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ON SASAKIAN MANIFOLDS WITH VANISHING C-BOCHNER
CURVATURE TENSOR

By Jin Suk Pak

Recent]y, S.I. Goldberg [1] proved

‘THEOREM A. Let M be an wn-dimensional (n=3) compact conformally flat
Riemannian manifold with constant scalar curvature. If the length of the Ricci

tensor 1S less than K//n—1, then M is a space of constant curvature.

Also, S.I. Goldberg and M. Okumura 2] proved

THEOREM B. Let M be an n-dimensional (n>3) compact conformally flat

Riemannian manifold. If the length of the Ricci tensor is constant and less than

K/~n—1, then M ?s a spbace of constant curvature.

In 1976, Y.Kubo [3] proved the following theorems corresponding to those of
'Golderg-Okumura, replacing the vanishing of the Weyl conformal curvature
tensor of a Riemannian manifold by that of the Bochner curvature tensor of a
Kaehlerian manifold.

THEOREM C. Let M be a Kaehlerian manifold of real dimension n(n>>4)
awith constant scalar curvature whose Bochner curvalure lensor vanishes. [If the

length of the Ricci temnsor is not greater than K/./y—2, then M s a space of

constant holomorphic sectional curvature.

THEOREM D. Let M be a Kachlerian manifold of real dimension n(n>=>4) whose
Bochner curvature tensor vanishes. If the length of the Ricci ltensor is constant

.and not greater than K/~/u—92 then M 1is a space of constant holomorphic

sectional curvature.

The purpose of the present paper is to prove the following theorems corres-
ponding to Theorem C and D, replacing the vanishing of the Weyl conformal
curvature tensor or Bochner curvature tensor by that of C-Bochner curvature
tensor (See [5]) in a Sasakian manifold.

THEOREM 1. Let M" be a« Sasakian manifold of dimension n with constant
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scalar curvature K whose C-Bochner curvature tensor vanishes. I1f the square of
the length of the Ricct tensor is less than K°/n—1, then M" is locall y C-Fubinian.

THEOREM 2. Let M" be a compact Sasakian manifold of dimension n whose C-
Bochner curvature tensor vanishes. If the square of the length of the Ricc: tensor
1s constant and less than K 2/73—1, thenm M" is locally C-Fubinian.

1. Introduction

Recently Matsumoto and Chuman [5} introduced a tensor field of type (1,3)

. . . . . ; n h .
in an n-dimensional Sasakian manifold M~ whose components B, i aregiven by

h B 1 k k h h
(1-1) Bkji '_"Kkj;' ~ n+3 (Kkia\j _Kjiah +gkin _gjiKk
h h h k k k
+Skz‘ ‘;bj "Sji¢k +¢kisj “éjisk +25 kj¢£ ""255 ¢’ky‘
h h h h
— Ky + K —mm K+ an Ky )

AR G 8,04+ 28

k—4 h h
— n+3 (gkiaj _gﬁak)

k h
n +3-(ng . +n,00] — &Ml — M0 4 )

where ¢ ; 18 the structure tensor, 7;"E the structure vector, g;; the Riemannian

. i A 2 7 _y
metric tensor, n =g,7, K ” the curvature tensor, K ﬁ--I{ i the Ricci tensor,

g 4 , . .
K=g"K ii the scalar cuvature, (gﬁ)z (gj.z.) , and Skj=¢5k K B Skz =S, g’" and

=(K+n—-1)/(n+1). They called it C-Bochner curvature tensor and obtained the
following 1dentities concerning with this tensor field:

? h
(1.2) Bkji =_Bjki ‘ Bka’h:Bihkj’
By + By + By =0, By;'=
-’ kj
Blm 7,=0s ¢’k _"?5 B ¢’ ]Bkﬂ =
ki J
Whel‘e Bkah_Bkﬂ- Sh’ Qs ’ QSJ s

