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1. Introduction

A binary relation on a finite set X= {x;, %o, -, x,} of n elements is a subset
o of XXX=1{(x, x;) : %, ¥, &X}. Let By be the set of all binary relations on X.
(When there is no confusion, an element in B, is also called a relation on X).
Then By is a semigroup with the multiplication defined as follows: for ¢, 7&B,,
(x,, xj)Ecr'r if there is a x,€X such that (x, x,)E0¢ and (%, xj)ET. Let 6 be
the empty relation on X. then @ is the zero element of B,. Let w be the universal
relation in By, f.e., w=XXX. In B,, ¢Cr means that ¢ is a subset of 7.
Let M denote the set of all #X# matrices over the Boolean algebra of {0, 1},
then M, is a semigroup under the ordinary matrix multiplication, and the map

oc— 4= (a,),
where { 1 if (=, xj)Ecr,
a N Rty
" |0 otherwise,

is an isomorphism of By onto M,. Let S; (or S,) be the symmetric group on
X, and S, (or S») be the corresponding symmetric group of permutation relations.

on X, then the map
oF—p
is an isomorphism from S; onto S, where (x,, xj)Ep if and only if x,0*=x ; An

automorphism of a partially ordered relation #&€B, is a permutation p* on X

such that (x, y)&r if and only if (x0*, yo*)&r (if <is written for the relation,
then this would read as x<<y if and only if x0*<yo*). The Montague-Plemmons-
Schein theorem in [4] and [5] states that the group of automorphisms of a
partially ordered relation #&By where ¥ is an arbitrary set is isomorphic to the

maximal subgroup H, in By containing n. The results in [2] can be stated as

follows:
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THEOREM MPS. 1. The group of automorphisms of n denoted by G_ is {0&Sy;
TO=0r}.

2. The maximal subgroup H_ in By, containing n is {pr ; 0&G_ }.

3. G ~H_ under the map 0—07m( =r0). |

Here, we consider the following problem: Given a group G* of permutations
on a finite set X regarded as a group of permutation binary relations G in By,

can we find a partially ordered relation #&B, such that Grn={pr ; oG} is the
maximal subgroup H_in B, containing #? In 2, we shall present a way to
partition the universal relation w in By, and to partition B,. The former leads
to an algorithm, in 3, for constructing all partially ordered relations = each
whose maximal subgroup H_DGn. The later determines the number of isomorphic
relations in B, for any given relation in By. In 4, an example is given to

demonstrate the algorithm. If G is any given abstract group, then, by Birkhoff’s
theorem in [1], there exists a partially ordered set whose group of automorphisms
1s isomorphic to &. However, if G* is a given group of permutations of X, there

may not exist a partially ordered relation on X whose group of automorphisms
is G. In general, it seems to be very difficult to determine which permutation
group G* on X can have a partially ordered relation z in B, whose group of

automorphisms is G*, (or whose H_=Gr). In 5, we present a result concerning

this problem.

2. Partitions

Let G* be a permutation group on X, and G be the group of permutation
relations in B, corresponding to G*. We shall consider two partitions:

(1) Partition w with respect to G*, and

(2) Partition B v With respect to S;.

Let Jz.jz{(xi, :c]-)}EBX for 7, 7=1, 2, -+, n.
Then | w = zL}l Osv

Clearly, every member in By is a union of some aij’s. Two relations g, y and
¢y, are said to be similar with respect to G, denoted by ¢,:Rs,, if and only if

there exists a p&G such that

—1
00,0 =0

Since Gy is a group, this similarity is an equivalence relation. Consequently,
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with respect to this similarity, w is partitioned into disjoint subsets 7(1), r(2>,

., r(”"‘)_ Also, 7.Ro,, if and only if there exists a ¢*&G* such that x o*=x,
and x0*=x, Let Z(G)={usBy: po=pu for all p& G}, Clearly, Z(G) is a

subsemigroup of B,.

THEOREM 1. (a) r(é)EZ(G) for s=1, 2, -+, m.

(b)) If u=Z(G) then 1 is a unitorn of some of r(l), T(z)' r(m).

