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Vibration of Rectangular Plates

by
Keuck Chun Kim*, Tae Young Chung**

Abstract

The major objects of this report are to supplement data of natural frequencies of thin elastic
wectangular plates to the available data, and to give an experimental verification for natural fre-
«quencies obtained by Rayleigh-Ritz method, the generating set of which are eigenfunctions of
HEuler beams.

For the first object the following five models, for which data only for the fundamental mode or
data only for square plates are available, are adopted; (1) two opposed edges are clamped and the
-other two opposed edges simply supported (C-C, S-S), (2) one edge is simply supported and the
-other three edges clamped (C-C, C-S), (3) one edge is free and the other three edges clamped
(C-C, C-F), (4) two adjacent edges are clamped and the other two adjacent edges simply suppor-
-ted; (C-S, C-S), (5) two adjacent edges are clamped and the other two adjacent edges free (C-F,
«£-F). For the (C-C, S-S) model the frequency equation obtained with the mode shapes assumed
as of a single trigonometric series is solved. And for the other four models Rayleigh-Ritz method
taking eigenfunctions of Euler beams as the generating set is applied. The numerical examples are
-obtained up to the fourth, the fifth or the sixth order depending on the range of the aspect ratio
(0.1—10.0). The number of terms in the generating set for Rayleigh-Ritz method is fifteen for
:all medels.

For the experiment three models made of 3.2mm thickness mild steel plate for general structure
use were prepared in following size; 300mm X 600mm, 600mm X600mm and 900mm X 600mm. Their
‘boundary conditions are made to fit (C—C, C—F) condition. From the experiment mechanical im-
pedance curves based on the frequency response method were obtained together with phase relation
diagrams. The experimental data are resulted in good conformity to calculated values.
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Table 1. Values of wa®Vpoh/Dg of (8-S, C-C) Plates (for definition of @ and & refer to Fig. 1)

gy ode pumber 1 B 1 3 1 & 5
1/10 9.98(0,0)* 10.30(0, 1) 10.84(0,2) 11.59(0, 3)
1/5 10.34(0,0) 11.75(0,1) 14.04(0,2) 17.19(0,3)
1/4 10.65(0,0) 12.92(0,1) 16.57(0,2) 21.53(0, 3)
1/3 11.36(0,0) 15.58(0, 1D 22.20(0,2) . 31.07(0,3)
2/5 12.13(0,0) 18.36(0,1) 27.97(0,2) 40.75(0,3)
1/2 13.69(0,0) 23.65(0,1) 38.69(0,2) 42.59(1,0) 51.67{1,1)
2/3 17.37(0,0) 35.34(0,1) 45.43(1,0) 62. 050, 2) 62.31(1,1)
1 28.95(0,0) 54.75(1,0) 69.33(0,1) 94.59(1,1) 102.22(2,0)
3/2 56.34(0,0) 78.98(1,0) 123.17(2,0) 146.27(0, 1) 170.11(1, 1)
2 95.26(0,0) 115.80(1, 0) 156.36(2, 0) 218.97(3,0)
5/2 145.48(0, ) 164.74(1,0) 202.23(2,0) 261.11(3,0)
3 206. 94(0,0) 225.39(1,0) 260.56(2,0) 315.93(3,0)
363. 49(0,0) 381.05(1,0) 413.25(2,0) 463.21(3,0)
564. 82(0,0) 581.94(1,0) 612.50(2,0) 658.95(3,0)
10 2242.77(0,0) 2259.27(1,0) 2287.32(2,0) 2327.74(3,0)

* Numbers in ( ) designate the number of predominant nodal lines parallel to y-axis and x-axis, respectively.
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Fig. 2. Models Calculated by Rayleigh-Ritz Method

Table 2. Values of 0/ v Dg/pha®h of (C—F, C—C) Plates (for definition of a and & refer to Fig. 2)

