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AN INTEGRAL INVOLVING JACOBI POLYNOMIAL 

AND THE H-FUNCTION 

By P. Anandani 

1. Introduttion 

In this þaper, an integraI involving product of the Jacobi polynomiaI and the 

H-function has been evaluated. From this resuIt, many other integraIs involving 

these functions ha ve been deduced. A large number of speciaI functions; for 

mstance, G-function, generalized hypergeometric functions considered by Fox and 

W right, generalized Bessel function due to E. M. W right, functions of G. Mittag-

Leffler and Boersma; are particular cases of the H-function. 80 on specializing 

the parameters of the H-function involved in the integraIs, many new as weIl as 

known integraIs can be obtained as particuIar cases. 

The H-function was introduced by Fox [5, p. 408] and its conditions of validity, 

asymptotic expansions and analytic continuations have been discussed by Braaksma 

[2]. FoIlowing the definition 

represented as foIlows: 

glven by Braaksma [2, pp. 239 241] , 

(1. 1) H였Iz 
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힌1F(bj -핸)j힌lF(1 껴+αjOZ 1;, 

n r(l-b;+BJ) n r(a;-α';0 
od', 

j=P+1 ' 'j=q+1' , 

where {(ar, αr)}， represents the set of parameters (al' α1)' 0" , (ι， αr)' 

In what foIlows, for the sake of brevity 

s r p s q r 
쭈그(마)- ε(α:;)=A， 2;:. (ß;)- :E (ßJ+ :E (α.)- ε(aJ三B，
1 ' l' 1 J p+1 J 1 J q+1 J 

a(α+1) ...... (α+n-l)=(α)n’ %늘1 ， (α)0=1， a ;i:O. 

2. The integraI to be established is 
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(0'+μ얀/찌) Re where n is a positive integer. A능O. Re(β)<1. Re (p+δbj/봐)>-1， 

δ>0 (or δ르0， μ>0). B>O, larg zl <웅B7r and μ능0， > -1(j=1. 2, …, p). 

PROOF. To establish (2.1), expressing the H-function as Mel1in-Barnes type 

of contour integral (1. 1), interchanging the order of integration which is justifiable 

due to the absolute convergence of integral involved in the process, we get 
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EvaJuating the inner integral with the help of [4, p. 284(3) ] *, i. e. 
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(2.3) 

-2p+u+ 1r(p+üT’(o+l)T(n+α+1)_ 1<' r-n， α+β+n+1， p+1 : 1 
- I T'7/ I ....... 、T"7/ , .. 、 3~' 21α+1， p+o+2, J' 

Re(o)> -1 : (2.2) reduces to: ;provided Re(p)>- l, 

-n, α+β+n+1， p+1+δ， : 1 
+1, p+0'+2+(δ+μX Jd'. 

p q 

브1 F(얀-핸) 낌1 F(1-와+α열)r(p+1+δor(O'+l+μo 

n r (1 -b;+ßJ) n (a;- α';or(α+l)n! 
j=P+1 ’ J j=q+l J J 

2'o +U+ 1+ (0+μ)czi ” 

X T(p+ 0'+2+ (δ+μX) 3~' 2 

l 
27rz' 

T 

(2.4) 

Now, expressing the hypergeometric function as series, changing the order of 

summation and integration in view of [3, p. 176(75)], which is permissible under 

the conditions given in (2.3) and (2. 1) and applying (1.1), the definition of the 

H -function, the value of the integral is obtained. 

r (n+a+1) ’ In the result [4, p.284(3)] , the factor 씨 Pμ..L， 、 is missing on the right-hand side. 

(-n)N(α+ß+n+1)N 

N!r(1 +α+N) 

「 μ I ( - 0', μ) ， (-p-N， δ) ， {(ι， ζ)} 
× H - - L z 

rH,s+ll .1 {(bs , ßs)}' (-l-p- O'-N， δ+μ) ， 
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3. 1n this section, we discuss some interesting particular cases of the result (2. 1). 

(i) Taking δ=0 in (2.1) , we get 

(3. 1) 
l 

-1 

Ca, ß) 
(1-x)P(1+x) P n (x)Hr s 

u !Í(ι， αJ} 
z(1 +x)이 T' r-- Idx 

I {(bs' ßs)} 

= 2p+u+1T(n+α+1) 슨 (-n)N(α+β十n+1)NT(1 +p+N)
n! N=O N!T(α+l+N) 

「 μ I ( - 17, μ) ， {(ι， αr)} 
XH r>.' . - .12"'z ’ 

r+l，s+ lL~ NI {(b인 βs)}， ( -1-P-17- N , μ)J' 

where n is a positive integer, μ>0， Re (β) <1, Re (P)> -1, Re (17+ μb/면)>-1 

(j=펴 ,p), A르0， B>O a떠 l따g zl <웅Brr. 

(ii) 1n (3.1), replacing x by 1-2x (or x by 2x-1) and 2fJ.z by z, we have 

1 p o (α，야 ”’qr μI {(ar， α )} (3.2) I xl' (1-xr p~U'~J (1- 2x)H~' ~ j z(l- xYï :~~r' ~-~~' jdx 
r ,sL - . I{(κ， ß

s
)} 

= l1 %(1-x)P p(a, φ (2x-1)HP，~ fzxμ {(ar, αr)} ldx 
o ” 7 , s L l {(bs, βs)} 

T(n+α+1) 슨 ( -n)N(α+β+n+1)NT(1+p+N) 
- n! N=O N! T(α+l+N) 

Ó.Q +l r I (-17, μ) ， {(ι， αJ} × H r 1 | z | I 1 

r+l,s+l L'" I {(ι ß) }, (-l-p-17-N, μ) J' 

where n is a positive integer. μ>0. Re (ß)<l. Re (p)> -1. Re (17+ μb1/와)>-1 

(j =1.2 .... ,p), A르0， B> 0 and I arg z I <웅 Bπ 

(iii) 1n (3.1), setting p=a and on the righthand side expressing the H-function 

as MeIlin.Barnes type of integraI, interchanging the order of integration and 

summation. evaluating the series inside the integraI with the help of Gauss' 

theorem [6, p.1441 and again using (1 .1). the definition of the H-function. we 

get a result estabIished earlier by the author [1, (3.4) 1. 

