Kyungpook Math, J.
Volume 17, Number 2
December, 1977.

ON P-COMPACT ORDERED SPACES

By Y.S. Park

0. Introduction

In [1], the concepts of I-compact, R-compact ordered spaces are introduced
and they showed that the categories of I-compact and R-compact ordered spaces
are eplreflective In the category of completely regular ordered topological spaces.

In this note, using the concept of a P-compact ordered space (see[2]) and intro-
ducing the concept of a P-completely regular ordered space, we show that the
category PCOS of P-compact ordered spaces is epireflective in the category PCROS
of P-completely regular ordered spaces, which generalize the above mentioned
result 1n [1].

For general categorical background and terminology we refer to [5] and for
partially ordered topological spaces to [6, 7]

1. P-completely regular ordered spaces

By a partially ordered topological space (X, <,7) we mean a set X endowed
with both a partial order < and a topology 7. Let (X, <, 7) be a partially ordered
topological space. Then the partial order < is called continuous provided that

whenever Xy in X, there are open sets U and V, x&U and y&V, such that if

#<U and v&€V, then uXv.
Let POTS be the category of partially ordered topological spaces and continuous

increasing maps, and let HOTS be the category of partially ordered topological

spaces with continuous orders and continuous increasing maps. It is known [4]
that POTS, HOTS are complete.

DEFINITION 1.1. Let P be an object of POTS. An object X of POTS 1is called

P-completely regular ordered if X is iseomorphic with a subspace of a power of

P.
The category of P-completely regular ordered spaces and continuous increasing

maps will be denoted by PCROS. We note that PCROS is a hereditary, productive
category.

THEOREM 1.2. PCROS is an epirefiective subcategory of POTS.
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PROOF. Given X&POTS, Iet Cl(X, P) denote the family of continuous increas-

ing maps Ifrom X into P. Define o : X—pla& Pl by p(x)(f) =f(x) for each
J&l, (X, P) and each *&€X, where |C;(X,P)| denotes the cardinal number of

C,(X, P). Then ¢ is a continuous increasing map. Then ¢(X) is a P-completely reg-

ular ordered space with the relative topology and the induced order from P'“'(X-P)I.

that 15, p(X)EPCROS. Now, we show that for any Y&EPCROS and for any
POTS-morphism f: X—Y, there exists a uniquz PCROS-morphism f: o(X)—Y
such that fep=f. In fact, we indentify ¥ with a subspace of Plsl, where S is a set,
since ¥ 1s a P-completely regular ordered space. For every s&S, let f.=ppof,

where p_is the s th pro Jection from P STonto P. It is easy to show that there exists

a unique continuous increasing map f :@(X)—P such that fop=f, for each s=S.

B—

Define 7 : o(X)—~P"' by F(»)=(F.(»)s= S for each y=p(X). Then 7 is a con-
tinuous increasing map from ¢(X) into Y. Moreover, the uniqueness of f is imme-
diate from the surjectivity of o.

REMARK. We note that if P&HOTS, then PCROS 1s an epireflective subcate-
cory of HOTS. Let I(R) denote the unit interval (the real line) endowed with
the usual topology and the usual order. Taking P=I(or R), CrORR is an epire-

flective subcategory of POTS which generalizes a result in [1], where CrORR 1s

the category of completely regular ordered spaces and continuous increasing maps.

The proof of the following proposition is similar to the case of topological spaces.
and we will omit it.

PROPOSITION 1.3 Let X be an object of POTS. Then X ts P-compleiely regular
ordered if and only if the following conditions hold.
(1). For every x,y tn X with xXy, there exists a continuous increasing map

[: X—P such that f(x)Xf(y).
(2). For every closed subset A of X and every point x&X—A, there exisis a

positive integer n and a continuous increasing map f:X—P" with f(%) & f(A),
where f(A) denotes the closure f(A) in P".

2. P-compact ordered spaces

DEFINITION 2.1 ({2]). Let P be an object of POTS. An object X of POTS is
called P-compact ordered if X is iseomorphic with a closed subspace of a power of P.
The category of P-compact ordered spaces and continuous increasing maps will
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be denoted by PCOS. We note that PCOS is a closed hereditary, productive

category.

THEOREM 2.2. Let P be an object of HOTS. Then PCOS is an ebpireflective
subcategory of PCROS.

PROOF. For given X&PCROS, the map ¢ : X—P % Pl defined by o(x)

:(f(x))fEC.(X.P) 1s clearly an iseomorphism of X into | AECEOI, P BopX =

d(X) and let ¢(X) have the relative topology and the induced order from p'ax. Bl

By the same arguments as those in Theorem 1.2, there exists a unique continuous
increasing map f:8,,X—P such that f|X=f for every feC (X, P). Let Y be
any object of PCOS and let g: X—Y be any continuous increasing map. We show
that there exists a unique continuous increasing map #: ,BOP X—Y such that 2| X
=g. In fact, since Y i1s an P-compact ordered space, ¥ is iseomorphic to a clossd
subspace of [/ {P : a&I'}, where P,=P for every a&/[’. For each a th projection

map p, put g =pcg. Then g is a continuous increasing map from X into

P, and hence there exists a unique continuous increasing map g,: [S,pX —— such
that g _|X=g,. Now, define &: ,SOP X— TP, by r(x)(g,) =€ (x) for each x<
B,p X and for each £, a&/'. Then & i1s a continuous increasing map. If x&X,
then g, (x) =g, (x)=p og(x). Hence h(x)=g(x) for all x&€X. Finally, since X
is dense in B,p, X, £(X) 1s dense in A(B,,X). But, Y is closed in //P,, and
hence 2(X)ZY. It follows that h(B,p X)Y. Therefore, % is the required exten-

sion of g.
REMARKS 1. Let P be an object of HOTS. Then we obtain that PCOS is

an epiretlective subcategory of HOTS.
2. We observe that if ¥ is a P-compact ordered space containg X densely and

inducing the order of X, where P&HOTS, such that every continuous increasinz
map f: X——P has a continuous increasing extension to Y, then Y is iseomorphic

with 8,, X. We call 8,, X in the above theorem the P-ordered compactification
of X.

COROLLARY 2.3 ([11). Let IcOT and RcOT be the categories of I-compact

ordered and R-compact ordered spaces with continuous increasing maps, respectively.
Then IcOT and RcOT are both epireflective subcategories of CrORR.

FRCOF. Taking P=1I(orR), PCOS=1cOT (or RcOT) and PCROS=CrORR. Hence
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the proof follows immediately.

COROLLARY 2.4. Let P be a object of HOTS, and let X be an P-completely
regular ordered space. Then X is P-compact ordered if and only if X=pBpX.
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