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INFINITE SERIES, OF KAMPE DE FERIET’ S DOUBLE 

HYPERGEOMETRIC FUNCfIONS OF HIGHER ORDER 

By M. A. Simary 

higher 

1. Introductory 

Kampe de Feriet’s [IJ introduced the doublc hypergeometric functio!l of 

order ( i. e. ,",rith more pararneters) in two varjables, namely 
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=2그 Z그 ， a 
，뼈 n=Ol딘l(η ;nz+n)낌l{(ζ ， 끼)(δ;; n)J 

where μ+ ν드Þ+u+ 1. 

For the definition and properties of this funct ion the reader is referred to [1]. 

pp, 147- 176. For special values of the parameters μ• V. P. u. the function (1) 

reduces to the four double hyhergeometric functions of Appel. 

Thus we have ([1]. p. 14) 
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Also it is easil y 8e311 that 



220 M . A. Sintory 

o 
u 

o 
o 

/ 
l 
1 
l 
! 
l 
l 
1 
1 
1 
1 
、

F ß,. β1 .... β ， β’ I ß, • • ••• β ;%\ ~ I βl' •• • • κ ;y \ 

.. ... ...... … - 1 %. Y I =u떼낀， ----6g lvro( 진 .. o~ ) (4) 

이， δ1'" . δ。， δ; 

and 

{ μ|a a| ) 01 .. ....... .. .••. 1 

Þ I r,. •••• Tp I %. % I 
1 I δ， .0' ， ) 

{..... llk --1_ 1 }tl_l 
=p+zFρ+3 { a l' • .•• aμ’ τ· τrδ，+τδτ· 

\ Tl' ... , η. 이. 0’l' 이+oí- 1 ; 

where μ:S;þ+2 and 1%1 <송 w뼈 μ=þ+2 

]. Burchnall and T. W. Chaundy[21 gave an extensive list of expansions of 

AppelJ’s double hypergeometric functions. thej' intrαluced a certain type of 

differential operator and deduced their results by an application of these operators. 

My method in deriving the main theorem is striaghtforward and is basαon serics 

derangemcn t. The main theorem w’iIl be stated and proved in ~ 2; while particular 

cases will be deduced in ~ 3. l t may be noted that the constants and thc 

parameters are such that the functions involved exist. Dougall’s theorem (Proc. 

Edin. Math. Soc. XXV, 1 906， 1이 ,s r며u'r때 in tbe pr'∞f. namely; 

융δ， +웅δ;;μ) ; 

(6) 

where R(a -c-d - e)> - 1 

2. 'l'hc maim theorem 

The expansion to be established is 
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/μ+ 1 I αν .. • aμ， b \ 

| ν+1 I βl'β 1" ..• βu ' ß' u;a ;a I 
=F μ+I I 71' . ... η， a I x, y I 

\ 0'+ 1 I δl' δ1" .. δ。 ， õ;17 ;ι b I J 
πbere μ+ν드þ+O'+ l and (a ;r)=r (a+ r )lr (a) , (α， 0)= 1 

PROOF. When μ+11드þ+O'+ 1. then from (1), the left side of (7) is equal to 

" u 。
∞ ∞ ∞ n (α';; 2r) n {(ß;:r) (κ ; r)) (a;r)ι(a-b; r) ，_.서 
~::i:그 ~<=‘ J=l ‘ -스쓰스←→-
=0 꺼;;'0 .;;;0 È "-- . ... ... _. __ . (a+r- l ;r) 

r ’ 딘 (η，강) 딘 {(.δl ’ r)(이， r) ) (a;강)(b;r) 

(7) 

6 (aα+았 ; …+ 1t써zψ) h {K(여ß;‘+rη’끼11!샤)(찌+샤rη，끼”껴) {(“a+r ’; ，…"，) (a+r ’끼”씨) xm yn 

X<덩:?‘ 7 
n (rι‘+2rη’ 1Jl + 1t) n { (δo， +r ’ nz) (0ε':+ rη’%써)) (a+2γ ’”…tο)(a+2rη’ n) "'! η! 

j=l j=l 

Here wri te η'l=þ- Y， η =q-r. Change the order of summation putting the firs t 

summation last and the 농st expression becomes 

∞ ∞ 6， (ajhq)낀{(힌， þ)(예 ;q) ) _p .. ' r a- l, 응+융， a-b， -þ, -q; 1 1 
~ ~ l=1 l 주~ 1<" 1 

뼈 ，=펴(η;þ+q띄 ((Oj ;Þ)(진 q)) þ! q ! 5‘ t융 승， b, a+þ, a + q J 
,ow sum the 5F 4 by Dou댐II’ 5 theorem (6) , a끼)ly (1) again and 50 obtain the 

right hand side of (7) . Thus (7) is proved. 

-‘ 

3. Pal'ticuJar cases 

[n (7) taking μ= I， lI=þ= O'=O， applying (2) 

웅 (a;r쇼a-b;r)α강) l' . . . ," .... [2J iO 7R， 2r)강퓨퓨치(K; (xy) F [α+2r ;a+ r. a + r;a+2r. a + 2r;x,y] 

12 [ a , b [ \ 

-녕 1 1 a, a 1 _ ., 1 F f • I -, - I x, y I . (8) 
1 1 1 a 



222 M.A. 51끼 "ry 

Jn (7) taking μ=2， ν= 1. þ=O, ,, =1, with α1=δí =a, applying (3) 

(α1 ;2r)(α2 ， 27)(Q;7)2(a b,r) 
(xy)' 

r!(a;r) (a;r) (a;2r) (a + r-1;r) (b;r) 
[4] 

[α1+ 2r， α2+ 2r; a十2r， a + 2r; x,yJ 
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=F[ 0 [ ............ [ x , y [ 

I 1 I a 

\1 ' b, b I 

In (7) taki ng μ=þ=α applying (4) 
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(10) 

、vhere Ixl < 1, Iy l <1. 

In (10) taking ν=0=κ 1 get the summation of generaIized \Vhittakel ’ s. function 
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1므1 ((찌 ;r)(쩍 ;r)) (a; r)"(a-b; r) 

(XY)’ ” 7! y딘l{(익 ;r)(이 ;r)) (a;2r)(a+r-1;r)(b;r) 

Xn +l F n + l ( β1 + r, . .. . β'n + r. a+r 까 ,F .. ~ J 이+ 1' . ...• 쩌+r， a+r:y ì 
,.. ~ n 1"" \ δl+r ..... δn +r. a+2r J“ 1-1~ 11 +1, δ~ + r， ... , δ~+r. a + 2r ) 

/ 1 'b 
사 " + 1[ βl' ß' l' .... βn' 힌， a, a[ 
니 1 I a I X, Y I la 

\ n + l J δl' å'1' .• •• δa' ð~， b,b I ) 
In (7) tak.ing ν= 0, ,,= 1, with δ1=이=a， appIγing (5), 
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낀 (α'j;2r)(a-b;r) 
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