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ON A SUBCLASS OF CLOSE-TO-CONVEX FUNCTIONS

By SUK-YOUNG LEE

§ O. Introduction

The writing of this paper has been motivated by recent results of M. S.
Robertson [7J and P. M. Chichra [1]. .Let S«(3, ip) denote the class of
functions

F(z) =z+azz2+ .
which are regular in Ll = {z : Iz I<11 and satisfy the condition

(0.1) Re {e-il' z~'(~)L} :?:: (3 cOSiP, I(p 1< ~, Os p<l
For (3=0, this class was introduced by L. Spacek [9J and called the class
of (p-spiral functions. It is composed of the univalent functions and constitu­
tes a subclass of the well known class S. From the definition it results that

S«(3, iP) cS(O, iP) cS.

For -~-<a<~, OSA<l, and some F(Z)ES«(3,iP), we say that

fez) EK()., a, p, iP) provided
(i) fez) is regular in Ll, f(O) =0, f' (0) = 1
(ii) f' (z) :#:°in Ll,

(iii) Re {e- ia z;(~; }:?:: Acosa, zE Ll

We note that the class K(O, 0, 0, 0) constitutes a subclass introduced by
Bazilevic [3J of the class of close-to-convex functions with the classical
normalization.

In this note we give a useful representation formula for members of
S(p, iP) and we determine the sharp radius of convexity for the functions
fez) EK()., a, (3, iP). Finally we establish the sharp upper bound and lower
bound of 11'(z) I if fez) EK()., a, (3, iP).

§ 1. Preliminary remarks
Let qJ denote the class of functions p(z) which are regular and satisfy

p(O)=l, Re p(z»O, for z in Ll. If F(z)ES(j3,iP) then
Received by the editors Jan. 11, 1977.
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Re fe-it> z~~~f } 2,8 C05q), 0~ ,8<1, I~1< ; .

The introduction of appropriate normalizing factors enables us to write

Re l -ifJ zF'(z) t:I. +". Je F(z) fJ cosq> t Sln~ > 0

(l-,8)cos~

and

-'~ zF'(z) . t:I. •e IY_-fJ cosq>+sm~F(z)
(l-,8)c~

Hence, we can write

=1, since
zF'(z)
F(z) =1.

= (1-,8)~ p(z) +,8 eostp-i sin~.

e-itp zF'(z} ,8~+i sin~
F(z) ( ( )

(l-'-,8)CO&p P z), P :: Efj}.

Thus

(1. 1) -irp zF' (z)
e F(::)

From (1. 1) we have

F'(z) ~= (1-,8)CO&peitp p(z) -1
F(z) ~ z

By integration, one obtains

log F(z)
z

(l-tl)~ el"f% pet) -1 dt
Jo t

Therefore we have a useful represention formula for members of S(,8,/f?)
in terms of functions pc::;) in qJ. That is,

(1.2) F(z) =z exp {(1-,8) CO&p el"S: P(t~-1 dt}.

LEMMA 1. If F(Z.)ES(,8,~), then, for Izl=r<l, we have

(1.3) I zF'(z) 1+,-2el"(ei"-28co&p) ::;;; 2r(1-,8)costp
F(z) l-r 1-,-2 .

The equality is attained by the function

(1.'4) F(z) z

Proof. If F(z) ES({3, rp), there exists a function pe::) Efj} such that
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(1. 6)

LEMMA 2.

(1.5) e~i9 Z:'(;) (I-,B)cosrpp(z)+pcosr.)-isinrp.

In profiting of the domain of variation of the function pe::) Et]) for z fixed,
we obtain the conclusion of Lemma 1, since that domain of variation is a
circle in which the diameter, located on the real axis, has its extremities at

h . 1-1' 1+rt e pomts ···i ., - .. -.
I,r 1-1'

If F(z) ES(B,rp), <i'ehar'e, for Izl=r"~l,

1-,.2+ 21" (I - /3) cosrp (,·COS.re.=..n. < Re E.F' Cz..L s
l-r2 - F(z)

1-r2 -;- 2r (1-,8) COS(P (rcosrp -+- 1)
1-1'2 - -. _..