Now we shall introduce a tensor field of type (1,3) in M" whose components

Ukj;' are defined by

_Kkﬁ ~(o+1 (g, 5;_8}; 5;;)
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h h h h ‘v h h h
—o(g ki1 +77k7?£5j ~& ;TN "7?]'7?55,& +¢jf¢'k -(bkigbj “2¢kj¢;‘ Ds

o+1= which is an analogy of the concircular curvature tensor in a

7n—1’
Kaehlerian manifold. A Sasakian manifold M" is called locally C-Fubinian [11]
when the tensor field U kj.f vanishes identically on M_". When a Sasakian mani-

fold M" is locally C-Fubinian, its Ricci tensor satisfies
K =ag;+onm;

where = nf-{l —1 and b=~ nifl +#. In this case the manifold M" is called

C-Einstein [8]. Hence if a Sasakian manifold is locally C-Fubinian, then it 1s

C-Einstein. Using this relation, Matsumoto and Chiman [5] proved

THEOREM E. The C-Bochner curvature tensor Bkj: coincides with U kjf if and
only tf M " is a C-Einstein sbace.

By meanns of this theorem a Sasakian manifold M" with vanishing C-Bochner
curvature sensor is locally C-Fubinian if M" is a C-Einstein space.

The present anthor [9] proved by using Theorem FE the following theorem:

THEOREM F. Let M" be an n-dimensional Sasakian manifold with constant
scalar curvature whose C-Bochner curvature tensor vanishes identically. If the

Ricci tensor is positive semi-definite, then M is locally C-Fubinian.

In section 2, we shall recall fundamental properties of a Sasakian manifold with

vanishing C-Bochner curvature tensor and in section 3 prove that the Laplacian
. g r b i
- K227 =g (VN Z )2+ (V,Z p(V'ZT)
of the tensor Z P defined by

(1.3) Zji:Kﬁ—< nf—{-l —l)g}.. | ( n{l _”)vfnf'

ijzzstgsj gﬁ, V. being the operator of covariant differentiation with respect to

. . . ” R it ks i1 : . .
the Riemannian connection of M" and V' 2 =g VSZ’ , 1s zero In a Sasakian

manifold with constant scalar curvature whose C-Bochner curvature tensor
vanishes identically.

In the last section 4 we shall prove the main theorems stated as before by using
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Theorem A and Lemma 2.

2. Some properties of a Sasakian manifold with vanishing C-Bochner
curvature tensor

Let M" be an #-dimensional Sasakian manifold (#>3). Then we can easily

verify that the following relations hold on M":

(S,=-S,. V,8'=45¢'VK+(K-n+Dn,
(2.1)

-

V,S;;=m.K,—(n—1g,n+6.V,K,

A
! Y .S
B ViSu=—1;Sy+(n=1¢;m,+ 6,6,V K,

with the help of K ﬁnj =(7z—-—1)77jF (See (8] ). On the other hand the differential form

.S=—12—Sﬁdxj/\dxi 1s closed, that is,

ViS:it+ V.S, +V,S,:=0,

from which and (2.1), we also find
(2.2) VK= VK= =0, V.S = 25+ (n—=1)(Bpm;— byt 20,m,)
Differentiating (1.1) covariantly and using (2.1), we have

(2.3)  (n+3)V,B, S =(n+2)(V,K,~V.K)—~¢, 8 'V K, ~VK)+26¢, VK,

R~ 12 7 r= s $ T re

+7 (VK. .~V K,

A= ) —(n—f—2)77kSJ.z-+nanki+2(n—'rl)ﬁiSkj

[/

1 y , —1
+— 7 (&= g;mpm V, K zgﬁ 1) (Cgpy = mym IV, K = (gj; =)V, K
+ (@] =08, +26,9 0V, K} +(n—1) {(n+ 2D,

— ”ﬁj¢k§ —2(n+ 1)7?@'@,@]-} .

