced
by “open” or “closed”.

THEOREM 1. Let f: XY be a feebly continuous function. If-V is an open set
of Y, then the restriction of [ to f_l(V) 1S feebly continuous.

PROOF By f,: f_'l(V)—>Y we shall denote the restriction of f to f_l(V). Let
U be any open set of ¥ such that f; 1(U)?£¢5. Then UNV 1is an open set of Y

such that £~ (U NV )#¢. Since f is feebly continuous, we have Int, [ f—l(U NV)!

Z and hence Int, | fr 1(U)j #@. Therefore, we obtain Intf—l(m[f,,.'~ I(U)];égb.
This implies that f;, is feebly continuous.

‘THEOREM 2. Let f: XY and g:Y—-+Z be two functions.
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1) If gof is feebly comtinuous and g is open injective, then f is feebly

continuous.
2) If gof is feebly continuous and f is open surjective, then g is feebly

CONtInUouUS.

PROOF. 1) Let V be any open set of ¥ such that f_l(V);éng. Then we have
(go f)_'l(g(V)) = f_l(V)#qu because g is injective. Since gof is feebly continuous.
and g is open, we obtain Int, | fﬂl(V)] #@. This shows that f is feebly continuous.

2) Let W be any open set of Z such that g_l(W)#qﬁ. Then we have (gnf)_]“
(W)#¢ because f is surjective. Since gof is feebly continuous and f is open,

we obtain
p#f(Int, [(g o 7 (W))Clnt, (g~ (W)].

This shows that g is feebly continuous.

COROLLARY. Lel f: X—Y be an opern and feebly continuous surjection. Then,
a function g:Y —Z is feebly continuous if and only if gof is feebly continuous.

- PROOF. This is an immediate consequence of [1, Theorem 2.6] and Theorem

2.
Let {X alaEM } and {Y |} be two families of spaces with the same set

& of indices. We shall simply denote the product space [1{X la€} and I1
Y lac} by X and Y, respectively. Similarly to the case of continuous

functions, feebly continuous functions have the following property.

THEOREM 3. Let f_ : X —Y be a function for each aEX and f: XY a
Junction defined by f((x,))=(f,(x,)) for each point (x, )EX. Tie:, f is feebly
continuous if and only if [, is feebly continuous for each aE s/ .

PROOF. Necessity. Suppose that f is feebly continuous. Let «a be an arbitrarily
fixed index of &. Let p,: X—X, and ¢, : Y—Y , be the projections. Since f is
feebly continuous and ¢, is continuous, ¢, of is feebly continuous [1, Theorem
2.7]. By the definition of f, we have f op,=q, of. Therefore, f, op 1is feebly
continuous. Since p , is open and surjective, by Theorem 2, f, is feebly continuous.

Sufficiency. Suppose that f_ is feebly continuous for each a&’. Let V be

any basic open set in Y such that f—l(V);éé. Then, we can denote
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where Va,j is an open set of ¥ a, for each j (1=7=n). It follows from f_l(V);éc;S
that f;l(Vaj)#c;‘S for each j (1=j=n). Since f  is feebly continuous for each a&.+/,

we obtain Intxm[ f;fl(Vaj)]?fqé for each ;7 (1=7=u). Therefore, by using (3)
of [3, p. 152], we have

Inty [f N1 = [ Inty, (7! V)% 1 X, 6.
J= J

XFZQA,
Now, Iet W be any open set in Y such that f _l(W);égé. Then there exist a
point fo_l(W) and a basic open set V, in Y such that f(x)E€V,CW. Since

f_l(VX)?égé, we have Intx[f_l(VX)]#gﬁ and hence Intx[f_l(W)];ﬁé.
This shows that f is feebly continuous.
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