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A COMPOSITE INTEGRAL TRANSFORM WITH 

SPHEROIDAL W A VE FUNCTION AS KERNEL 

By P.C. VVankhede 

1. Introduction 

Recenity Gupta [1] has introduced an integral transform applicahle to spheroidal 

wave functions analogous to finite Fourier transform and gave an account of the 

simple properties of the transform as well as its application to the solution of a 

few boundary value problems relating to spheroids. In a series of papers [2, 3, 4] , 

VVankhede and Bhonsle has established the Sturm-Liouville transform for composite 

region consisting of k-Iayers by considering series expansion of an arbitrary 

function in terms of eigen-functions of Sturm-Liouville Iinear homogeneous 

boundary value problem for composite region consisting of k-Iayers and it has 

been applied to solve the problems of heat conduction and elastic vibrations in 

composite plates, cylinders or spheres. 

In the present paper we extend the results established in [2] to the case of two 

variables by considering Sturn-Liouville problem for the prolate spheroidal geometry 

defined by 

-1드η드1 ， 흙드용드흙+l， t=1, 2, ----, l , 

and thereby we have generalized the results given in [1]. The applications of 

the transform to the physical problems wiIl be the subject matter of subsequent 

work. 

2. Preliminary results 

As regards the spheroidal wave functions the notations U&ed are as given in 

Flammer [5]. 

i) Spheroidal Coordinates 

The prolate spheroidal coordinates are related to the rectangular coordinates by 

the transformation [5, p.6] 
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x=흉 [(1-η2)(홍2_ 1)]1ν/α/2CO 

y=4흉￡ [(1-η2)딴z=흉ηε 

with -1드η드1， 1드용<∞， 0<rþ<2rr, where d is the interfocal distance. 

(2.1) 

(2.2) 

The oblate spheroidal coordinates are related to the rectangular coordinates by 

the transformation [5, p.6] 

x=흉 [1-η2)(용2+ 1)]1/2 cos rþ, 

y=흉 [(너2)(옹2+ 1)] 1/
2 sin rþ, 

z=흉η용 (2.3) 

with either 

-1드η드1， 0드흥<∞， 0드￠드2rr， or 0드η드1， -∞ <ç<∞， 0드￠드2π. (2.4) 

ii) The Spheroidal Differential Equations 
2 . .2 To express the scalar wave equation (\7'" + k"') = 0 in spheroidal coordinates, we 

need the metrical coefficients hη’ h~ h", which are defined by [당 p. 10]. 

dx2+dy2+dz2=썩dη2+h짧+펴drþ2 (2.5) 

These scale factors are respectively, 

and 

h_=호| 효二끄2 l 1/2 
η 2 L 1-ηn , 

k - d | 용2-η2 l 1/2 
ç-τ1강=τ , 

h"，=흉 [(1-η2)(용2_ 1)]1/2 

I ~、"1 ει기 1/2 
h_= ~ I 꼬그표 
η-τlτ꾀2 '1 ’ 

I _2 1 é 2 l l/2 
h - d | η +f 
ç-τ|갱깜1 J ’ 

h"，=흉 [(1-η2)(용2+1)] l/2 

(2.6) 

(2.7) 

in the prolate and oblate systems. With the use of the expression for the 

Laplacian \72 in orthogonal curvilinear coordinates, we obtain the equations 
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P-(1-η2)퍼 -걷.(용2-1) a 
a용 경혼 、l 

/ 아
 

2p 띔
-
짜
 

? 
‘ f ” 잭? +C3(흥2-η2) kÞ=o, 

òrþ~ 

(2.8) 
and 

§-r1-η2) ! + 1,. (쉰+1)소+-펴±헌 
(용ι+ 1)(1 -ηι) 

향+c2(용2+η2) ø=O, 
òrþ‘ 

(2.9) 
in the prolate and oblate cases respectively. In these equations we have set 

c= 융kd. (2.10) 

It is important to note that by transformations 
용→±행， c= -i:z"c, 

we obtain oblate system from prolate system and vice-versa. 

(2.11) 

By the usual procedure of separation of variables. solutions of 2.8 and 2.9 
may be obtained in the Lame products, 

싸n=SmnCc， η) Rmn(c, η) S않 때. (2.12) 

and 

ψηm=Smn( -z"c. η)Rmn( -z"c. z"η) g않 mrþ. (2.13) 

respectively. 

