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SOME THEOREMS ON GENERALISED LAPLACE TRANSFORM 

By V.P. Goel 

1. Introduction 

The integraI equation 
。。

rþ(p)=p/e-ptf(t )dt, Rep>O 
o 

(1. 1) 

represents the c1assicaI Laplace transform and the functions rþ(p) and 1(/), related 

by (1. 1), are said to be operationally related to each other. The functions f (t) 

and rþ(p) are called the original and the image respectively. Symbolically, we 

wríte 

rþCψ)걱=f(t) or f(t)=틀rþ(P). (1. 2) 

Many generalisation of this c1assicaI Laplace transform have been given from 

time to time by various mathematicians Iike Meijer [7, (i), (ii)J. Boas [1] , 

Varma [9, (i), (ii)] and others. Mainra [6, (ii)] gave the following generaIisa

tion of this transform 

rþ(p)=p/e -융PtWL 1 l (ψt) (pt) -À.-융(f(t)dt， Re p >α 
I R+ _ ηz õ .. , 2 

(1. 3) 

where Wk,m is the Whittakar function [10]. 

Here aIso, we caIl rþ(p), the image and f(t). the original, and write symbolicaIly 

k k 

rþ(p) A f (t) or f (t) A rþ(p). (1. 4) 
←一 -
ηz ηz 

If we take A=k in (1. 3) we get Meijer’s transform, A=-ηz gives Varma’s 

transform, and finaIIy A=k= -:J:. m gives the c1assicaI Laplace transform. 

k -In the theorems that follow, we have assumed f(t)추rþ(p) or f (t) À rþ(p) and -m 
in both these cases the defining integraIs (1. 1) or (1. 3) are assumed to be 

absolutely convergent. This fact has not been mentioned in the statements of 

the theorems. 
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(2. 1) Rep>O, n
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P二l-À+m
L-1-X+m d - .. 

r dp 
‘ m+출 

μIhet’e a zs integrable z'κ (α a), and absolutely provided rλ:tm l (t) z's continuous 

arbzïraγ'y. 

k 
PROOF. We havel(t) À. rþ(p). 

ηz 

Hence 

(2.2) 

、
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”e 

we have 264 and 258] , 

∞ e-한tWk+上 m@t) ” 1 

‘ L 1 I• --t’“ ^/(t)dt. 
(pt)''' 

Making use of a known result [3, 
0 

rþ(P) -
강걱과-

(i), 

(2.3) - --
e-z/2 Wk m(z) 

zm+4「
d 
dz 

Differentiating (2.2) with respect to p and making use of (2.3), 
∞ 1 .. 

e一τpr W k + 1, m+上(pt) " 
l+ m-À 

",-1- 1 '" t"Tm- 1l I(t)dt. 
(pt)… , -

The process of differentiation under the sign of integration is justified as the 
integraI on the right of (2.4) is uniformly convergent for α <P<ß, where α and 
ß are arbitrary positive number [2, pp. 200 201]. 

Now, multiplying both sides of (2.4) by - P l- À+ m the 

찌re get 

(2.4) 

foIIows result desired 

i

」
Vnu 

--rþ(p) 
pτ-À누Er 

d 
dp 

immediately. 

we get 
rþ(p) 

p 

Takz'ng k= À.=m, COROLLARY 
.. 

• “ zf l(t)=패(p)， 

[8]. This is a known result 

r À
-

m- n l (t) are con#nuous and absolutely and 

theorem 2.1 gives: repeated use 01 the where a is arbitrary, 

n. 11 t-λ+m I (t) 

integrable in (α a), 

COROLLARY 
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k 
“III(t) 1.. Ø(p), then 

• 
ηz 

k+융% 
‘-1 __ _ _, ø 1-À+m d “ 
1..+숭n (_I)n b 수 

• 
m+웅x 

뼈
 -않
 

, Re p>O." (2.5) 

