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ON A SUBCLASS OF CLOSE-TO-CONVEX FUNCTIONS

By SUK-YOUNG LEE

80. Introduction

The writing of this paper has been motivated by recent results of M.S.

Robertson [7] and P.M. Chichra [1]. Let S(3,¢) denote the class of
functions

F(:) =z+a222+ ------
which are regular in 4= {z : |z]<{1} and satisfy the condition
—io 2F(2) £ ,
0.1) Rele-t® Fo) }2,3cos<p, I(p|<2, 0<8<1

For 3=0, this class was introduced by L. Spacek [9] and called the class
of ¢-spiral functions. It is composed of the univalent functions and constitu-
tes a subclass of the well known class S. From the definition it results that

S(B, ) =8(0, ) C 8.

For —5<al3, 0<i<l, and some F(:)&S(8,¢), we say that

f()EK(Q, a, 8,9) provided

(1) f(z) is regular in 4, £(0)=0, f'(0)=1

@11) f'(2)+#0 in 4,

(i) Re {e““—ff;éz)) }_>_2cosa, =4

We note that the class K(0,0,0,0) constitutes a subclass introduced by
Bazilevic [3] of the class of close-to-convex functions with the classical
normalization.

In this note we give a useful representation formula for members of
S(3,¢) and we determine the sharp radius of convexity for the functions
f(z)=K(4,a,8,¢). Finally we establish the sharp upper bound and lower
bound of |f/(2)| if f(2)eK(Q,a, 3, p).

§81. Preliminary remarks

Let 9P denote the class of functions p(z) which are regular and satisfy
p(0)=1, Re p(2)>0, for =z in 4. If F(z)=S5(5,¢) then
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—; 2F, (z)
Re [e L'F‘(Tc)“} 2 cosp, 0<B<L, ol <7

The introduction of appropriate normalizing factors enables us to write

Re[ e“"*’~——————z;,(S) - cos¢+isin<pJ ~ 0

(1—p)cosp
and
. I .
e“Pi;;(i—z))——ﬁ cosp-+sing 1. s zF'(2)
=], since —pgmr — 1.
(1 - ﬁ) Cosp z~=0 F (z)
Hence, we can write
'4
e“'v’—""—%?')-)——~ﬁ cosp-1-i sing
A= F)oos =p(2), p() 9.
Thus

(1.1) e® z‘;'(z';) = (1—B) cosp p(z) -+ B cosp—i sing.
From (1.1) we have

__Fl(_z.)._——-—l—z — io P(Z)"“]_
F(z) e = (A=Bcospe z

By integration, one obtains
log_ﬂfﬂ._ ES (1 —_ ﬁ) cosp eiPJ’z__P.g_t)_—:Ldt
z 0 t

Therefore we have a useful represention formula for members of S§(8,¢)
in terms of functions p(z) in 9. That is,

1.2 . F(z)=zexp {(1—-;3) cosp e"f’j:—zgi—"—l— dt} .

LemMa 1. If F(2)€8(B,¢0), then, for |zl=r <1, we have

(1.3) z?’(&;) _ 1+rze‘¢(le‘i:223008tp) ‘ < 2r(11*“fr)2¢08</> .

The equality is attained by the function

(1.9 F(z)= a= z)zclz—p)mmxpci¢>'

Proof. If F(z)&S(B,¢), there exists a function p(z) €P such that
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(1.5) e“¢—z—§%~§l~= (1 B)cospp(2) + 5 cosp—i sing.

~

we obtain the conclusion of Lemma 1, since that domain of variation is a
circle in which the diameter, located on the real axis, has its extremities at

In profiting of the domain of variation of the function p(z) €9 for = fixed,

. 1—r = 147
the points Jdr 1
LevMmAa 2. If F(2)€S(B3,¢), we have, for |z|=r<1,
1—r2+2r(1—pB)cosp(reosp—1) _p, =F'(z) _
(1.6) o <Re Ty =
1—r2+2r(1—f)cosp(reosp+1)
1—72 )

The equality is accomplished on the left and on the right respectively, for
=l =», by the function