The equality is accomplished on the left and 011 the right respecth'el:>" for
I;:; I=r, by the function

(1. 7)

For the left equalit,J' it takes place b:y setting

(
l-r ~)() = 2arc tan -- --cot-
1,1· 2

and for right equality it takes place by setting

()=2arc tan[-·i~;~·cot(i-+~)1
Proof. From Lemma 1, we have

_ 2r(1-jJ)cosrtJ_ +Re 1-;-r2ei9(ei9-2/3co~L<Rez1"'(z).
l-r2 1-r2 - F(z)

S _2r(l-= B) cosrp_+Re1.=-+-r2eil'(ei9-2;9cos~) .
1-1.2 1-r2

The simple calculation gives the inequality (1. 6). We can show that the
function

1"0 (z) = ·(1- zei'P)2<f,,:,p)cos<peXP<i9) E S (/3, rp) .

Since the equality in (1. 6) is real at the point z, Iz I= r, we have, for
:::;=1'.

(1. 8)
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From Lemma 1, we have
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(1. 9) . R zF'(z) l-r2+Zr(l-fJ)cosrp(rcosrp-l)
mm e F(z) l-r2 ' lzl=r.

FC%)ES<fj, <p)

In (1. 8), one' is able to choose 0 in such a manner that

1+Z (1-,3) cos'l' r:cos(rp+O) -r2cosrp 1-r2+Zr(l- ;3)corp(rcosrp-l)
1+r2-Zrcosrp 1-r2

holds. After some transformation, we obtain

O=Z arc tan ( ~+~ cot ~).

In order to prove the right equality we have, from Lemma 1,

1-r2+Zr(l-(3)cosrp(rcosrp+l) , Izl =r.
1-r2(1 10) max Re zF' (z)

• FC%) ES<fl, rp) F(z)

Solving the equation

1+2 (l-fJ)cosrp rcos(rp+O) -r2cosrp
1- r 2 - Zrcosrp

Iz I=r, from which one obtains

1-r2+Zr(I-p)cosrp(rcosrp+1)
1-r2,

O=2arctan[ i+~ cot(~+~)].

LEMMA 3. [5J Let p(z) E'j), Izl =r<l. For each complex number r;,
Re r;<0, we have

(1.11) I zp'(z) I < Zr
P(z)+r; - (l-r) [l+r+(I-r)Rer;]' Izl=r.

§ 2. Principal results

THEOREM 1. If fez) EK(A., a, (3, rp), the radius of convexity of fez) is tke
smallest positive root of the equation

(I-ZA) [Z (1-,8) cos2rp-l]r3- {l-Z(I-P) [cos2rp- (1-ZA)COsrp]

(Z.1) +Z(1- A)} r2-[I+Z(l-,8)cosrpJr+1=0.

Tlte extremal function is of the form



On a subclass of close-to-convex functions

where 8=2arc tan( ~+~ cot~), Izl=r<l.

Prool. If l(z)EK().,a,p,rp), then for some F(z) ES([J, 9), lal::;; ;,

0::;;).<1, we have

R [ -ia zj'(z) ]>' L1e e -~'.- --- 'cosa ~ EF(z) -" , ~ .

Hence,
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(2.3)
~F' (z) .

. ~F(z) -e'a[(l-A)cosxp(z)+Acosa-isina].

Taking logarithm and the derivative with respect to z, we have

~/" (~) ~F' (.,.) .,.p' (.~) , tan'"
(2.4) 1+ ~f'(z) =--F(z) + p-(z)+r;' where r;=l~A -i-l_~j--·

Therefore,

(2.5) Re(I' ~/" (z) ) > min Re( zF' (z)) max 1 zp' (z) I
--r I' (z) - F(%)ES(~~) F(z) - P(%)EP p(z) +r; .

But Lemma 2 and Lemma 3 give us that

min Re(_z!2i~_L) >_I-1"2+2r(1- j'J)cosrp(rcos(iJ~JL Iz I=r<:1
(2. 6) F(%)ES(~) F(z) - l-r2 '

(2.7) \ zp' (z) I 2r(1- A)
~~;P -Pc.;Y+;] 2 (1~~)[i+;:-(1-2).)J

Substituting (2. 6) and (2. 7) into (2. 5),

where Re)'} = --~~':-- .
I-A

Re(l..i-_zf'~~z) ) >
I I'(z) -

(1-2A) [2 (1- (3)cos2(p-l]r3-[l-2(1-,5) {COS2(P- (1-2A)cos(p} +2(1-A) ).2
-- -.---- --- (1-r2)[1+r'(1-2').)}--- ~- ._--- --

[1+2 (1- f3)cosrpJr-1
--(1-r2)[1 +r(1-2A)J-'

If ro is the smallest positive root of the equation

(1-2A) [2(1- fJ)cos2(p-1]r3-[1-2(1- ;3) {cos2<p- (1-2.1)cosrp} +2(1- A) Jr2

(2.8) -[1+2(1- 6)cosrp]r+ 1=0,

l(z)EK()..,a,f3,(p) are convex for z, Izl~ro. To show this result IS

sharp, it suffices to show that the function
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(2.10) fo(z) = S:C1-zeiU)2C1 p>co';~~>[1 +z(I-2A)]dz

which belongs to the class KO, «, (3, cp) is not able to be convex in a circle
of radius larger than TO.