PROOF. Since B, and M  are isomorphic, we write a relation €8, as a
0

if (x, x})%*z:. Since each pz(pz-j)EG IS a permutation relation in B,, its group

matrix Tz(rij) or T=(T)£j, 7, 7=1, 2, -, m, i.e., ’E.'z-f=1 if (x, x,)E7, and T =

inverse 1s also its converse relation. Hence, for every o&G, we have

(s) (s)

-1, " (s). __
0 Ji= 22 3047k 0= 057 74 Oy

(pr k=1 {=1

i TE,Z) =1, then J,,HCTG)- Since @;,=p;,=1, there exists ¢*&G* such that x,0*=
— ' (s) (s) _ (_n o
x, and leo*—xu' This means that o, .Re, , 0,;Cr " and y;“=1. If v, '=0, then

-(TmCZT(S), aijczr(s) and 5 =(0. Hence,

I if
(S)p-—l (s)

(or )z_j:-_- 73";

for all 7, /=1, 2, .-+, n, t.e., for every p&EG, pr($)=7’(s)p and }'(S)EZ(G) for s=1,

2, <0, M.

1
=n for every

(s)

(b) Let ﬂz(uﬁ) be an arbitrary relation in Z(G). Since puo

0EG, M = 0%y 0% where ¢* runs through G*. For uz.f.zl, there is a 77 such

m
that rg_f)=1, 1<ls<m, since w= vglr(v) . By (a), we know each 7(3)62 (G) which

implies 75;)=7E§3*)(j S for every p*&G*, and r(S)Cp.. If 7(5)-—-,0:, then our proof

is completed. If 7@ Cu, then for some %2 and ¢ we have =1 and ri? 1.

m
Again, by a)::VU 7(V), there is a 7‘(”) such that ngg)= , 1<u<lmm, and we

1

repeat the similar argument to obtain 7(S)U7(”)Cu. Repeating the similar proce-
n @ (m)
» 7 '“!T e

>

dure for at most m times, we obtain ¢ as a union of some of 7
For the second partition, we have the following: Let g, 7&By. ¢ and T are

said to be isomorphic, denoted by o¢R’7r, if and only if there exists a permuta-
tion relation p&€S yCB, such that
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000 =1
where S, is the symmetric group of all permutation relatons in B,. (Since it

was shown in [3] that every automorphism of B 1s inner and the group of
automorphisms of B, is isomorphic to S, it is justified to say that ¢ and 7 are

isomorphic). Again, since Sy is a group, the isomorphic relation on By is an equiva-
lence relation, and B, is partitioned into disjoint subsets. Let c&B,, and C,=
{0€S4; po=0p0}. Then C, is a group, Also, let [C | denote the cardinality of
C,. (Qur C, is G, in [2]).

THEOREM 2. Let o, 8EB,, aCf and CaCCﬁ. Then the number of 7y in B,
such that yR'a and yCB, is = the index of C, in C 5

PROOF. We claim that the elements in the left coset uC  transform o alike

in 8, and the elements in the different left cosets transform « differently in A.
Let po, prepC,, then

(roda(ue) ~t=uCoap ™ =pop™,

and (D)a(ur)  =plrar ™ Hp = pop

z.e., they transform o alike. In fact, they transform « alike in 8, since aCgB
and uECﬁ. Also, let pC_, and 7C, be different cosets, and ppoeuC, and rsnC,.

Suppose poe and 77 transfoming o alike, then we would have

—1 —1
uap  =nam

f.Ce, ) lﬂECa, uenC, and pC CnC .. That is a contradiction. Hence, the
number of 7, such that yR'a and y<<p, is = the index of C, in Cﬁ.

COROLLARY 2.1. Let a&By. Then the number of v in By, such that yR'a, is
equal to nl/|C_|.

PROOF. Let aCw. Since C =S, and |S,|=n!, apply Theorem 2 to complete
the proof.

3. An algorithm

Given a permutation group G* on X, we shall find all partially ordered relations
7 on X such that the maximal subgroup H_ in B, containing 7 must DG . Let

I’ be this collection, 7Z.e., I'={n€EB,; © is a partially ordered relation and

H DOG.}. The algorithm for obtaining I" goes as follows:
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(1) From G* we can obtain the collection {r‘", )

1, and we denote this collection by /7.

, «, ¥™} as in Theorem

(2) Let I'” be the subcollection of I such that each member of I’” does not
contain any cycle of length greater than 1. (e.g., ¢, is a cycle of length 1,

and az-jUijUakz-, where 7, 7 and £ are pairwise different, is a cycle of length3).
n . . .