-7 Fo(=)= (1—Eéw')‘za:;si'c;;ézpamx 0< < 2.
For the left equality it takes place by setting
_ 1=r 2)

6 =2arc tan( 157 cot2
and for right equality it takes place by setting

—9ar A=r z_;zﬂ

f=2arc tan[ 1= r cot(2 5.
Progf. From Lemma 1, we have

_ 2r(1—p)cosp +Re l—i—r?e“’(ew—z,@cosga)_isRe =F'(z)

1—r2 1—r2 F(2)
< 2r(1=B)cosp__ p. 1+r2%"(e9—20c0sp)
1—2 1—r2

The simple calculation gives the inequality (1.6). We can show that the
function

Fo(z) = = €83, ¢)-

“(1 — zéiw) 2(1-B) cospexp(ie)
Since the equality in (1.6) is real at the point =z, [z|=r, we have, for

~y

T=r.

rF(r) . . rcos(p+6) —ricosp
(1.8) Re BAC 1+2(1—p)cosp i
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From Lemma 1, we have

(1.9 min Re2E(2) _ 1—r2+2r (1— ) cosp (rcosp—1)

|z]=r.
F(GESB,¢) F(z) , 1—72 , Izl

In (1.8), one'is able to choose @ in such a manner that

_ . reos(p+6) —ricosp _ 1—r2+2r (1— B8) cop (recosp—1)
1+2(1—8) cosp 1+r2—2rcosp 1—r2

holds. After some transformation, we obtain

T cot ‘/’)

8=2 arc tan( 1=r

In order to prove the right equality we have, from Lemma 1,

(1.10) max Re 2F'(z) - 1—r’4+2r(1—B)cosp(reospt1)

F® €SB, 9 F(z) 1—72 z|=r.
Solving the equation
1+2(1—p)cos 2% (p+9) —r’cosp _ 1—r2+2r(1—pf)cosp(rcosp+ 1)

—2rcosp 1—r?

|z]=r, from which one obtains

-t 53]

LEMMA 3. [5] Let p(2)€®, lzl=r<1. For each complex number 7,
Re <0, we have

zp’ (z) 2r -
ow | G0 | e

§ 2. Principal results

THEOREM 1. If f(2) €K(4, a,B,¢), the radius of convexity of f(z) is the
smallest positive root of the equation

(1—-20)72(1—p)cos?p—1]r3— {1—2(1—3) [cos?p— (1—;22) cosp |
@.1n +2(A—)} r2—~[14+2(1—B)cosp Jr+1=0.

The extremal function is of the form

_I? 1
(2 2) fo(z) —JO (1__ ,ezﬂ) 20— ﬁ)coswexp(ip)[1+ (1 22)]
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— A=r _vz) ol =
where 6=2 arc tan( 1oy c0t2 , lzl=rl.

Proof. If f(z)€K(4, a, 3, ¢), then for some F(z) eS8, ), |l g_27£,
0< <1, we have

Re[ ~ia 2f(2). ]>2cosa, e 4.

F(z)
Hence,
(2.3) . ";((2;) =¢"[ (1—A)cosa p(2) +Acosa—isina ]l
Taking logarithm and the derivative with respect to z, we have
=) =F(2) | 2p(x) —_ A __;tana_
2.4) 1+ Y4e) 76 + HOETE where 7 157 i R
Therefore,
2f" (=) . =F’ (2) = (2)
@5 Re(1+ 7 )=, min, Re( Fe) ES) FIOET;
But Lemma 2 and Lemma 3 give us that
=F' () 1—r24+2r(1—pB)cosp (reosp—1) |\ =
(2.6) F(xgg}?{lmRe( F(2) )_ 172 o lzl=rad
_) s 2r(zA) _ A
@D max | =515 ‘ 2 QL [itr(1—2p] Where Reyp=—Z .
Substituting (2.6) and (2.7) into (2.5),
A7)\
Re(l 1 f ) >_.