The four solutions Smn(c. η)， Rnm(c. ~). Smn( -z"c. η). and R m,,( - z"c. z'웅) satisfy 

the ordinary differential equations 
I . l I 2 
되 (1-η2)브-Smn(C. η) |+| x -c2η2_잭? ISmn(c. η)=0 
dη I ,- '/./ dη I T-mη 1-η 

(2.14) 

d 

-
행
 

2 .、 송R ..... ( c. Ë) - A. ..... -짧+-쩔2 Rm,,(c. 중)=0 (2.15) 
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(2.16) 

2 
2 nz 

Rmf1( - z·c, 헝)=0 (2.17) 

The separation constants A.mn and m are the same in the first of these equations, 

and like-wise in the second pair. 
iii) Prolate spheroidal angle function of first kind is given by [5, p. 16J 

(1) ∞ 
S…” (c, η)= L:: d:'''(c) P::: ’ (η) 

m71 r=O.l r m -r r .. 
(2. 18) 
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Here and in the sequel, the prime over the summation sign indicates that the 

summation is over only even values of r when n-m is even, and over only cdd 

values of l' when lZ-m is odd. 

iv) Prolate spheroidal angle function of second kind is given by [5, p.26J 

(2) ∞ 
S… (c, z)= L: d~--'(c)Q~: ， Jz) 

.. r.. 1'=-00 . ... I • 

(2.19) 

v) Prolate spheroidal radial function of first kind is given bγ [5, p.31J 

(1) R~~' (c, 한= ------ 1-;-「--:
.~ • .,1Jtn / _ '\ (2ηz+r)! 
걷 l dr (c)i헛ι: 

효-1 、，η/2

2 

∞ .r+m-n ’m.n ,.,\ (2m十 r)!x L: { .... ..d ..... (c) “’ · j，샤(c옹) 
r =0 , 1 T , ! … ‘ . 

(2.20) 

where jm+r(Cn is the spherical Bessel function of first kind 

vi) Prolate spheroidal radial function of second kind is given by 

1 ( ç2_1 、 m(2

‘ 2 

[5, p. 32J 

R(2)(C, ç)= 
mn ∞ mn ,,_, (2m+r)! 

L: d""'(c) …’ 
r=O.l ’ I ’ 

× 종 i7十”‘-nd?(c)E받즈) nm+r(cç), 
r=O , l ’ I 

where nm+r(cç) is the spherical Bessel function of second kind. 

(2.21) 

vii) Recursion formula for d~"(C) is given by [5, p.17J 

(2m十r+2)(2m+r+1~， c2dm~'n(c) 
(2m+2r+3)(2m+2r+5) - -,+2 

2(ηz+r)(m+r+1)-2m2-1 
+ (m+r)(m+r+ l) -Anm(C)+ -è2~+2~'~i) c2nz'+2r+3) 

+ /n l n 7(낀갔?? , n-- 1 、 d펀zCc)= α (γ르0). 
viii) Normalization constant is given by [5, p.22J 

J Sm/c, ψSmn' (c, η)dη=δnll，N mn' 

、

U
/k 빼

 
r 

,a 2 
F
ν
 

(2.22) 

where 

∞ ( 1'+2m)! (dr성2 
Nmn=2r옳 1 (2r+ 2m+ 1) r! 

(2.23) 
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3. Sturm-Liouville problem for composite prolate spheroidaI region 

Let us consider a system of equations 

z I iiη 、- η /검균'-ò종 \'" -~/견솥 (f2-1)(1-η2) + 한c2(용 2 - η2) IXm• n. i(η， 용)=0， 

-1드η드1， 좌드f르몽z+l， t=1, 2, --- l , (3.1) 

subject to the boundary and interfacial conditions 

-αl옳X11I • n’ i(깨， Ç) +hOXlI씨(η， 흥) J~=~1 =0, hO는0， 

αl옳X11I • n.'(샤)+hi X 11I./!,1 (η， ç) J ~=~'+l = 0, 센0， 

a잖Xm. n./η Ç) ~=μ=αi+ l옳X m. n. i+l (η ç)η=~i+ l 

=호 앓 n. i+ 1 (η， ç냥1JZ. n. iCη， ç)1~=~1+ 1' z" =1, 2 ... (1 -1), (3.2) 

where 

c3 -Eige뼈lue of the problem 
.th 

αi' ß i -Characteristics of i'" layer 

R1 -Characteristic of ztJ1 Interface 

h(l -Surface codficient at f=f 1 

Jz1 -Surface coefficient at ç=응l +1' 

Equatiüns (3.1) and (3.2) constitute the mathematical formulation of the Sturm­

Liouville problem Íor composite prolate spheroidal geometry defined by (-1드η드 1. 