Let 5: Ulgzz_ Say, ]"#: {5, 7(11)’ 7(32)’ voe 7(3:)}. |
= |

(3) Let I"”7=1{3, oUr"™, oUr"™, -, & Ur@') }, and I' be the set of all possible
unions of members of I"”’ with the following conditions: (a) None of members
of I’ contains a cycle of length greater than 1, and (b) If a member, =z, of I’
contains ¢;; and 7, where 7, 7 and % are pairwise different,then 7 must also
contain ¢,. Since the cardinality of /" is finite, it takes only a finite of steps
to obtain I". . | |

We claim that the algorithm gives_ us all partially ordered relations 7 on X
each whose H_ in B +vGm: Let = be a relation on X which is obtained by the
algorithm, then, by (3), = is a union of members of I’ and = is a partially
ordered relation on X. By Theorem 1, each jf(i)
some of r(i)’s, r&Z(G). By -Theorem MPS, we know GrnCH . Conversely, let

in B XDG::.' Then, by Theorem

eZ(G). Since 7 is a union of

7 be a partially ordered relation on X whose H_

MPS, n&€Z(G), and, by Theorem 1, 7# is 2 union of some T(i) ‘s in I, Since m
i1s a partially ordered relation on X, 7z contains ¢ and = satisfies the conditions

(a) and (b) in (3). Hence, z&/", 7.e., m must be one of the relations obtained
by using the algorithm.

4. An example

For convenience, we let X={1, 2, ---, 6} instead of X={x,, x,, ---, %5}. Also,

we let G* be the permutation group on X generated by
(1 2 3 4 5 6)
1 3 2 5 6 4/°

Hence |G*|=6. We shall construct all of the partially ordered relations = on X
each whose maximal subgroup H_ in B, containing 72Gr:

Since 0RO ;e civy for all o*&6*, we have I =P, #9, ., 9P} where
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1l 2 - 3

4 . S
7 )=012Ucrl3. o

6
a )=‘721U“31* 7

7 =054U05:U06U05,U05 U0,

7 =0,5U0,5U05,U053 U0, Udgs,

10 1
(10 1D

=005 U0gs

=014U015U0 6

D=g 15 Udgs

=030, =04U0osUo,, and

12
r( ) =°'46U"54U%5-

In matrix notation, we have

r/ra\d dl|le e e 1
f1vd 7 h h h\
i b1k h h | ;
z2o=-|| L+ e F T e e
gl ¢l ¢ &k
\ glé ik 1 c/ |

(10 D (12)

Since each of v/, 7 and 7

, 2 3 4 5 6 7 8 9
=y ®, y®, O, O O 6 M ® O

contains a cycle of length greater than 1,

we delete them. Hence,
Let 6=r"Ur®Ur®. Then I'=13,0Ur®, our®, sur®, sur',

a‘Ur(B), ) Ur(g) }. By using the conditions (a) and (b) in (3) of our algorithm,
we can list the members of I with the help of the graphs: Let #,v and w be
the vertices of a graph where #={1}, »=1{2,3} and w={4,5,6}. If there is a
directed edge from » to w, it means that every element in » is related to every
element in w, and if there is no edge between » and w, it means that none of
the elements in v is related to any element in w, We count graphs without

drawing the loops, but with
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no edge?)

) L N
L I A
/one edge?
e * - s m ¥
u Y W u Y Wo u Y W,
/’-\
e mad o f@? e . - |
w VW Y W woov W
two edges:
u v W, U VW u v W
) H Y w' u Y_.F W, u Y ! [ 4
three edges:
u A W; u Y W, u Y wl

Since more than three edges would create a cycle of length greater than 1,

these are all possible cases. The corresponding partially ordered relations
constitute /° (7,3 corresponds the third graph with one edge):

Ty =0

7, =0U(0,Ur,)=0Ur?,

715=0U (05,U055U05U05 U3 U =0 Ur™,
715=0U(0,,U0,sU0,9=0Ur",

7,,=0U (0, Uy )=0Ur",
n-=0U(0,U05Uo,UosUd,Uds.) =0 Ur®,
T1s=0U(0y U5 Udg)=0 U7,

my =, Um=0Ur Ur™,

Tog="1,U% 14:5U7(8)U7(6)’
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=15 Um =3 Ur O Ur®,
”24=”14U”16=5U7(6)U7(7)’
Tos =71 UT =0 ururt®,
Toe=713UT =0 Ur(s)Ur(s)
T3 -—EHUEIQUEIS—JUT@U?’(S)U?’@
T3 —7’514U’r 12U =0 U 7'(6) UV(S) UV(D
”33—”14U”15U”16“‘5U7(6)UV(Q)UVU)
2yy=7y, U, gUr =3 Ur O Ur®ur®,
"%&‘5"”14&"’r 12U”16“5 ur® U?’@ U?’m* and

£, (D, (7
”35"—’”11U”15U”16=5U7( Ururt®”.

