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ON THEOREMS FOR THREE VARIABLES ANALOGOUS TO WATSON’S 

AND WHIPPLE’S THEOREM 

By C. 1. Parihar 

1. Introduction 

The triple hypergeometric function of superior order is defined as [2, p. 14) 

X, y , z 
(a A); (bB) , (b' B)' (b" B)' (cc)' (c' c)' (c" c); 

(d D); (e E)' (e' E)' (e" E)' (f F)' (f' F)' (f" F); 
F (1.1) 

A B , ß, n (a;, m+n+p) f1 (b; , m+n) f1 (b;' , m+p) 
= 숭 jEl J j람 J j힐 J 

IJt, n.ρ=띤/띤， m+%+P)j므l(ej， m+%)l묘 (안/， m十p)

, C, ~ c, 
，딘l(낀， %+P)딘1(당’ m) 딛1(낀， %) .딘1(Cj”， ψ) xm y" zP 

× 호r----Fl .F2 • F , 
j되 (ej깨+P) .딘1(져’ 썩되 (ζ/， %낌 (지껴…! n! p! 

where A,B"Bo,B",C"Co,Co. D,E"EmE",F"F" and F~ are l ’ 2’ 3’ l ’ 2’ 3’ ’ l ’ 2’ 3’ 1’ 2 POSItIve integers ηZ， 

n,p takes all positive integral values from 0 to ∞ and the parameters satisfy the 

following conditions: 

and 

A+Bl+B2+C1드D+El+E2+Fl+l 

A+Bl+B3+C2드D+El +E3+ F2+1 

A+B2+B3+C3드D+E2+E3十F3+ 1 

(a A) = (a1
, a2, ... , a A) 

(a , m) =(a)m=a(a+ 1), •.•• (a+m-l) 

(a.O)=l 

In this paper we give interesting special cases of this function, 

triple sums analogous to Watson’ s and Whipple’s theorem. 

2. We prove the foIlowing theorems 

(a) Watson’ s theorem for three variables 

which is the 
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a"al'); , , , b, b', b"; l ’ 2' , , , ... , ’ 
(2.1) F 1 , 1_ , 1 2b+2b' +2b"; , , 

1, 1, 1, 

r ( 1 T 
\ 2 

--+--a +--a , 2 ' 2 -1' 2 ι’ 
, , 」

b+b'+b"+ ~ 1 , 1_ , 1 、 '11 1 , L , V , V' \ 

r、 2 + 2 a1+ 2 a2)T~ 2 - 2 a1- 2 a2+b+b'+b") 2 
1 , 1 r 1 , 1 T( ~ +b+b' +b" -2a T l+b+b/+b”- l az F 、 :2 + :2 a1) 、:2 + :2 a21 、 2 1 V V 1.... .... ..... 1) 

、 2 

(b) Whipple’ s theorem for three variables 
a1 , 1-a1; -,-,-, ; b, f , by; 

(2.2) F • ‘ 1, 1, 1 I cl' l+2b+2b'十2b"-c1 ; , , , , 
상-2b-2b'-2b" 

π T(c1)T(1 +2b+2b' +2b" -c1) 

- ,..( 1 _ , 1 \ 1 1 , 1 1 \ 11 , 1_ 1 
T( τC1 +τa1)끼τ+τC1 -τa1)끼τ十τaI-τc1+b+κ+b" 

× 1 
1, 1 _ 1 

T( 1- -::. a. - -::. c. +b+b' +b" \ - 2 -1 2-1 

PROOF. Let us consider the triple series 

(2.3) 
(a ,,) ; , , ; b, bκκ" bκb" 

FI ‘ 1, 1, 1, 
(c2); , , , , , -

c。

=:L:: 
(a1)m+n (a2)m+n(b)m(b') 

+ 十 '!...3F2(a1 +m+n, a2+m+n, b", 
m!n! (C1)m+η(C2)m+” 3 2 m,n=O 

c1+m+n, c2냐 ηz+n; 1) 

Using the theorem (3, p. 52) 

T(e)T(f)T(s) 
(2. 4) 3F2(a, b, c, e,f , 1) = TRYf상주b)T(늄c) X 3F 2(e-a,f-a, s;s+b, s+c; 1) 

where s=e+f-a-b-c; Re(s)> 0, Re(a)>O 

The Right Hand side of (2.3) 

r (c1)T(c2)T(c1 +c2-a1-a2-b") 

- T(aj)T(c j +c2 -a1 -bηT(c1 +c2-:-a j-a2) 

c。

X L그 
m.n=O 

(a2)m+ 1Z (b)m (b') ,, ~ iCj-al , c2-al' cl+c2-al-a2-b" 
F서 

m! n! (c1 +c2-aj -b")m+ η 3
r lCl +c2-a1-b’ +m+n, c1 +c2-a1 -a2 

Re(c1 +c2-a1-a2-b")>0, Re(띤)>0. 

「(c1)T(c2)T(c1+c2-a1-a2-b") 

- T(a1)T(c1 +c2-a1-b")T(c1 +c2 -a1 -a깅) 

∞ ( a2)m+n(b),/b')/cl-al)pCc2-al)pCcl +c2-a1-a2-b"\ 

× 1” 앓=0 m!n!ÞI (c1 +c2-a1-b")",+n(c1 +c2- al- b" +m+n)pCc1 +c2 -강셰p 
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r (c1)r(c2)r(C1 +c2-a1 -a2-bγ) 
- r(a1)r(C1 +c2-a1-a2)r(C1 +c2-a1-b") 

(c, -a 、 (c., -a ,},,(c , +c.， -a，-σ -b’) 
×g솥힘므i0 p샤싸;h(C안l;않&원3μa1」따4)A싸C1 ￥싫당싹」사al3F씩% p F젠1κ(a챔2잉샌;파b. b'’lκ;퍼c단l납+쩍c2-aγ1- b" +얘p떠; 1.피’. 1 

] But using [1.’ p.22낌 

(2.5) F 1(a;b, κ ;c;1. 1)= 
r(c)r(c-a-b-b’) 
r(c-a)r(c-b-κ) ’ 

(2.3) becornes as 

(2,6) 
(a2) ; • • .; b, b', b" ; 

F l (C2) ; -, -, -, ; -, -, - ; 
1, 1, 1 

F (c1)r(c2)r(c1 +c2 -a1 -a2-b-bκ， -b"ιν7 

= r(a1)r(c1 +c2-a1- a2)r(c1 +c2-a1-b-b' -b") 

c1-a1, c2- al' c1 +c2-a1 -a2-b-κ-b’; 
X3F21 Cl+c2-al-a2.c1+c2-al-b-b'-b" 

Now if. we put in (2.6) 

(i) c2=웅(1+a1 +링， c2=2(b+b' +b") 

1 

and surnrning by Dixon’s theorern [3, p. 52]. we get (2. 1), the Watson’s theorern 

for three variables, 
(ii) a2=1-a1 and c2=1+2b+2b'+2b" and using Watson’ s theorern [3, p. 54] , we 

get (2.2) the Whipple’s theorern for the variables. 

1 wish to express rny sincere gratidudes to Dr. R. N. Jain for the kind supervi' 

sion during this investigation. 
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