화드t드흙.i'!’ i=l, 2, .... 1). 

4. SoIution of the problem 

Since the separated differential equations in variables η and f are each of second 

order, the solution of (3. 1) will involve prolate spheroidal angle functions of first 

and second kind and prolate spheroidal radial functions of first and second kind 

given in (2.18), (2.19), (2.20) and (2.21) respectively. 

Hence the general solution of (3.1) is 

X ,n, n, z(η， f)= 
\ _(1) A‘ R 
UZ η!Il 

α? 

(Lc”’ a 
2 n(2) 

+A. R 
w η!Il 

α， 

김Zc，z ， E 
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‘ \ (2) 2 %, ηj+AinSmn 
α; 

βZCη ， η 
、

흙<~드~ i + l' z" = 1. 2 •. , •• 1. -1드η드1. n=1. 2, .... 

where A μj = 1. 2. 3 and 4) are arbitrary constants. 

(4.1) 

The function 5짧(Cn • η) is si때lar at η= :t 1 and hence A;n must be zero for 

the finite form of the solution (4. 1). 

So the general solution (4. 1) becomes 

1. , ,,(1) 
Xm.IZ./ 

αf ,.. \ , 'T ,,(2) 
:z Cn , f l +Ni, nRmrJ 략cη ， 용 

-1드η드1. 흙드f드흙+l， j=1, 2 --- l, %=1, 2 · , 

where Mz n and Nt n a1·e arbitrary constants. 

5(1) 
mn 

완Cn • ηl μ.2) 

Substituing the solution (4.2) in the equations (3.2). we get a system of 21 

simultaneous equations and from these we can calculate M i. 1Z 
and N씨 • AIso 

from the system of 21 simultaneous equations on eliminating M i . n and N i . n • we 

get the frequency equation. After substituting the values of NL ” and Ni, R , we 

get the required solution of the Sturm.Liouville problem (3.1) subject to the 

boundary and interfacial conditions (3.2). 

5. OrthogonaIity of eigenfunctions X m. n ,;CT/. ξ 

Let Xm• Il./η， 회 and X m•j • i (η， 중) be the two solutions of (3.1). then 

와 r 8 /< ~， 8 , 8 , ... 2 • , 8m2 
，~ '~J :: (1 -77") :: + :: ... (~，c， -n-::.o. ---τ 

(~2_션)1 

+βi cg xm t z(η， 용)=0. (5.1) 

and 

α 

(흥2-η2) 
9、 8 , 8 / ... 2 ., 8 ::. (1 -η2)걱J + ;,.. (용ι-1)」;-­- 877 I 8흥 

+βi c3 x?서 /η. ~)=O. 
)(1-η"') J 

-1드η드1. 흙드￡드흙+1， 6=1, 2 ---, l. 

(5.2) 

We multiply (5. 1) by (흥2 - η2)Xη<1 ， j ， i(r;. 웅). (5.2) by (옹2 - η2) Xm. μ(η. ~). 
subtract and integrate with respct to η and 중 in the above intervals to obtain 

f써 l 

등i lαt 
- ‘ SI -1 

X m.j. i(T/. 웅)펴 XηZ， η. ïCη， 솥) 
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+ 설{와 A i 「Xm j i(η， 용잃(용2_ 1)옳Xm.n.lη 용) 
-Xm， n， l샤)옳{(용2 -1)옳Xm， j， i(η， 웅) f Id~dη 

=설ßi(냉-껍) 2l 딴η2앓 iCη 흥앓 κη， ~)d용dη 
(5.3) 

Let /1 and /2 denote the first and second group of terms in the Ieft hand sidc 

of (5.3). 

Integrating by parts with respect to η , the value of 11 can be easily proved to 

be zero. 

In 12 changing the order of integration and on integration by parts with 

respect to 웅， we obtain 

/2=손l j αi Xm.i, i(η， 용)(중2-1)꿇Xm. n. i(η， 용) 
-1 

n ;:J l~=~써 
-Xm， n， i(깨" ~)(용ι-1)급숲-Xm，j， i(η， 웅) | dη. 