COROLLARY m. Takz'ng k=À=ηz z'n (2.5), we get 

“z'11(t)걱=Ø(p)， then t’'f(t)걱=( -1)’'Ip d ’” 
dp" 

” • 

This is again a known result [8J. 

k 

THEOREM 2. 2. 11 l (t) λ Ø(p), then 
-• 

ηz 

I(t) 

k-웅 
‘ À-웅 

1 
m-τ 

’ 

X J u -m 
) 
-+ 

/ 
ι
 
= φ

 」--x 
∞
 
l 
l 
p 

m + 4 * 
μ
 
‘ p>α (2.6) 

provided the integ1'al on the 1'ight 01 (2.6) conve1'ges and the d찍fim'ng z'nteg1'al 

101' (2.6) conver ges absolutely. 

k 

PROOF, We have l (t) À cþ(p). 
‘ 

ηz 

Hence. we can write 

0 

∞ e-울xl Wk+웅. m(xt) 

(xtt+울 
t1ll -λ I(t)dt. (2. 7) 

cþ(x) 
x1- À+m 

Integrating both the sides of (2.7) with respect to x from p to ∞'， p> 0, we get 

∞ 빡」dx=∞r e• xl Wk+윷. 111 (xt) 
p Xi-A十 111 { { .- . (Xt)1II + 1/2 t

m
-

À I(t)dtdx. (2 , 8) 

Changing the order of integrations on the right of (2.8), which is justified 



262 V.P. Goel 

under the conditions stated in the theorem, and then evaluating the x-integral by 

making use of [3. (ii), pp.411] , we get 

∞ ifJ(x) L f_--! 
F감표dx=Ie-τPt wk,m-÷(Pt)(Pt) -mtm-λ-앙(t)dt. 

x ‘l ‘ p 0 

which proves the theorem. 

COROLLARY 1. Tak t"ng k= λ =m, μJe get the known resμlt [8] , 

l (t) ‘하 l(t)수ifJ(p)， theη 4푸/수PJ 얀걷L dx. ” 
x 

COROLLARY n. By repeated μse 01 the theorem 2. 2, we get 

k 

"zj l (t) À ifJ(p), then 
-• 

ηz 

쇼끽 

k-융% 
‘ À-웅% pl+m-λ 『『 r대헬_ (dx/, (2.9) 

1 
m-τ% 

provided the integral on the right 01 (2.9) exists and the d，ζfining integral lor 

(2.9) converges absolutely." 

+ P x x 

COROLLARY m. Taking k=λ=m in (2.9), μJe get 

l (t) 수 
“ zf l(t)수￠(P)， the% -J;-「-P

p x 

00 00 c。

ifJCx) ’ -조~/ Cdx)n. 
x 

This is again a known result [8]. 

k 

THEOREM 2.3. III(t) λ ifJCp), then 
-‘ 
ηz 

l (t) 
。。

h y 
-
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‘ 

」m + ‘ , 
ι
 얘
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T ‘ J u 시

 
” f , 

「
‘ • m 

t r ‘ ￠않_ A dx 1, ψ>0. 
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provided the rz'ght hand side 01 (2.10) exists, tm-λ-1 l (t) is continμous and 

absolutely integrable in (0, ∞)， the dζfining integral lor (2.10) is absolutely 

conver gent, and Re m <융 

k 
PROOF. We have l (t) À rþ(p). -m 

Hence, we can write 

쁘즈) -
Xl-A+m -

0 

∞ e-융xt W‘ ’ 1 (xt) 
. 2 

(xt)m+웅 
tm- ï..I (t )dt. (2.11) 

Integrating both the sides of (2.11) with respect to x from 0 to p, we get 

1펴2
 

”@ ∞
 

a 

hY 

a 

α
 

--x fd 、
찌
 
-
μ
 

￠
」x 

hv·hu 

W .. 1 …(xt) 
~Tτ· … 

(xt)m+울 
tm- À. l (t)dtdx. (2.12) 

Changing the order of integrations on the right of (2.12), which is justified 

under the conditions stated in the theorem, and then evaluating the x-integra1 

by making use of [3, (ii), pp.411 and 407] , we get 

p 
r_요L즈 

U xl-λ+m “다 Jυ .I L T(1-굶굉t t(pt)m dt. 