“Tij;“ 1 2 | 3 s 5 6

1/10 11.44(0,0)* 12.39(0,1) 13.99(0, 2) 16.21(0, 3): 19.11¢0,4) 22.61(0,5)
1/5 8.93(0,0) 12.02(0, 1) 17.02(0,2) 23.85(0,3) 32.5000,4) 42.92(0, 5)
1/3 8.88(0,0) 16.19¢0, 1) 27.4000,2) 40.94(1,0)! 42.44(0,3). 48.69(1,1)
2/5 9.53(0,0) 19.33(0,1) 34.2000,2) 38.57(1,0) 48.83(1,1) 54.09(0, 3)
1/2 11. 03¢0, 0) 24.92(0,1) 36.59(1,0) 45.80(0,2); 51.01(1,1) 72.57(1,2)
2/3 14.56¢0,0) 35,88(1,0) 36.08(0,1) 58.15(1,1) 68.32(0,2) 82.99(2,0)
1 24.02(0,0) 40.04(1,0) 63.50(0,1) 76.78(2,0) 80.71(1,1) 116.94(2,1)
3/2 42.29(0,0) 54.06(1,0) 81.56(2,0) 114.68(0, 1) 126.56(3,0) 128.06(1,1)
2 64.23(0,0) 73.73(1,0) 95.68(2,0) 132.32(3,0) 175.58(0,1) 184.68(4,0)
5/2 89.25(0,0) 97.34(1,0) 115.74(2,0) 146.51(3,0) 191. 55(4,0) 244.78(0,1)
3 116.97(0, 0) 124.12(1,0) 140.09(2,0) 166. 63(3,0) 206.19(4,0)

4 179.58(0,0) 185.53(1,0) 198.48(2,0) 219.52(3,0) 251.66(4,0)

5 250. 66(0, 0) 255.86(1,0) 267.00(2,8) 284.74(3,0) 312.28(4,0)
10 707.86(0,0) 711.41(1,0) 718.81(2,0) 730. 02(3,0)! 748.07(4,0)

* Numbers in () designate the number of predominant nodal lines parallel to y-axis and x axis, respectively.
Table 3. Values of @/ vDg/oha® of (C—S, C—C) Plates (for definition of a and & refer to Fig. 2)

el 1 |z 2 L 7
1/10 49,0200, 0)* 498000, 1) 51.14(0,2) 53.00(0, 3): 55.49(0,4) 58.49(0,5)
1/5 35.27(0,0) 37.70(0, 1) 41.87(0,2) 47.83(0,3) 55.76(0, 4) 65.49(0, 5)
1/3 28.65(0, 0) 34.57(9,1) 44.69(0,2) 58.93(0,3) 77.30(0,4) 88.51(1,0)
2/5 27.09(0,0) 35.33(0,1) 49.19(0,2) 68.43(0,3) 81.60(1,0) 89.41(1,1)
1/2 25.95(0, 0) 38.27(0,1) 58.37(0,2) 74.46(1,0) 85.67(?:?) 86.01(6:%)
2/3 . 26.22(0,0) 46.57(0, 1) 67.48(1,0) 78.43(0,2) 86.21(1,1) 116.97(1.2)
1 31.83(0,0) 63.35(1,0) 71.09(0, 1) 100.85(1, 1) 116.40(2, 1) 130. 38(0, 2)
3/2 47.51(0,0) 70.00(1,0),  110.83(2,0) 120.37(0,1) 142.52(1, 1) 169.31(3,0)
2 68. 29(0, 0) 85.59(1, 0) 118.15(2,0) 166. 56(3, 0) 180. 32(0, 1) 198.52(1, 1)
5/2 92.66(0,0) 106.83(1.0) 133.63(2,0) 174. 48(3,0) 229. 46(4, 0)
3 119.97(0,0) 132.12(1,0) 154. 88(2,0) 189. 96(3,0) 237.97(4,0)
4 182. 06(0, 0) 191.82(1,0)]  209.57(2,0) 236.80(3,0)]  274.63(4,0)
5 252.83(0,0) 261.19(1,0)]  276.07(2,0) 208. 53(3, 0) 329.67(4, 0)
10 709. 440, 0) 714.88(1,00!  724.29(2,0) 737.81(3,0) 755. 84(4, 0)

“* Numbers in () designate the numb erof predominant nodal lines parallel to y-axis and z-axis, respectively.
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Table 4. Values of o/ ~/DE/pha3b of (C S, C—S) Plates (for definition of & and & refer to Fig. 2)
mode no.] -
ode 1 1 e | 3 4 5 | 6
| 1,0 0.2 2,0
1 z.060.0%  eoss(M)l eos(LO) szesan|  14es($E)  ma7r(2))
15| 366600 625401,0)  99.90(0,1)  105.74(2,0)  124.67(1,1)|  165.61(3,0)
2 50.270,00 | TL3L(LO)|  107.50(2,0)  148.08(0,1)|  158.53(3,0)|  168.69(1,1)
2.5 66.61(0,0) | 8447(1,0)  115.63(2,0)  160.25(3.0))  203.43(0,1)|  218.07(4,0)
3 £5.11(0,0) | 100.78(1,0))  128.21(2,0)  167.88(3,0)  219.79(4,0)
4 127.5100,0) | 140.37(1,0),  162.77(2,0)  195.39(3,0)|  238.60(4,0)
5 176.020,0) | 187.18(1,0)]  206.42(2.0)|  234.37(3,0)|  271.54(4,0)
10 £90.05(0,0) 457.55(1,0)  510.17(2.0)|  528.10(3,0)]  551.64(4,0)