0'; ... ",.. - .J~=~‘ 

On changing the order of integration and summation, we obtain 

12= 1 ~잭m， j，/(η'~I+ l) (흥2l꾀)옳X m , n, ,(r;, ~) J ~=~ 1+1 

+ fl 편 αiXm， j， i鎬 
-αiX m, n, i(η， ~Úl)(양+1-1) 효←X m,j , i(η， 양) J~=~I+I 

- ‘ αi+ lXm,j , i+ l (η， ~Úl)(혈+l-1) 솥Xm， n， i +1(η， 용) 
~=~I+I 

~=~I+JJdη 

- , αlXm， j， l(η， 화)(옆-1) Axm, n, l(η， 웅) 
~=E. 
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-α1Xm，，z， 1(η， 양1) (옆-1) Lx · 1(η， 옹기 dη. 
1 "1' , / J~=~， 

Using the boundary and interfacial conditions for the eigenfunctions 

Xm，컴(η， 회 and Xm， i， i(η， 회， we have 
1 

12= J l (ç2Z + 1 -1시 {X nz,i ,! (η， Çl+l) [-h，Xm， n.!(η• ç i+d 

-(용2l+l-1시 {Xm， ".Z(낀 çZ+l)l-h!Xm. i，zCη， 용1 +1) 111 dη 

+ j 설(흥2i+ l- 1) Xm， i， i(샤i+l)월I Xm. n ，싸짧+1) 
-Xm.n.i(삶+1) 1-X ,,,, n, i(삶+1낼1 Xm， i ， i+l(η， 앙+1)-Xm， i， ll7’화+1) 
-tXm， j， i+1(짧+1)숲l X m, ", i+ 1 (η， Çi+l) - X m, ". 

i(η， ξ+1) 
-Xm， n，i+ l(않+1)옳 l Xm， i， i+l(η， 홍i+l)-Xm，i， i(짧+1) 11 IIdη 

(흥21 -1)lXm， i ， l(η.çl)haX째， 1(77， Çl) -Xm， 'I ， I(η， 화)hOXm， j ， l(η， 용1) 1 dη 

=0. 

Hence from (5.3) an orthogonality relation of the eigenfunctions Xη'1. n. i(η， 웅) 

can be expressed as 

~'+I 1 

A(n)1 ζ1& (홍2-η2)Xm， n ， i(η" ç)Xm•j , i(77. f)dfdη | =δ세 (5.4) 

SI 

where νA(n) is the normalising constant and δnj is the Kroneker delta which 

takes the value zero if n낯} and unity if n=}. 

6. Definition and the inversion of the transform 

We define the integral transform by the system 
~I+ I 1 

μt(Cn)=ßi (çL 깨2)Xm， n, i(η， 용)와(η'. f)dçd 77 (6.1) 
ξ -1 

z" =1, 2, ••• , /, 

where ui‘ (C,,) is the integral transform of 짝이， 웅) with respect to the kernel 

Xm， nJη'， ç) and weight function (용2--772)· 

/ 
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In view of the completeness of the eigenfunction expansion and the orthogonal 

property (5.4), the inverse transform of (6. 1) is readiIy obtained, provided that 

μ{r/， 용) (i=1, 2 ••• 1) are continuous and have piecewise continuous first and second 

derivatives in (-1 <η드1， 흙드용드Çi+l ， i=l, 2, ... , 1) and satisfy bonndary and 

interfacial conditions of the eigenvalue problem [6-p. 293] , as 

%(η， 용)= 2:::: A(n)Xm• n • i(η， ç) εμ강(cη) (6.2) 
L η i=l 

-1드η드1， 흥1드용드중i+l' i=1, 2, ... 1, n= 1. 2, 3, . 

where the coefficients A(n) are obtained from the relation (5.4). 

7. Property of the transform 

Let uS consider the effect of the integral transform defined in (6. 1) on the 

group of terms 

ai 

ßzC핸二η2) 
a ,_ 2 , a , a , â 
하(1-η )꾀+훈(ç~ -1)끊-

ηZ2 

(ç2_ 1)(1- η2) 
Ui(η， ç) (7.1) 

-1드?드1， 흙드f드흥i+l' z'=l, 2, 3, ... , 1. 

We have 

1=힐 JZaiXm i(η ç) 
연 ( _ O. jJ _ _.1 , Ò ( 
F」 (1-η2)끊Ui(η， 옹기 + 뿜1 (ç"-l)함깐(η， 용) Id웅dη 

Si -1 

, Si+l 1 끼 

+앓 aiXm• n• i(샤) 옳 
S. -1 

Let 11 and 12 denote the first and second group of terms 

right hanc1 side of (7.2). 