Transvecting (2.3) with qéjgﬁvbj and changing the indices a, b to 7, & respectively
in the equation thus obtained, we find by adding the resulting equation to (2.3)

s Y ;S 2
VtBkji éj Q’t’k VtBrsi

= (VkKji -— Vijj) — ﬁf’krﬁﬁjs(ersi — VsKrz'D +(n-1) (nkﬁéﬁ ™ ﬁjékf) — 7?;35}'3' + T?jsm-

. 1 _ {
S5 (&pn— &) VK-

On the other side, using (1.2), we have
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QS ('f’k t ySsi —_VtBk;z ’

from which and the last equation,

(2'4) VkKji_VjK —gbkgs (Vr st s rz) ?7.& +77 Skz

1

513y Eu&mdn VK + (=D (n,d i~ n8,)=0.

Contracting the last equation with 77k and nkgj i respectively, we find
(2.5) ntVtho, p’V,Kﬁ:_o.
Substituting (2.4) and (2.5) into (2.3), we obtain

nii Ver;a =V, K ﬁ"vaka'_”k {Sﬁ_(”"l)@"ﬁ} T (Sy;—(—1g,}

| 1 : t
+27,{S,.— (n—1)¢,} S D) {(gy;—mym;)0; —(g;;—n;m; )0,

+0,9 ; —¢ ja‘¢’ fi+ 2935;&;;‘?5;} VK.

Thus, In a Sasakian manifold with vanishing C-Bochner curvature tensor, we

get
(2.6) VK, —V.K,=n{S,;—(n—-1¢ .} —niS,—(r-Dg,}
1

—2m Sy — (=00t — 5T (Cgy=mm3;
—(g;;= 110 4+ By, — 6.8 ;-.ngé 101V K,
B 1
(2.7) Vksji_ﬁjK 7]sz? 2(”‘[‘1) {éjka ’;353}3 7
+26.0, .+ (gp— i), —(8—n1 8} VK

(See also [5], [9]).

" In the rest of this section, we are going to compute Vv, K and VkZ by using
(2.5), (2.6) and (2.7).

Differentiating Sﬁ:gﬁ;f{ ,; covariantly gives

B S f _ /
ViS;i=(00, —1 &) K+ 0; Vi K y=nK, —~(n—Dng,+¢.V,K,
as already shown in (2.1), which together with (2.7) implies

4

N
(2.8) §.,V,K,=(n~Dng,;~nK, o1y B0 —8ad;

+2¢ 5,@ +(g3;3 77775.)@5 _(gk 7777;3)‘?5 }VK
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Transvecting (2.8) with gﬁlj and using (2.5) and (2.6) give

2.9 V. K _ﬁj{ski_(ﬂ_l)qbki}_ni{skj_(n_l)ékf}

1)

_l_

! y { {
2(12—]—1) {(gk 7?3'77,@)55 +¢J£k¢j (gik_ﬂivk)aj

+¢ﬂ;¢£ T 2(g?-z-— 773'723')5;,2} VIK.I
which and (1.3) also implies
K K 1
(2.10) Vijz':_"?j[Ski_( 1>¢ki}—ﬂi[skj“(n_1 —1>¢‘k;‘}"‘ 7—1 (VkK)gji

—1

' 1 ¢ ¢ !
= (VO M+ 5 +1> ((g4—nm)0; +,8; +(&y— 170,

+6.48, +2(g;— 110}V, K.

3. Laplacian A(ZJ.I.Z’-’:)

In order to compute the Laplacian
B.1) 54Z,2=g"Vyv Z2,02"+(V,Z )V'Z"),
where the tensor Z ji 18 defined by (1.3), in a Sasakian manifold with vanishing

C-Bochner curvature tensor, we first consider the first term gkj(V ijZ YA * in
the right hand side of (3.1).

