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1. Introduction

In this paper, we shall investigate the answers to the following questions;

i) Let Q be the some property of the quasi-uniformity. If (X,1) has the property Q,
under what conditions will the extension of the quasi-uniformity also have the property
Q?

i) Let (X, ) be a topological space and 1 be the PERVIN's quasi-uniformity by the
topology 3. Them can the topology generated by the extension quasi-uniformity of
PERVIN’s quasi-uniformity U be represented by LEVIN’s simple extension of the given
topology J?

Let (X,W) be a quasi-uniform space and let A be a given subset of X. We consider
the smallest quasi-uniformity which contains the quasi-uniformity ! and {AXAUA’xA"},
and will define this smallest quasi-uniformity which contains the quasi-uniformity as an
extension of quasi-uniformity U,

2. Main results

Definition 2.1. Let (X,11) is a quasi-uniform space. Let f={UN(AXAUA’xA":
Uell} and U* be a quasi-uniformity with [ as base. Then U* is called an exfension of
1. In this case we write *=U(A).

For a subset A of a topological space X, A’ denotes the complement X~A of A.
J(A)) denotes the quasi-uniform topology of the quasi-uniformity U(A).

Let(X,3) be a topological space and let 1 be PERVIN’s quasi-uniformity by the
topology J. U(A) is the extension of Wl and ¥ (U1CA)) is the quasi-uniform topology of
the quasi-uniformity U(A).

Lemma 2.2 (a) A4 s cl-open (closed and open) in (X, JM(A))
(b) {0nA4, OnA’:0eQ)} is a base for J(N(A4)).
Proof. (a) is obvious.
(b) Let OeJUCA)). Then for every x<0, thereexists U in U such that (Un(AXAUA’
~ANIx3cO. If x€A, then UlxINnAcO. llence there exists O, in J such that xe(,
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and O, NnAcUxINAcO,. If xe4’, then U{xI nA’cO. Hence there exists O, in I such
that x€0, and O,NA’cUlx]NnA’cO. Hence (OnA, ONA’:0&3) is abase for JUCA)).

Theorem 2.3. JUA))=J(AY(A).
Proof. By lemma 2.2, JW(A))<JI(AYAY).
Let O*=0,uU (0.nA) and 0**=0,u(0,nA) for O,,0, 0,0, €3.
Then O*U(0**NA)=0,U0.NnA)U(O;UA".
Therefore by lemma 2.2, O*U(O*nA)ed (N(A)).
Hence (A 2J(AYAY). Thus JAAD =I CVAND.

We obtain the following lemma from lemma 2. 2.

Lemma 2.4. (A, JNA)=(4A, JMUANDNA).
(A, I3nNAH=(A,JAUA) NAY.

Theorem 2.5. Let A and A’ be the subspaces of the space(X,X) and lel Iz be the weak
topology determined by {A, A%}, Then I*=JU(A)). '

Proof. By lemma 2.4, JM(A)) c¥?. Let U be a member of J* Then since UnA and
UnA’ are open in(A, IJNA) and (A’,InA’) respectively, UnA=uU(0,nA) and UnA
= g’l Osn A7) for 0,, 0:€3. Since U=UnA)u(U nA’)-:(LuJ 0.NA)U (L; (0:snA"),

U is a member of ¥ (1(A)) bylemma 2.2.

We obtain the following corollary from lemma 2.4 and theorem 2.5.

Corollary 2.6. (X, IM(A))) has the property P iff (A, INA) and (A, In A have
the property P, where P is T,(i=0,1,2), regular, completely regular, normal, compact,
countably compact, Lindelof and separable.

Lemma 2.7. In definition 2.1, £ is a base for some quasi-unijormily.
Proof. (a) Since AcU and Ac AXAUA’XA’ for every Uell, AcU for every U eg.
(b) Let T=Un(AXAUA’xA’). Then since Uell, there exists V in U such that VoVcU.
Let V=VN(AXAUA’XA"), then V.Vc{.
() For (,Veg, let U=Un(AXAUA’XA" and V=VN(AXAUA’*A’). Then UnV
={UnV)N(AXAUA’*XA”. Since UnVell, UnVeg.

Theorem 2.8. If (X,W0) is pseudo metrizable, then (X,W(A)) is pseudo metrizabie.
Proof. Let @={U,} be a countable base for the quasi-uniformity U. Then {U.n(A
xAUA’<A”") : U;e@} is a countable base for the quasi-uniformity U(A).