(iv) Putting μ=0 in (2. 1), we have 

(3.3) 
1 p (a,a) r,#,q 「 6! {(ar, α )} 

(l-xY'(l+xr p.~U'::I(X)H'..'~ Iz(1 -xrl ::.r' ~~''- I dx 
r , s L - - I {(b

s
' ß

s
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2p+a+ lr ((J+ l)r(n+α+1) 휴 ( -1Z)N(α+ß+ :z+l)N 
- n! N='O N! r(α+1+ .N 

p, q+ 1 [" δ xH ",' '-.1 
1" +I , s+1 ‘ 

(-p-N, ò). {(ar• α，)} 

{(b s' βs)}. ( -1- P- (J- N. δ) Jo 
where n is a positive integer. δ>0. Re (β)<1， Re ((J)> -1. Re (p+δbj/β1)> -l 

(j=1, 2 ..... 찌， A>O, B>O and larg zl <윷 Brr. 

(v) In (3.3), replacing x by 1-2x (or x by 2x- 1) and 2δ z by z. we get 

(3.4) .. ~(l_x)a P샘) (1-2x)Hr z Õ I {(a~. α，.)} 
zx 

{(b 5' βs)} 
dx 

l p o (α， β) r.... ... .... TrP, qr δ1 {(a α )} =1 (l-x)"xU p\~ 0'''J(2x- l)H'''~lz(1-xYI ’ r" I dx 
o ’" - r. SL' - 1 {(b

S
' 더s) } 

_ -=---r((J +1)r(n+α+1) 까 (-n)N(α+β+n+1)쓰 
- n! N~O N!r(α+l+N) 

(-p-N,), {(ζ， αr)} 

{(bs' β5) }， (-l-p- (J -N, δ) ’ 

þ ,q+l ×H !Z r+l.s+l 

where n is a positive integer, δ>0， Re (β)<1， Re (띠> -1. Re (p+δ얀/까)>-1 

(j =1, 2, ... ,p), A늘0， B>O and larg zl <웅 Brr. 

(vi) ln (3.3), putting (J =β and on the right-hand side substituting from (1. 1), 
interchanging the order of summation and integration, summing the inner 

with the help of [7, p. 49]. i. e. 

(3.5) 

and then using 

(3.6) 

1<' 1 α， β， -n; 1 
3‘ 2Lr, 1+α+β-r-n 

[7, p. 18(9iii)] , i. e. 

(r-α)n(r-ß)π 

- (r)n(r-α-ß)n 

F (n+1) 
F(1+%-s) =(-1)S(-%)s 

senes 

and (1 .1), the definition of the H-function, we obtain another result due to 

author [1. (3.2)]. 

(vii) Taking μ=δ in (2.1), we get 

; p o (a， β)"'TYþ.q["". 2 δ1 {(ar, αr)} 1 
(3.7) 1 (1 -x)"(l+xy P'- ..... /(x)H' .. ~lz(l-x~YI:~_T. _':: I dx 

) ’, . - r.5L' - 1 {(b 5' βs)} 
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2p+u +lr(n+α+1) • ( -n)N(α+ß+n+1)N 
- n! 'N=O N!T끊후1주파 

P. q+ 2 r ~2ò XH ~~ ~ I -. 1: 
r+2.s+1 υ 

( -a, δ) ， (-p-N， δ) ， {(ar, αr)} 

{(bs' βs)}， (-l-p-σ-N， 2δ) ’ 

where n is a positive integer, δ>0， Re (ß)<1. Re (p+õb/ß j)> -1, Re (a+ δbf/ 

젠>-1 (j =1， 2，"'， φ) ， A는0， B>O and '~arg z I <윷 Bπ. 

(viii) In (3.7), replacingxby 1-2x(or x by 2x-1) and 22Òz by z , we get: 

1 o (α， β) ，.. ~'TFP.qr δ δJ {(ar• α )} (3.8) r xP(l-xi p(a'.~\1-2x)HP'~rzl(I -x/ l~Ur.Ur)J 1 dx 
o n r, sL l {(bs, βs)} 

ρ (a.ß) /~ ., .. þ.qr 
x (1-xrp a (2x-I)H; s|zx (1-x) dx 

0 

{(ay, αy)} 

((bs’ 
βs) } 

- F(n+α+1) 
%! 

4L (-%)N(α+ß+n+ l)N 

N=O N!TCα내 l+N) 

p.q+2 rJ (-a , δ) ， (-ρ-N， δ) ， {(a,., α，.)} XH r~，' -.JzJ 
r+2. s+ 1LNJ {(bs' βs) }， (-p-ú-N -1， 2δ) J' 

where n is a positive integer, δ>0， Re (β) <1, Re (p+õ얀Ißj)> -1, Re (a+δ아Ißj)> 

-1 (j=1, 2, '''， p) ， A늘0， B> 0 and I arg z I <융 Bπ. 
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