On interpreting, the theorem follows immediately. 

COROLLARY 1. Applyz'ng the μniqueness theorem [6, (ii)] to theoreηzs 2.2 and 

2.3, we get 

k 
“ zf l (t) À rþ(p), the:z 

-• 

ηz 

F (1-2m) r _I(t). -,,_ 
I1(1-k-%) J tl+A-m “‘괴 

provided the integrals on both the sides exist. " 

rþ(P) 
@뇨감좌-dp. 

COROLLARY n. Taking k=λ =ηz in the above corollary, μle get 

“ zf I(t)추rþ(p)， then l (t) .-" 
J t μι-L 

o 0 

Ø(P) JL " 

p -r 
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This is a known result [8]. 

3. ExampIes 
μ-k-λ+ 1; 

(i) Let f (t)=t"lF2 -t Re(l+u:tm-λ)>0. 

Then 

k+웅 
‘ 

u:tm-A+1; 

[6, (ii)]. 

A+웅 다ffffFfiF~{(μ+m-λ+1)þ-1}þ-“-2e-p-l , 
, 

m+웅 
Re þ>O, Re (u:tηz-λ+ 1)>0. 

v, v-λ-k+ι+1; 
(ii) Let f(t)=tu+U2F2| -αt 1. 

v+μ±m-λ+1; 

Then 
r(1+μ+V-A:t m) 

#(P)= F(1+U+μ-λ-k) φ-U(þ+a)-’， [4] • 

Re(1 +u+V-A:t m)>O, Re φ>0， 1α1 < IÞ 1. 

(3.1) 

Evaluating the integraI on the right of (2.6) by making use of [3, (ii), pp. 201) 

and applying the theorem 2.2, we get 

tv+u- 1 nF 2 ..... 2 

k-웅 
‘ 

v, V-k-A+μ十 1;

V+μ±ηz-λ+1; 

-αt 

V, ν+μ+m-A; 

A-웅 r(1+μ十V- λ-m) r(m+μ+V-Al .J. l-v-m ?Fl 

‘’ I 
m-τ 

r(l+μ+ν-A-k) ν - -1 ηz+μ+v+A+1; 
α 

τ 1’ 

(3.2) 
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Re(μ+v-λ:t m)>α p>α lα1 < Ip 1. 

(ii i) Let 

Then 

“ 2v-2k-2A.+1/2 
!(t)=t"ii; 

2ν+ 2m - 2A. + 1/2, 

l 

(2γI t) 
2ν-2m-2A. +l/2 

Re( 2v :t싫-2A.+흉 >0. Re 2v-2A.+흉J>α p>O. 

By making use of [3, (ii), pp. 407J , we get 

∞ 빽) 'r!γ= /강r(2m+강-있+웅 r(깡-있+웅 
o Xi-A+m *W I’(2ψ --2A.+m-k+웅 

Therefore, applying Corollary 1 of the theorem 2.3, we get 

∞ ‘ . 2ν-2k-2A.+l/2 
v+m- A.-l .1 { . " ..• - ii; (2ν t)dt 

o 2v+2m-2A.+l/2, 2ν-2m-2λ+ 1/2 

- ν강T(2v+2m-2A.+웅 r 2v-2A.+웅) r (1 -k-m) 

r(껑+m-있-k+웅ì r(1-2m) 

265 

• 

(3.3) 

p>α Re( 2v:t싫-2A.+웅 >α Re 2v-2A.+웅 )>0. Re(l-k-m)>O • 

This is a known result [6, (i)J. 

In the end, 1 wish to express my best thanks to Dr. V. P. Mainra for his 

kind guidance in the preparation of this paper. 

B. 1. T. S. 

Pilani (Rajasthan), India 
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