Integrating by parts twice with respect to η， we obtain 

11=설‘αz씬(η， p A 
f, -1 ' 

I 

g
떠
 

Si+l 1 

α'iX m. n. i(η， 5) -P 

(7.2) 

respectively in the 

(7.3) 

Changing the order of integration in 12 and integrating by parts with respect 

to ç twice, we have 
l l 

12=~그 
Z=l ‘ 느l 
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+ l ?:+lαiUi(η， 흥)꿇(중2-1)꿇Xnz. ,z z(η， 0 fdr;dç. 
-1 SI 

Changing the order of integration in the last integraI above, we get 

없
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카
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섬
 Xl 

ξ
 fu 
￡
 
띠
 

= 

h 

n4 

nu 

I 

S 

+ (7.4) 

that X "'.11. i(η， 홍) is the solution of (3. 1), we obtain 

셀혔jαiX"，.n.l샤)뎌 (1-η2)꿇μi(η， 용) 

+꿇 f(용2-1)4μi(η， 용) ’ - ’n2μi(η， 흥) 
(용2- 1)(1-η2) 

dçdη 

=셀-1α값 i(η，홍)(용2-1)옮Ui(깨，흥) 

Changing the order of sumation and integration in the right hand side of 

above, we have 

α[X"，.n’ I(η， 용1 +1)(헐+1-1) 흥rμ， (η，웅)-
ε
 
s 

-) 
η
 

j 

-s 
’ ( ‘ a 

κ
 -F 

x 

-
κ
 

a 
-a 
- - dη 

l 

+ ;폐폐쌀챈I 1μ{μαi끽봐싫싫X킬싫싫m.n쩌”성i(애암純η채않흥흙싫i션+1ι)(않(않짧용 
-α2싼%깐i(η， 흥흙i+1) (옹혈g+Hl「-1U ) 

S=Sμl 

오μi(η， 흥) 
S=SI+I 

S=SI+I 

(1 

(1 

l a -a-X /η， 0 
-. ， α1Xm.n.1(η， 용1)(용21-u! 끓U1(η， 0-표 m, n ， 딘 

| 0t Xm n l(η， 흥) 

흥rXm， x, i(η， 용) 

l 

dη 
5;5l 
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-c뒀xz*(cn) (7 5) 

Using boundary. interfacial conditions (3.2) in (7.5) and rearranging the 

terms. we get the required property of the transfonll as 

설x iai@2-η2앓 i(η 웅) αi 

ßi(흥2-η2) 
걷-(1-η2)-a 
aη aη 

+-，솜(f2-1)「L--r갱2 
l 
I! 

카
 

dη 
S=S/+l 

l l-1 「 2 f a l l 

1 온l댄m’”’ i(샤i+l) C흙+1- 1시α팩싼(샤)-환μi+ l(η， 웅)-μi(T/. 웅) J} S=Sl+l 

1 
Ri I 싸+1(η， 웅) 

μ
 
π
 

, 
i i 

-

-p 
i 

、l 
/ 

A • i n ” / 

d 
, P 얘

 

1

「

녁
 

-hoμl(η• ç) dη-c3소xr(c”) 
5=alJ ” i=l ’ ” 

(7.6) 

Hence (7.6) is the fundamental property of the integral transform defined in 

(6.1), which removes the group of terms quoted in (7.1). 

8. Discussion 

The integral transform defined in (6.1) is nothing but the generalization of 

the transforms defined in [1J and the results in [1J can be deduced from (6.1) 

by specializing the coefficients and parameters involved their-in. 

Further it is observed that the range of integration for η can be made (0, 1) by 

adding one more condition 

칸(η， q~=o=O or 4싼(η， qη=0 ’ 
in which case the transform defined in (6. 1) will be called the odd or even 

transform respectively. 

We can also consider the transfrom for the region (ηj드η드η'j +l' Çi드용드웅i + l' 

j = 1, 2, ... , k, z" = 1, 2, ...• l) following the procedure given in [2J. 
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The results presented here can be extended to oblate systems by using trans­

formations (2.11). 

Author wishes to thank Dr. B. R. Bhonsle, Professor and Head, Department 

of Mathematies, Marathwada University, Aurangabad, for his guidance during 

the preparation of this paper. 
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