From (2.10), we obtain

(2.11) 1+ zfo"(z)
fo'(z)

zPo'(z)
A

Po(z) + I-A

where

l+z
1-z

2r(I-A)
- (l-r)[l+r(I-2A)].A

po(r)+ I-A
(2.12)

Fo(z) = (1- zeill)2(~ P>CO$f'exp<itp) ES({3, cp), Po(z)

For z=r with Izl=r<l, we have

rPo' (r)

zp'(z)
A

p(z)+ I-A

Taking into accounts of the Lemma 2, and of the formulas (2. 11),
(1.9), we obtain for the function lo(z)

Re(l+ rfo"(r»)= min Re( zF'(z) )-max
fo'(r) F(=)ESCp,tp) F(z) pc.)eP

(1.8),

1. e.,

(2.13) Re(1+ rfo"(r) )= l-r2+2r(I-{3)coscp(rcoscp-1)
fo' (r) 1-r2

2r(1-A)
(1-r)[l+r(1-U)] .

Consequently, if ro is the smallest positive root of the equation (2.1),

we have, on the circle Iz I= ro,

Re(l I rfo"(r») 0 f
T fo'(r) = or r=ro·

Therefore, ro is the radius of convexity for fez) EK()., «, (J, cp) which com­
pletes the proof of Theorem l.

THEOREM 2. If f(z) EK()., «, (3, cp), then, for Izl=r<l,

(2.14)



On a subclass of close-to-convex functions

(1-1') -Cl-p)Cl+cos\O)cos\O-1 Cl+r(l-2;()]
(l+r) <1- ,8)(1 cos\O)cos\O

The equality is attained by the function (2. 10).
Proof: Let f(z)EK(J..,a, (3, cp), we can write

Re(l+ z~;~~» )=l+r;rloglf'(z)!, z=rei1J, 0S:<;0::::27r, 0::;1'::::1,

and

7

. (:::j" (z) ) ( zf" (:::) )(2.15) mm Re l+-j --,--() ::::Re 1+ f'(~) ::::
!(%)EKC)., a,,8, 'i') Z ~

max (zj" (z) )
!C%)EKC).,a,f3,<p) Re 1+ f' (z)

In addition, (2. 4) is accompanied directly by the inequalities:

mm Re(l+ zf"(:::»)> min Re( zF'(z) )- max I :::t'(z) I
!Cz)EK().,a,,8,'P) f'(:::) - FCZ)ESC,8,'P) F(:::) PCZ)EP pe:::) +7J

max Re(l + zf:' (z) ) < max Re( z~' ~L) + max I zp' (z) I.
jCz)EKU,a,,8, \O) f (z) ~ FCZ)ESCp,<p) } (z) pCZ)EP p(z) +7J
Hence, taking into account (2. 15), (1. 10), (1. 11) and (1. 12) we obtain

2(1- (3) cosrp l' costp-l ----- ~(l=l):- -~ -~-log If' (z) I
1-1'2 (l-r)[l+r(1-2A)] or

( ) rcosrp+1 I 2(1-;()
::::2 1-,3 cost,) 1-rZ- T -(1-':'-r) [l+r(1-2;()T'

Integrating in the interval (0,1'), we obtain the bound (2. 14). The precee­
ding proof shows directly that (2. 10) is the extremal function if we take
into account respectively,

()=2 arc tan( 1-r_cotL)
1+1' 2

and

() =2 arc tan[ 1-1' cot(~+~)]
1+1' 2 2

REMARK. If ii.=,3=O, let fez) EK(O, a, 0, t,), then fez) is a convex func­
tion in Iz [ ::; 1'0, where 1'0 is the smallest positive root of the equation;

(2cos\)-1)r3+ (2cos2r,J-2cosrp-3) 1'2- (1-2coscp) 1'+ 1=0.

We see that

. _ l+cosrp- V1+2costp+sin2cp
'0--------- - .

cos2j.'J
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In particular, if cp=O,

Suk-Young Lee

ro=2-v3

and the extremal function being the Koebe function

z
(1+Z)2
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