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ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF WEAKLY COUPLED
PARABOLIC SYSTEMS WITH UNBOUNDED COEFFICIENTS

By Cheh-Chih Yeh

1. Introduction

Let E” be the n-dimensional Euclidean space whose generic point x is denoted

by its coordinates (x,...,% ﬂ) and let £ be the time variable on the real line. The

n 2\ 1
distance of a point *&EE” to the origin is defined by |x] :(_le_ )T. Consider the
t=1 1

system of parabolic differential equations

N
(1) L% [«%] —I—‘El caﬁ (x, t)uﬁzfa(x, ), x=1,2,..., N,

where each L” stand for the parabolic operator

Each equation of (1) contains derivatives of just one component of the unknown

functions ul(x, 1, a (x,%),..., uy (z,1), and the system (1) is coupled only in the
terms which are not differentiated:; so that a system of this form is said to be
weakly coupled [1].

Recently, Kusano-Kuroda-Chen [2] investigated the asymptotic behavior for
t—oo of solutions of the Cauchy problem for the weakly coupled parabolic systems

Lr.:r o N o B _ : b ded Ffini
[2¢ ]+5;1 ¢ (x,H)u" =0, a=1,..., N, with unbounded coeificients.

In [4), Chabrowski discussed the behavior of decay for {—oo of solution of a
single parabolic equation
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with bounded coefficients in gt

In this note, we extend the Chabrowski’s result to the system (1) with

unbounded coefficients.



226 Cheh-Chih Yeh
2. Maximum principles

In this section we are concerned with the weakly coupled system of parabolic
inequalities . o

-

B
where L% as described in section 1. -

The following two maximum principles due to Kusano-Kuroda-Chen (2] will be
important in the later treatment. |

c“ﬁ(i,'f)’"uﬁ}_b,“ - a=1,...,N.

M=

(2) L% -

1

LEMMA 1.- {2]. Suppose.the coefficients of (2).tn E"X [0, 00) satisfy the fol lowing
inequalities SR | | | |

n y - _ :
f _OSZI.. aﬁ“cx; 1)66:<K; -[l_og_(\xI2+1)_+1] ;{(\xlz-l_--l-)l “1& &

5, ]=
1

(3 85, OI<K,(12I°+D T, i=1,...,n,

C P, >0, -a#B,

N

= P (x, D<K, llog([z1*+ 1) +1)* (Ix>+1)*

for all real n-vectors §=(§,..., En) and o, f=1,..., N, where K,>0, K,>0, K.>0,

u>0 arnd A are constants. Le u (x,8), a=1,..., N, satisfy (2) in E"X (0, o0)
with the properties:

ua(x-, 0)<0 for xEE”, a=1,..., N,
and | |

u* (5, <M expikllog(121°+1) +11°(1 x|+ 1"} for (x,£) E™X(0, o)
where M and k are some positive comstants. Then u”(x,1)<0 in E"X (0, o),
a=1,2,..., N.

LEMMA 2. [3]L. -Assume that the coefficients of (2) in E"%(0,00) satisfy the

tnequalities

0< = a7 (5 0F,6;<K, log(1x*+D+11°7* (Jz P+ 1€13

2,7=1
@) 167(x, OI<K,llog(l2{*+1) +11(|z|*+ 1D 7, i=1,2,...,n,
caﬁ(x, 1) >0 for a#f

.. N -
/3;1 Pz, t)<K, log(|x°+1)+11",
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for all real n-vectors §=(§,,...,§,) and a,6=1 2., N, where K1>0 K,>0,

K. >0, and 2>1 are constants. Let u (x. t) a=1,...,N, sm,‘zsfy (2) in E"x (0,
co) with the properties: - T -

u*(x,0)<0 for x<E", a=1,..., N,

and _— B S

W%z, D<M exp {kllog(|x|*+ 1D +1]% in E”><(0 00)
for some positive constants M and k, a=1 N Then u (x, z‘)<0 in E” X (0,
), a=1,..., N. |

3. Exponential decay of solutions as f—co

By a solution: of (1) we mean a systéem of N real valued fanctions #“(x, £),
a=1,..., N, which are continuous in E"X [0, o), continuously differentiable
once with respect to ¢ and twice with reSpect to x in E"X (0, 00) and satisfy the
system (1) in E" X (0, o).

THEOREM 1. Suppose the coefficients of (1) satisfy the condition (3) and
N
Z ca’ﬂ (x, t)g—Kg, where x=1,..., N, K3>O zs cz.co;fz_stmzt. Let uaf(x, z‘), a=1,...,

N, be a bounded solwwn of (1. -If lim fF%(x, t)= 0, a=1,..., N, uniformly with

F—00O

respect to x&E", then lim " (x,t)=0, «a=1,...,N, uniformly with respect to

I —00

n

e A==l DI

PROOF, Let € be an arbitrary positive number. We see easily that there exists
a positive constant J such that ‘

x| <e, a=1,..., N,
for x & E" and >4. Put

M= sup |u%(x t)|, =1, ..., N.
(t, DS E™)

We introduce the auxiliary functions

W (x,8) =—2 E — M eTTUT 4 kD), a=1,..., N,
3

where 7 is a positive constant such that 0<»<Kj; Hence
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—r(t—3)

—rM% e +F%(x, 1)

—7r{t—0)

>c+M e (K;—7)2>0, a=1,..., N.

for x=E”" and £>J. Moreover

w? (x,5>=—2—ﬁ‘?.3 —M® + 4% (£,0)<0, a=1,...,N

for x&E". From Lemma 1, we see

wi‘f (x,)<0, oa=1,..., N

for x&E" and r>¢. Hence

_o—= —M“e_’(’_a)guah(x,t)_'§2 I;:' - MY e T¢I,
K, 3

for x&E", t>0 and a=1,..., N. Therefore

_ -zt <lim inf #%(x, )<lim sup «~ (x, )<< 2€

which proves our theorem.

Similarly, using Lemma 2, we can prove the following.

THEOREM 2. Suppose the coefficients of (1) salisfy the condition (4) and
N
BZI & (x, N<—K,, where a=1,..., N, K;>0 is a constant. Let u”(x,1), a=1, -,

N, be a bounded solution of (1). If lim fa(x, 1)=0, a=1,..., N, uniformly with

! oo

respect 1o x €E", then lim u°(x, 1)=0 uniformly with respect to x € E'.

{00

REMARK. In the case A=0, p=1, N=1, Theorem 1 of [4] is a special case of
our Theorem 1.

EXAMPLE. The system

r 1 L1 —
Aal—(lxl")—l—Z) ze:l—l-uz—-agt ——ne °
2 9 3%2 Lih !
Auz—i-ul—(\xl +2) u - = —He 2
E1
2

which has a solution z.cl(x, z‘)=u2(x. I=e¢e | ., where 4 i1s the s-dimensional

Laplace operator. Obviously lim ul(x, {)=1lim z.cz(x, t)=0. For this system, 4=0,

[~—00 f—00
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Elk

; — —~1
u=1, K,=1, K,=0, Kgz=1, lim f'(x,)=-n lime % =0 for i=1,2

{—00 100
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