* Numbers in ( ) designate the number of predominant nodal lines parallel to y-axis and z-axis, respectively.

Table 5. Values of w/ «/DE/pha3b of (C~F, C— F) Plates(for definition of a and & refer to Fig. 2)

mdepe. |2 L s | e s ~
1 6.050,0%  20.06( é){ 6.75(30)  wnozan| 31032 esoo(ZD)
1.5 9.16(0,0) 24.47(1,0)  42.99(0,1) 55.72(2,0) 63.0201,1) 96.70(2, 1)
2 . 12.15(0,0) 25.86(1, 0)) 52.29(2,0), 64.61(0,1) 81.80(1, 1)[ 93.78(3, 0)
o5 | 15.76(0,0) 28.32(1,0) 51.93(2,o)§ 86.45(39) 90 es(g'é) 104.85(1,1)
3 19.89(0,0) 31.49(1,0)] 53.12(2,0)| £.60(3,0) 116070, 128.32(} )
4 29.44(0,0) 39.49(1, 0)| 58.54(2, 0)| 86.53(3,0)|  124.60(4,0)
5 40.44(0,0) 49.31(1,0){ 66.58(2,0)| 91.66(3,0)  125.90(4,0)
10 111.92(0, 0) 17.85(L,0)) 13010200 18.03(3,0)  176.37(4,0)

* Numbers in ( ) designate the number of predominant nodal lines parallel to y-axis and z-axis, respectively.
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Fig. 3. An Example of Driving Point Impedance Curve
and Phase Relation : (C—F, C—C), a/6=0.5
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58Hz , 92Hz

133Hz 172 Hz

Fig. 4. Examples of Nodal Line Configuration: (C—F, C—C), «/6=1.5
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Table 6. Comparison of Natural Frequencies in Hz Calculated with Those Obtained from Experiments
mode a/b=0.5 a/b=1.0 a/b=1.5
number calculation experiment calculation ‘ experiment ] calculation experiment
1 67 57 | 51 47 49 46
2 151 126 86 79 63 58
3 221 222 136 125 95 92
4 277 287 164 161 134 111
5 309 317 173 170 147 133
6 439 412 250 240 149 149
7 : 446 434 { 263 258 182 172
8 i 556 551 ] 288 284 220 224
9 ! 610 601 301 295 233 240
i Collier-Macmillan Ltd., London, 1967.
£

i Wb
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Fig. 5. Comparision of Calculated Values of
© Dg/pha®h with Those Obtained from
Experiments; (C-F, C-C) (for numbers in
( ) refer to Table 1)

¥, REBEE 9 BREBRESE <44 s9¢ + 4+
£ Blol Al mechanical impedance method”} =% B
3t

o] ol ®RY EHEL YoM ERE Hearmon
9 Leissa®] Hklel ¥4 FiREERE 28 BREHBEERY
2 B EBREA e - FAT A= PdojArh

#® £

EHE dstd R ABEL HFsd £4 A%

KEW BBRTEH MEER, &5 5EARS 5

A SEHEK, KB =45 A 2XREW ERIER X
2tk SEARFNA HES RE

& £ X W
{13 Meirovitch, L., Analytical Methods in Vibrations,

(2] Voigt, W., “Bemerkung zu dem Problem der trans-
versalen Schwingungen rechteckiger Platten”,
Gittingen Nachrichten, 1893.

(3] Iguchi, S., “Die Eigenwertsprobleme fiir die elas-
tische rechteckige Platte”, Memoirs of the Faculty
of Engineering., Hokkaido Imperial University,
Vol. 4, 1938.

(4] Ritz, W., “Uber eine neue Method zur Losung
gewisser variationsprobleme der Mathematische
phisik”, Journal fir reine und angewandte Mathe-
matik, Vol. 135, 1909.