In matrix notation, e.g., 7;;and 7z, '-resl.gectively,.f -_ are:

111000\ /1 1100 0
01000 O 01006 0\
001000 001000]

and .
looo1o00!l2]111100
000010 111010
\o 0000 1/ \1 1 10 o 1/

A].SO, HHDIZS&;DGJIMI and HE”:SI:CS%S:gDGH” fOI‘ 2':1, 2, 3 and j:]., 2, e, 6-

5. Automorphisms

We know that every partially ordered relation = in B, has a group of

automorphisms. Does the converse hold? That is, given a permutation group G*

on X, does there exist a 7&By whose group of automorphisms is G* (or H_=
Gr) ? From the previous example, we see that there does not exist any z&B,
whose group of automorphisms is the given group. To find a necessary and

sufficient condition(s) seems to be very difficult. Here we have:

THEOREM 3. Let G* be a permutation group on X, and X (1), x@ , vy X (D pe
its orbits, 1<qg<m. If G restricted on X ()ys SXm for :=1, 2, -+, 1, t.e., q, t.e.,
Glyo=Sxw, and if G* is isomorphic to the direct product of Sy, S s "%
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Sy» then there exists a partially ordered relation m in BX such that G* is the
group of automorphisms n and H_=Gn.

PROOF.  We ‘construct a -partially ordered relation 7 in B, as follows: For g=
1, we have G=S,. Let #={(«x,2) : x&X}. Then, clearly, = is a partially ordered
relation in By, er=np for every 9&€G=Sy. By Theorem MPS, G* is the group
of automorphisms of 7 and H =G,

For ¢>1, let 7= {(x, ) ; 2€X}IU{(x, 2 : 2,EXD, 2.€X?, i<, i=1, 2, -,
g—1 and 7=2, 3, -+, ¢}. Then one can easily verify that z is a partially ordered
relations in By, and p* preserves .the order relation for every o*&G*, i.e.,

or=rp for every p&G, and G* is contained in the group of automorphisms of
7. Let 7&Sy and ta=n7. We claim that T=G. Since the number of relations of

each x.&X () differs with the number of relations of each x].EX 2 for ixj, ¥

cannot map an element in X ) {6 an element in XY for i, but 7* can map

an element in X to any other element in X () Since G* is iIsomorphic to the
direct product of S Xn}', Sy s Syw» TEG. By Theorem MPS, G* is the group

of automorphisms of z, and H_ =Gn,

THEOREM 4. Le! 7w be a partially ordered relation in B v and G* be its group

of automorphisms. If the lengths of orbits of G*, |X (2) | for i=1, 2, -+, q and 1<
q=n, are distinct primes (1 may be considered as a prime here), then G|, .=
Sy =1, 2, -, q, G* is isomorphic to the direct product of Syw> Syuw» **
Syws and H_=Gr.

PROOF. For ¢=1, a partially ordered relation = in B, with a transitive group
of automorphisms implies z={(x, ) ; x&X}, and G*=S,. By Theorem 3. H_=

Gr. For ¢>1, let X% and X9 be any two distinct orbits of G¥. Say, |X (),
=p, and |X @ =p. Since a transitive permutation group on a prime number p
of points contains an element of order p, G*|x,, and G*| ., contain, respectively,

an element of order p, and an element of order p}.. Also, G*|xwyxv contains
an element p* of order pp. Let xz-EX(i) and :cJEXO) , then either(x, xj)$:n:,
or (x, xj)Erz. If (x, xj)Ezr, then (xz.(p*)k, xj(p*)k)Efr for k=1, 2, -.-, Db

tee., (x, xJ.)En for every xz.EX@ and ijX(j). Consequently, a transposition
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belongs to G*|,w,. Since G* restricted on a prime number P; points contains an
element of order p, and a transposition, G¥*|,,=Syw. [t follows that G* is

isomorphic to the direct product of Sy, Syws s Syw. By Theorem 3, H =
Gr. -
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