Theorem 2.9. (X,U(A)) is precompact iff (X, N) 15 precompact such that for eack Uin
U there exists a finite subset FYof X such that U[FY]=X, F'nAx¢ and F'nA’+g.

Proof. Suppose(X, 1(A)) is precompact. Let Usll. Then Un(AXAUA’xXA")cU.
Since (X,N(A)) is precompact, there exists a finite subset F of X such that
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(UnNAXAUA' XA IF1=UFIn ((AxAFJU (A’ xXAN[FD=X.
Thus U[F1=X. Here FNnA=%, FnA’+4.
If FnA=¢, since (AxA)[Fl=¢, UNAXAUVA’XAN(F1=U[FInA’#X. If FnA’=g¢,
since (A’>A”) [Fl=¢, (UN(AXAUA’XAN)F1=U[FJuA+X.
Suppose (X, W) is precompact such that for each U in U there exists a finite subset FY of
X such that U[FY]=X, F'nA+#¢ and F'nA’#¢. Let Uel(A):
Then there exists a member U of Ul such that Un (AxAUA’xA)c.
Since Uell, there exists a finite subset FY of X such that U{FV]=X, FVnA+¢ and
FnA’#¢. Since (Un(A=AUA <A [F1=U[FIn((AxA)FIU (A’ <xAN[F'D=Xn
(AUA"=X and (Un(A “AuA’xA") [FF1cO[FY], OF1=X.

Theorem 2.10. Let (X,U) be a complete uniform space and let (X, T) be a T,—space.
W(A) is the extension of the quasi-uniformity B. Where I is the topology of the quasi-
uniformity W. Then (&) If A€, then (X,U(A)) is complete iff if Cauchy filter § in (X,
U(A)) converges to a point of A’ with respect to Y, then A'EF.

) If 4’3, then(X,W(A)) is complete iff if Cauchy filter § in (X,U(A)) converges to a
point of A with respect to J, then AEF.

(¢) If A is not open and not closed in (X,5), then (X, R(A)) is complete iff if Cauchy filter
F in (X, B(A)) converges to a point of A with respect lo I then A€@, and if Cauchy
filter F in (X, U(A)) converges to a point of A’ with respect to I then A’'€§.

Proof. (a) Only if: Let § be Cauchy filter in (X, U(A)) and converge to a point x
in A’ with respect to 3. Then since (X,U(A)) is complete, §F converges to a point y
with respect to ¥ (U(A)). :
In fact, § converges to v with respect to ¥ since JcIU(A)). Since (X, I) is T,-space,
x=y. Hence A’e¥.

If: Let & be a Cauchy filter in(X,U(A)). Then § is a Cauchy filter in(X, 1) since UcU(A).
Since (X, W) is complete, § converges to a point x, in (X, .

In fact § converges to x, for JAU(A)) because if x,=A’, then ONA’ is a member of §
for O containing x, since A’€.

Lemma 2.11. (A,UNAXAY=(A,U(A)NAXA)
(A UNA’XAN=(A B(A)NA’XA")

Definition 2. 12. A quasi-uniform space (X,W) is gquasi-uniformly locally compact iff
there is a member U of U such that U [x) is compact for each x in X.

Theorem 2. 13. (X, UW(A)) is quasi-uniformly locally compact iff there exists U in U(A)
such that (OnAXAY[x] is compact in (4,30 A) and (TnAxA)[x] is compact in
A4, InAN.

Proof. Only if: Since (X,U(A)) is quasi-uniformly locally compact, there exists U in
HU(A) such that U[x] is compact in (X, JQUCA))) for every x in X. By lemma 2 11,



UnAxAeUnAxA and UNnA/xA’elinA’xA’. By lemma 2.2 and lemma 2.4,
OnA»A)[x]=U[x]nA is compact in (A, InA) for xeA and (Un NA’ XA x]=U[x]
NA’ is compact in (A’,IJNA") for xeA’. '

If: Let (CNAXA)x] be compact in (A, INA) for xEA and (UnA’»xAx] be compact
in (A%, INA") for xe A’ Let U*=Un (AxAUA’xA”). Then U*ell(A), U*[x]=0xI1nA
for xe A and U*[x1=0[x]NA’ for xeA’. Since U[x]NA is compact in (A,3NA) and
Ux1nA’ is compact in (A2, 3nA", U*x] 1s compact in (X, T(u(A)) for every xeX.
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