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SOME THEOREMS ON GENERALISED LAPLACE TRANSFORM

By V.P. Goel

1. Introduction

The integral equation

§(p)=p[e ' F(D)dt, Rep>0 (1.1)
0

represents the classical Laplace transform and the functions ¢(p) and f(¢), related
by (1.1), are said to be operationally related to each other. The functions f(¢)
and ¢(p) are called the original and the image respectively. Symbolically, we

write
o(p)==f(t) or f()=p(p). (1.2)
Many generalisation of this classical Laplace transform have been given from
time to time by various mathematicians like Meijer [7, (i), (ii)], Boas (1],
Varma [9, (i), (ii)] and others. Mainra [6, (ii)] gave the following generalisa-

tion of this transform

k+_2'l

where W, ,, is the Whittakar function[10].

M_Lpt —l—i
sp=pfe 2w, 1 (OGO Z(fdt, Rep>0, (1.3)
0

Here also, we call ¢(p), the image and f(¢). the original, and write symbolically

E k
(D) A () or F(&) A $(p. (1. 4)
m m

If we take A=% in (1.3) we get Meijer’'s transform, A=-—m gives Varma’s

transform, and finally A=k==+m gives the classical Laplace transform.
k

In the theorems that follow, we have assumed f(Z)=d(p) or f(¢) 2 o(p) and

"
in both these cases the defining integrals (I1.1) or (1.3) are assumed to be

absolutely convergent. This fact has not been mentioned in the statements of

the theorems.
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k
2. THEROEM 2.1. If f(t) 2 ¢(p), then
m

1
_k+ ,—2_
—1-2+m g p(p) 1
=/, E{p-—l—?wm}* 0 tf(t), Re p>0, (2.1)
1
m-1 o
provided z‘_z::mf(t) s continuous and absolutely integrable in (0,a), where a is
arbitrary.
k
PROOF. We have f(2) 2 ¢(p).
m
Hence
é(ﬁ) — k -l-, m(pt)
—1+m f i £ Zf(f)dt (2.2)

Making use of a known result [3, (i), pp. 264 and 258], we have

— — - _2/2
g | e W, @ ¢ " Wil mil @
| My 2

Differentiating (2.2) with respect to p and making use of (2.3), we get

1
d [ o) - e~ W, | .1
7l p1—€+m‘_="f 2 E+1, +—(1f?f)
O

The process of differentiation under the sign of integration is justified as the
integral on the right of (2.4) is uniformly convergent for a<p<B, where a and
83 are arbitrary positive number [2, pp. 200—201].

Now, multiplying both sides of (2.4) by —p 1=4+m the desired result follows
immediately.

LA™ -4 fondt. (2. 4)

COROLLARY 1. Taking k=A=m, we gel

“sof F(O)=¢(p), then tf(t)=—p éi? { ¢(;’) }

This is a known result [8].

COROLLARY 1I. If gATm () and gATmn f(t) are continuous and absolutely

integrable in (0,a), where a is arbitrary, repeated use of the theorem 2.1 gives:
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-k
IF T 4o, then

m

1

¢, (L) /?.+—é—n (—1)" pl —Atm jp” {p?Ejﬁ-’;‘ }, Re p>0.” (2.5)

1
m+2n

COROLLARY M. Taking k=A=m in (2.5), we get

if JO=pp), then 1ft)(—Drp e [ ID) )
dp P

This is again a known result [8].

£
THEOREM 2.2. If f(t) A $(p), then

71t

k_-_.__

<

1
2 o0
/ ]
'f(r) A="g Pl‘Hmf 0) _ix, >0, (2.6)
1 P
2

1—-A+m
X

m-—_

provided the integral on the right of (2.6) converges and the defining integral
for (2.6) converges absolutely.

R

PROOF. We have f(t) X_$(p).
¥ {{

Hence, we can write

1
ne Tﬂ Wk+—-1-—, m(xt)

?Eii—m __f“ 21 fm_"Z f(f)df. | (2. 7)

X M+ ——
° (xt) 2

Integrating both the sides of (2.7) with respect to x from p to oo, >0, we get

oo ales —JLﬂ 1414
t)
‘;Mx) — ([ € 2 Bt L, m(x yy— 2
}[ LAt dx [{ (xg)m+12}2 ! f(t)dtdx. (2.8)

Changing the order of integrations on the right of (2.8), which is justified
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under the conditions stated in the theorem, and then evaluating the x-integral by
making use of [3, (ii), pp.411], we get

f ~ x?f’ﬁlm dx= f o5 W b m—-L- OO ™™™ 47 f(Dat,
b 0

which proves the theorem.

COROLLARY 1. Taking k=A=m, we get the known result (8],

“tf f(L)=0(p), then -f(;‘? = f é(;) - dx.”
. p

COROLLARY 1. By repeated use of the theorem 2.2, we get

E
“if &) A_$(p), then

{{
k——lz—-n
o1 Y0

F(t) 1 - m vee |- 4 .

n 2_-_2_?2 pll lpf;:fl ;f x1—1+m (dx) , (2 9)
m—-é—n

provided the integral on the right of (2.9) exists and the defining integral for
(2.9) converges absolutely.”