Taking account of (2.7) and (2.10), we obtain
- [/ K K
(3 2) V V sz qﬁm{ 3 ( I)QS}II} —ﬁivk {SJ};_ L - I)QSJ}:}

7—1 n—1

~ P [Sﬁ - ( nff i 1) ¢ﬁ} ~ Tk Vi {Sﬁ B ( ,,ifl * 1)95 ji}

1 —(V,V,K) g, . i T (Vo VEDnm+—, i — (VK @iyt 1)

o 2( ﬁ1+ 1) {(935&;'7?£+ 775951,;5)5 ;; — (7?;zg ki 18 ,w,)t?f’; —'935;,3-(??1;5 ;: — ﬂfg ;z?;) +2(¢5k57?;,
T 775935#&) 0 : T (‘53513;;775 T 7?;;%3-) 0 ; — (Wz-g ki ;8 ki)‘?f’ ;: — ‘.?553-(7?;,5 ;:. = th hﬁ)} V,K

1 ¢ f t ¢
+ 2(n+1) f(gﬁ—??ﬁz-)a‘k‘F%}-@ +(g;23.-_7?k7?_?->53' ‘l_‘;éz'jgé;, +2(gik“7757?,2)5;}‘7k‘§7t1£

Transvecting (3.2) with gijik and making use of Z}'.z.p*;o and Z:=O, we call
easily verify that

3.3)  VY.ZZ"=~20,8,7"+ (2} + 0! ZMVV K.
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On the other hand, taking account of the skew-symmetry of S., we have

ji
S 20 th

=K, K" (nf_{l —1)K+(n—1)( nff_ i —-n)

and
oy ¢
O?; Z z =Z,.
Substituting the last two equations into (3.3) implies
G0 gVVZ,)z"=-2K K" 22
K
n—1

~1)K

—2(n—1)( n) 2 V(2 K - (VZ DV KD

Next we consider the second term in the right hand side of (3.1). Taking

account of (1.3), we have by a straightforward computation

R ryit 1 1 ’
V2DV 2= VK =2 (Vg Vo

7t

+—2 (VO + (R —n) @ + g ),
which reduces to
3.5) (V,Z )(VZ)=(VKDVE)———(VEVE)

+4( 2 ~n)(~K+n(n=D} +20e— 1)~ —n)z

because of gﬁkj ninKﬁz-K +n(n—1) which is a consequence of Kﬁpi:(n—l)nj.
On the other hand we can also find by using(2.9)

(3.6) (VK. D(V'E™
= (1;{Sy— (n= D) +7, 08y = (=D} + 55 { ((~ gyt nn)d"
~ 0B +(— 8yt 11D0 = b8 +2(— g+ 000"}V, i 1S" — (n—1)¢")

7 (S = =08} + 5y (2 7D - 67+ (— g e

_¢]k¢zs+2(_gjﬂ+njﬁ?.)gks} VSK]

—_— .7.?‘:___ . —_ 2!; 2 !
=2K K" —4(n DX +2n(n—=1)"A T (V.K)(V K),
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where we have used (2.5), SﬁSﬁ:KﬁKﬁ—(n-—l)z and QﬁjiS}'?::K—(?Z"l).
Finally contracting (2.10) with gkj and using (2.5), we get
Ineyipr B3 !
3.7) (ViZ VK =0 =75-(V, KXV K.
Substituting (3.6) and (3.7) into (3.5) and (3.4) respectively and substituting

the resulting equations into (3.1), we obtain

1 N 2 ki
(3.8) 5 A(Z ;27 T V.(Z"V,K),

which i1mplies

LEMMA 1. In a Sasakian manifold with constant scalar curvature whose C-

Bocliner curvature tensor vanishes identically, we have A(L ].E-Z ﬁ)zO.

