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ASYMPTOTIC VIOR OF SOLUTIONS OF WEAKLY COUPLED 

PARABOLIC SYSTEMS WITH UNBOUNDED COEFFICIENTS 

By Cheh-Chih Yeh 

l. Introduetion 

Let E n be the n-dimensionaI EucIidean space whose generic point x is . denoted 

by its coordinates (x! ••.•• x_) and Iet t be the time variable on the reaI line. The 
.1' • n 

distance of a point xεEn to the origin is defined by I x I = 

system of para bolic differentiaI equations 

(1) f [%] + ￡ 앤 (x. t)영=~(x. t). 
β=1 

Ejx2]웅. Consider the 

α=1.2 •...• N. 

where each L
a stand for the parabolic operator 

걱2 ,.,.... .., 
Lα=옳1 강 (x. t) 찮견꽉-+ 등1 bi(x, t) U axi 

Each equation of (1) contains derivatives of just one component of the unknown 

functions 상(x. t). μ2 (x, t) • .... μN (x. t). and the system (1) is coupled only in the 

terms which are not differentiated; so that a system of this form is said to be 

weakly coupled [1]. 

Recently. Kusano-Kuroda-Chen [2] investigated the asymptotic behavior for 

t→∞ of solutions of the Cauchy problem for the weakly coupled parabolic systems 

La [값] + ￡ cαß (x. t)영=0. α= 1 ••..• N. with unbounded coefficients. 
ß=1 

In [4]. Chabrowski discussed the behavior of decay for t→∞ of soIution of a 

single parabolic equation 
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with bounded coefficients in E 

In this note. we extend the Chabrowski ’s result to the system (1) with 

unbounded coefficients. 
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2. Maximum principles 

In this section we are concerned with the weakly coupled system of parabolic 
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(2) 

where La as described in section' 1. 

The following two maximum principles due to Kusano-Kuroda-Chen (2) will be 
important in the later treatment. 

LEMMA 1. (2). S때'þose..the.. coeffz"cz"ents of (2} z"n E ’'x [0, ∞). satz"sfy the following 
z'nequalz"tz"ès . " 

핀l azja[ x, t)흥z옹j닥l 

lbr(x, t) l=K2( |x|2+1)초， i = 1, ••• , n, 
(3) 

caβ(x， t)늘α -α，pß， 
N 
g cuμ (x, t)드K3 [log( [x 1 ‘ 

for all real n-vectors 흥=(흙， .•• , 흥η) and a , ß=l , •.. , N , whereK1>0, K2능0， K 3>0, 
α 

μ> 0 and À. are constants. Let μ (x, t), α= 1; .•• , N , satisfy (2) in Eηx (0, ∞) 

wz'th the proþertz'es: 

μa(x， 0)=o for xεEn， a=l, ••• , N , 
and 

μacx， t)르M exp{k[log(|X]2+1) +1]A(|x|2+1)μ} for (x, t) EnX(O， ∞) 

where M and k are some positz"ve constants. Then ua(x, t)드o in Enx(O, ∞)， 

α=1 ， 2， •.• , N. 

LEMMA 2. (3). Assμme that the coeffz"cients of(2) in Enx(O, ∞) satisfy the 

t，zeqμaUties 

O드뚫I a검 (x, t)탤j드K 1 [log( 1 X 1 2十 1) +l)2- À. (Ixl~十 1)1윈 2 

2 2 l 
(4) Ibi~(x， t)1 드K2 [log( l x l + 1) + 1] ( | x l ‘+ 1) 2 , i = 1, 2, .•• , n, 

caß(x. t)르o for α#β 
N. _。

훌l r(x, t)드K3[1og(lxl2+1)+1]X ， 
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for all real n-vectors 흥=(윈， ••• , 웅n) and α， ß= 1, 2, ••• , N , ωhrpre K 1> 0, K 2> 0, 

K 3> 0, and .:1.> 1 are constants. Let 양(x， t) , a= 1, ••• , N , satis，지 (2) zOn EnX (0, 

∞) wzïh the propertz"es: ‘ 

μα(x， O)드o lor xεE”， α= 1, ••• , N , 

and • • 

μa(x， t)드M~~p {k [log( Ix1 2+ 1)+ 1JÀ} z"n Enx(O, ∞) 

for some posz" tz"νe constants M and k, a= 1, •••• N. Thetz ua(x, t)드O in EnX(O. 