COROLLARY 1II. Tczkz'ng k=A=m in (2.9), we get

o0 SO O

“if [O=p0), then LL-zp [ [ [ LE axy.”
p x %

This 1s again a known result [8].

i
THEOREM 2.3. I f(£) A_§(p), then
7
N
JS@) - 1 [rdd-2m i1 2| m—A-l _ pltm—A pﬂ dx |, 0
r AT >. [F(l —m) P i ﬁft f(dt=p bf pr A x} P20
-

(2.10)
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provided the right hand side of (2.10) exists, fr— A=l f(t) is continuous and
absolutely integrable in (0,00), the defiming integral for (2.10) is absolutely

convergent, and Re m<‘—é-.

k
PROOF. We have f(&) z o(p).

m
Hence, we can write

1
o e~ TH W !
o(x) “ “%(x) m—2
[—itm — 1 T (t)dt. (2.11)
o 0 (xt)™ T3 '
Integrating both the sides of (2.11) with respect to x from 0 to p, we get
——-.:n‘
t)
o), Wir Ll m(®
f T—2+m 4% ff < A F(Ddtdx. (2.12)
0 00 (xt)m+_2_

Changing the order of integrations on the right of (2.12), which 1is justified
under the conditions stated in the theorem, and then evaluating the x-integral
by making use of (3, (i1), pp.411 and 407], we get

1
£ e 2VW, 1 (5

5(x) _mtm—z _I'-2m)
EJf xl—-l—l—m dx—bf f(t)[ F(l—iz-m)t | t(pt)m

On interpreting, the theorem follows immediately.

—L
2

~]dz.

COROLLARY 1. Applying the uniqueness theorem [6, (ii)] to theorems 2.2 and

2.3, we get
L
“of f(Z) i o(p), then
m
TA=2m) [ _f@® (p)
P(l—k—m)u fl+2~m dt"‘f 1-2+m

provided the iniegrals on both the sides exist.”

COROLLARY 1. Taking k=A=m in the above corollary, we get

“of F(t)=9(p), then f f(f)‘a’tz f gﬁ;p) d
0 0
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This is a known result [8].

3. Examples

Goel

[u—k—A+1;
() Let f()=t"F, —z} Re(1+u£m—2)>0.
lutm—A+1;
Then
B(p) = ER=AEL y=4 ", (6, (D],

Therefore, applying the theorem 2.1, we get

fu—k—A+1;

u+1
¢ 1F2

-f}

A (utm—2+1)
F'u—k—2+1)

utm—A+1;

SNy

+

A

S i—

1
2 -
1
2

>

Mty

Re >0, Re (u+m—2A+1)>0.

((ut+m—2+1Dp—1}p % %70

v, o—A—ktutl; ]
(i) Let f()=¢"" F, —at|.
| v+utm—A+1; ]
Then
I'Atut+v—A+m) ,—u )
é(ﬁ)“’ ]"(1 2] %—Z—ﬁ’) P (p_l"a) ’ [4]-

(8.1)

Re(14+u+v~—~Axm)>0, Re p>0, |a|<|pl.
Evaluating the integral on the right of (2.6) by making use of [3, (ii), pp. 201]
and applying the theorem 2.2, we get

v, v—k—A+tu+1; -
tv+ﬂh—1 2F2 '—at
vt ut+m—A+1; _
la——-l—
2 v, vtut+m—A; B
2_% (14w F’U;%-?{ﬂ) Fgm;uw—}t)ﬁpl_,,_m oF ‘;’
_ - (Itu+ov—A—k) mtutov+A+1; -
=g

(3.2)
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Re(u+v—2A+tm)>0, p>0, |a]<]|pl.
, 20—2k—22-+1/2
(ii1) Let f(&)=tw (24t )
204+2m—24+1/2, 20—2m—24+1/2 .

Then

1
pOI=VZeHG W, 1 ()0 166D,

Re(zuizm—22+—§_)>o. Re(2v—22+—g’—-)>0, p>0.

By making use of [3, (ii), pp.407], we get

o0 — _ _]___ B __1_
?Qﬁm 'dx—-M2F(2m+2v 2A+ 5 )F((Zv 24+ 5 )
X . l 1
Therefore, applying Corollary I of the theorem 2.3, we get
.y 20— 28— 2A+1/2
ftv+m—l—1 -~ (24/t_)dt
0 20-+2m—2A+1/2, 20—2m—2A+1/2
4/_2'F<2v+2m—22 . )F<2y—22+—1-) r(l—k—m)
= L 2 (3.3)
r(2u+m—2z . -2_) I"(1—2m)

>0, Re(20_—t2m—22+—21-—)>0, Re<2z:-—22—|——%—>>0. Re(1—k—m)>0.

This is a known result [6, (i)].

In the end, I wish to express my best thanks to Dr. V.P. Mainra for his

kind guidance in the preparation of this paper.

B.I.T.S.
Pilani (Rajasthan), India
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