(1=20[20—3)cos?p—1]r*—[1—2(1—35) {cos?p— (1 —24) cosp} +2(1—4) Jr?
A-m+ra—257

_ [1+2(0—38)cosplr—1
Q-0+ ra—207

If r, is the smallest positive root of the equation
(1—20[20—p)cosp—11r3—[1—2(1—3) {cos?p— (1—24) cosp} +2(1— A) 1r?
(2.8) —[14+21—8)cosp r+1=0,

f=K(, a, B,p) are convex for z, |z|<r;. To show this result is
sharp, it suffices to show that the function
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N b 1—z

(2. 10) fo(z) fo(1——zef‘)z‘l‘ﬂ’"“”‘”"*”[l—}—z(l 21)]

which belongs to the class K(4, @, 8, p) is not able to be convex in a circle
of radius larger than ry.

From (2.10), we obtain

(2.11) 14 _ 2 xp(=)
fO (Z) Fo(z) Po(2)+ 1 1

where

Fo(z)= (1—ze) ch—mcvmx?(iw <58 9), pol2)= iti )

For z=r with |z]=r<1, we have
rpo (r) 2r(1—2)

TTA-n+ra=-227.

(2.12)

Taking into accounts of the Lemma 2, and of the formulas (2.11), (1.8),
(1.9), we obtain for the function fy(z)

rfd'(r) \_ zF’(z) \_. zp’ (z)
Re(1+ f (T) ) F(s)xgé?p,ﬁe( F(Z) ) ig)ag? P(Z)+ 1/1
ie.,
rfo’ (r) 1—72-+2r (1—B) cosp (rcosp—1)
@13) RE(H D ) 1—r2
2r(1—2)

T a0+ a-2n7"
Consequently, if ro is the smallest positive root of the equation (2.1),

we have, on the circle |z|=r,,

Re(h— rf°,((r)) ) 0 for r=r,.

Therefore, ry is the radius of convexity for f(z) €K(4, a,8,9) which com-
pletes the proof of Theorem 1.

THEOREM 2. If f(2)€K(4, a, B, ¢), then, for |z|=r<1,

( 1— ,.) A~-PHU~cospdcospt1

(1 + ,.) QB +cospicosy [1 +r (1 —92 1) ]

(2.149) <RI
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(1—'7‘) —Q—-HU+cospleosp—1 [1+r(1 22)]
(1+r) Q- (1—cospdcosp

The equality is attained by the function (2.10).
Proof: Let f(z)eK(4,a, 8, p), we can write

Re(l+ ”}r,(('l;) > 1+rg;log|f’(z)l, s=re¥, 0<<27, 0<r<1,

and

(215 min  Re(1+-4 (>)sRe<1+’—f"'—(~”—>—)g

F@DEKG, a, e A S (=)
f(z)ErIlgg,}fr,ﬁ,so) Re(1+ ~§,(( )) )

In addition, (2.4) is accompanied directly by the inequalities:

. =f"(z) . 2F () \ 2P (=) ‘
soemin  Re(1+58 )2 min  Re(S5Ek )~ max | SIS
2f"" (=) \ - 2B’ (2) =2p’ (2)
f(z)GII;r(lﬁfx{,ﬁ,¢) Re<1+ (=) >ﬁ Fgl)g}s{'(ﬁ,@) Re< F(z) >+ gg?cXP p(=)+n

Hence, taking into account (2.15), (1.10), (1.11) and (1.12) we obtain

— sreosp—1 2(0—=4) q ,
2= eosy T T 1 r (-2 S <ol )]
<2(1— B)cosp r cosp+1 4 2(1—2)

1—72 TA-r+ra—2n7"

Integrating in the interval (0,r), we obtain the bound (2.14). The precee-
ding proof shows directly that (2.10) is the extremal function if we take
into account respectively,

f#=2arc tan (-}—;;—cotfg—>

and

o 1—r TP ]
=2 arc tan[ 1r cot(2 —+ 2)

REMARK. If i=3=0, let f(x)=K(0,a,0,¢), then f(z) is a convex func-
tion in [z| <7, where ry is the smallest positive root of the equation;
(2cos?p—1) 3+ (2cosip—2cosp —3) r2— (1—2cosp) r+1=0.
We see that

_ l+cosp— \/I—m@
cos2y
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In particular, if ¢=0,
7'():2_' '\/_?_)_

and the extremal function being the Koebe function
Fo(2) =mz”z—)z—-
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