∞)， α=1， •.• , N. 

3. Exponential decay of solutions as t→∞ 

By a solution/ of (1) we mean a system of N reaI valued functions aα(x， t) , 

α= 1, ••.• N , which are continuous in Enx [0, ∞)， continuously differentiable 
n 

once with respect to t and twice with respect to x in g'x (0, ∞) and satisfy the 

system (1) in Enx (0, ∞). 

THEOREM 1. Suppose the coefßâents 01 (1) satz"sfy • the condz"tz"on (3) and 
N _" 
g그 C“P (x, t)드-K3， where α= 1 •. 0 o. N , K 3> 0 is aconstant. Let μα(x， t)， α= 1 •. 
8=1 

N , be a bounded solμtz"on of (1). 1f lim ~(x. t) =0, α=l， ••• , N , μnzformly ωith 
t→∞ 

respect to xεEn， then. Iim ua(x, t) =0, α::= 1, ••• , N , μ쩌formly wüh respect to 
t→∞ 

xeEEn. 

PROOF. Let e be an arbitrary positive number. Wesee easily that there exists 

a positive constant δ such that 

IÎ(x, t) 1 드e， α= 1, ••• , N , 

for x E E n and t>δ. Put 

if= sup lua(x,t) I, α== 1, ••. , N. 
(t. t)εE"~l 

W e introduce the auxi Iiary functions 

썩 (x, t) = -2-갚 -Mα e~r(~-s) :!: ua(x. t), α=l， ••• -, N, 
3 

where r is a positive constant such that 0<r<K3• Hence 

N ag β 3트 
L~[w및 J+ 홉1 C (x, t)% = - K 

N β -r(t -δ) .. N αβ :L; cu~ (x. t) - M U e' " V J 2:그 cu~ (x. t) 
β=1 β=1 
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-γMα e-r(t-5) ±fα(x， t) 

는e+ At'e -r(t- δ) (K3-r)>(), 

for xεEn and t> δ. Moreover 

α=l •... , N. 

양 (x， δ)=-2필 
- ii 3 

_Ma + uO: (x， δ)<0， α==l ， ••• , N 

for xεE". From Lemma 1, we see 

w::' (x，1)드0， α= 1, ••• , N 

for xεEn and t는δ. Hence 

-2휴_MO: e-r(t-õ) 드 μa (x，1)드2수+M%-r(t-a)， 
ß3 ~A3 

for xεEn• t르δ and α= 1, ... , N. Therefore 

-경튼-<lim inf μα(x，1)드lim sup zP (x, 1)드흙 
..l.L 3 t→∞ t→∞ “ 3 

which proves our theorem. 

Similarly, using Lemma 2, we can prove the following. 

THEOREM 2. S때'pose the coefficz'ents of (1) satisfy the condzïiol2 (4) and 
N 끼 

g caβ (x，1)드-K3 ， where α= 1, ••• , N , K 3> 0 is a constant. Let 앙(x， t) , α=1，· , 
ß=l 

N , be a bounded solμHon of (1). 1f lim fα(x，I) =O， α= 1, ••• , N , unzformly wz"th 
t→。。

respect to x EEn, then lim μα(x， t)=O μniformly wzïh respect to x E E ’t. 
t→∞ 

REMARK. In the case À.=O, μ= 1, N = 1, Theorem 1 of [4] is a special case of 

our Theorem 1. 

EXAMPLE. The system 

객l二 t 2 ，~~ 1 , 2 
Aμ - (Ixl ~ +2) μ +u- -

8μ1 

àt 
=-ne ‘ 

‘ 2 I x l' ‘ 

A%2+%1-(|따2)μ2-뿜=-%e-τ--1 

1 x 1 ' 

which has a solution μ1(x， t)=%2(x, t)=e--T--I , where d is the ?Z-dimensional 
1 , ."'-... 2 

Laplace operator. Obviously lim u.(x, I) =lim κ (x,I)=O. For this system, A.=O, 
t→∞ t→∞ 
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μ= 1. K 1 = 1. K 2 = O. K3=1. )im JZCx. t)= -n .Jim e 
1-+00 1-+00 
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