(5] Young, D., “Vibration of Rectangular plates by
the Ritz Method”, Journal of Applied Mechanics,
Trans. ASME, Vol. 72, December, 1950.

(6] Barton, M.V., “Vibration of Rectangular and Skew
Cantilever Plates”, Journal of Applied Mechanics,.
Trans. ASME, Vol. 73, June, 1951.

[7] Hearmon, R.F.S., “The Frequency of Vibration of
Rectangular Isotropic Plates”, Journal of Applied
Mechanics, September, 1952.

(8] Leissa, W.A., “Vibration of Plates”, NASA SP-
160, 1969. Also, Szilard, R.,Theory and Analysis
of Plates ,Appendix A, Prenticehall Inc., 1974.

{9) Kuo, S.S., Computer Applications of Numerical
Methods, Addison-Wesley Publishing Company,.
1972.

(10] Young, D. and Felgar, R.P., “Table of Charac-
teristic Functions Representing the Normal Modes
of Vibration of a Beam”, Engineering Research
Series, University of Texas, No. 44, Austin,
Texas, 1949.
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Table 7. k=wa? v/ o/ Dz for modes of a square plate(7]

&
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Table 9. (=wa? v pi/Dg for Modes of Rectangular
Cantilever Plates (6,7)

Edge |Autho- : Mode Number T F
Condition rity i1]2(3£4{5’6 CFF,’l’
—— JA—
F‘ g F 1Young 3. 49418, 547|21. 44{27. 46/31. 17 —
e N i | Mode Number
rF b
c| EIF  Young 5 958.24. 0826508 05£63. 14 a/ ) 5 5 1 5
S I i
F [ ! 1/2 3.508 5.372 21.96 10.26 24.85
F ! . . . . .
.10{20. 55/23. 9661. 60,65. 24
d ¢ F Rz 14 1020. 35,23, 9135. | 1 3.494 8.547 21.44 27.46 31.17
S E;]u: o 5167 8 2 3.472 14.93 21.61 94.49 48.71
SLSJS tion |19 749. 3478.9698. 6912 ) 5 3.450 34.73 21.52 56.39 105.9
5 t T
S| 8 15 | Iguc}u i23 65151 6858 6586 13]100 3l13.2 Table 10. k=wa®«/ sp/Dg for Rectangular Plates(8]
s ] . 1 Mode
C I 2 [c | Tguchi 'zs. 95/54. 75/69. 3294 59/102. 2129 1 /bNumber 1 2 3 s
S DSOS S a
fc Iguchl 35. 98‘73 40/108. 2‘ 132.2/165.0 F (7| 05 | 987 11.6 39.48 41.18
c ¢ 108. 3131. 6/132. 3)165. 1 ’ : ‘ : ' :
LC—-[ Young |35 99173 “ SpS lf 0.75 | 9.87 13.71 39.48 43.56
— S —a~— ) .87 16 9.4 .73
o | oz e e e
Fundamenal Mode of Rectangular Plates [(2,7) : ’ : ’ :
i -~— 2.0 9.87 27.52 39.48 64.54
S /a0 1.5 2.0 25 3.0 oo
s . Sgb;/“ et ae | 03304 05 oer 10
— a’_—»!li k19.74 14.26 12.34 11.45 10.97 9.87 Css)ﬁ —
- unaamen-
_______ ba|10 15 20 25 30 e Ml 16.7 17.2 18.2 20,4 27.1
c 5 Si\})ik 23.65 18.90 17.33 16.63 16.26 15.43 ?zg o/b ‘ 1o 15 20 22
S aml1o 15 20 25 3.0 o ‘
R S . . . . . F 1l ifund .
\ L undamen
T4 T o365 15.57 12.92 11.75 1114 9.87 < a = |tal mode | 12-9 17.2 23.2 26.2
CB/allo 15 20 25 30 o c Ot | e |05 10 20
8 11z 28.95 25.05 23.82 23.27 22.99 22.37 Cq Clb
c . ce > lfundamen-| oy 5 gy g 79y
- S Vs 10 15 20 25 3.0 o e tal mode
B [28.95 17.37 13.69 12.13 11.36 9.87  —=—1 | g=z2y K/ for fundamental mode
P C Flb | o
e llralto 15 20 25 30 « c Il K=0.0468+0.340(2 )" +1.814(2)"
c ¢ Cl —a> | N=0.340
.= k [35.98 27.00 24.57 23.77 23.19 22.37