4. Proof of main theorems

In a Sasakian manifold with constant scalar curvature whose C-Bochner curva-
ture tensor vanishes, we ha__,jve

52,2 =g" VNV, 22"+ (VZ, )V 2T

kj K K

K h E il
_277;1{83'2"'( 7— 1 _l)géﬂ}]zz —l-(VkZﬁ)(V ZJ)—O
by using (2.10), V,K=0 and Lemma I. Applying the Ricci’s identity to the:

last equation and taking account of ijo and Zj.i77£=0, we can easily see that
t ih Ly Srpth th R7itN
(4-1) K,Z,Z"—K_,Z, 2" —3Z,2 +(VkZﬁ)(V zZ")=0
with the help of Vthzo and ¢_.S VA z.hsz. On the other hand, using (1.1}

st h

with Bk}.fzo directly, we get

t th trSHih - u—1 -t ih
(4.2) K;Z,Z"-K, Z,Z" = zZ.Z,Z

n+3
1 n+3 .-, 2n—1) |, i
Ak -on+2) Z;Z"
Also using (8.5) and (3.6), we have
(4.3) (ViZ)(N'Z" =22 ;2"

because of

(4.4 220 =K K~ —2—K "+ 2K —n(n—1).
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Substituting (4.2) and (4.3) into (4.1), we have

n—1 1 5
(4.5) 3 Z Z Z — ] {K—l—n—-l}Z}-z-Z»”=0.

Now we assume that

.t 2
(4.6) KﬁKJ e B

n—1
and then consider the following two cases:
(i) K<, (ii)) K>0
In the first case, using (4.4) and (4.5), we have
Z 2" <2K—n(n—1)<0,
which implies
Z ;=0.

Hence, taking account of (1.3), we find

_( K K
Ky (n-—l __l)gﬁ_(n—-l —”)7?3.7?3..
which means that the Sasakian manifold is C-Einstein, and consequently locally
C-Fubinian with the help of Theorem A.

In the second case we need the following lemma.

n
LEMMA 2. (Okumura (7]) Let a; (=1, -, n) be real numbers such that 3 a,=0.

1=

If o5 dl ive k= 3o g2
we put R"=23]a;, i.e. R= a,’

then the inequalities

n—2 7n—2 23
-V uln— l)k <Za’ A n(n— 1)
hold good.
By means of Lemma 2, since Z ;='O, (4.5) reduces to
n—1 ¢ K |, n—1 7)
0= 2Lyl {n—l—f' n-+1 ]Zﬁzj
K+n—1 (n—2)s/n—1 y
=] o "l — ;
__{ — D V2K —n(n 1)}251'2 ,
from which, putting Q=+2K—un(n—1), we have
>{(VaTD " i var ) s Doay @t D) Z;2",

and consequently
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Zj'z':O'

Therefore we complete the proof of Theorem 1.
Next, we prepare a lemma in order to prove Theorem 2.

LEMMA 3. (Okumural(6]) Let a;, *, a,b be ntl (n> 1) real numbers satisfying
the following tnequality.

H M |
(Z; 65)22(?2—1)_21 (@) +b (resp.>).
1= e
Then, for any distinct ¢ and j, we have

2a,a,> _b_ (resp. > ).

First of all, replacing the quantities about £ ; by those of K ;in (3.8), we can
see

(4.7)

..)_< 2 K; K—(n—=1) ﬁ)VjViK'l - IV Kll2

7 41 n—1 n-l—l

Let a, (/=1, -+, n) be the eigenvalues of K;. Then the assumption E’J.Z.Kji:
2

7n—1

- implies
“3‘3_—,'> 0 (ix7)

by means of Lemma 3. On the other hand K}.ini:(n—l)n}., and consequently we

const. <

can assume g, =#- 1.

1 _ 2 K — (9‘3 1)
Hence ¢,>0 (=1, ---, #), which means A == T K -+ — g .

]3
is positive definite. Therefore (4.7) yields

A"V VK <0

for a positive definite quadratic form A].idxjdxi, where A“"'i::-ufilf t? . , Hence by
means of E. Hopf’s theorem [12] K is constant. Therefore Theorem 1 implies

Theorem 2.

Kyungpook University
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