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NON-HOMOGENEOUS GENERALIZED HYPERGEOMETRIC TRANSFORM 

By T. P. Singh and R. S. Pathak 

I. Introduction 

The non-homogeneous hypergeometric function has been studied by Babister 
(1- p. 265) and is defined as below: 

CX1 ---. αL 
pBq rαr ; at ; z] =pBq | ‘ - p ; z 

P • I 찌， …. ßq 

∞ (αl)n ... (α) 
/ ( [ / ( R n Q(αh .L"’ ßn .L" ; 0) -;<: • 

where 

r(ß,, +n) 
(βν)n=7k「

r(a ,,+n) 
• (n=l. 2. 3. …). (α와=---=J굶r ’ 

and Q is the generalized modified struve function defined by 

Q(a ; c ; z) =z'(2π)-1 e+iπar(1-a)r(l+a-c)ω， 
where 

ω= 

‘ 1 (1+) 1 

환e쩌 

(-1+) 1 

+ {1 -e2πi(c-a)} r e숭ZV(l+ μ)a-1(1_ μf-a-1 du 
0 

(n =1. 2 ... ). 

(1 .2) 

if Re βq>Re αP’ the series in (1. 1) converges for all z. if p드q. converges for 

Izl <1. if p=q+1 and diverges for all non-zero z if p=q+1. We shall confine 

ourselves to the case 2드P드q+ 1. The function satisfies a non-homogeneous 

hypergeometric differential equation. If αp is zero or a negative integer 

pBq [αr; ßt ; zJ =-pFq[αr ; ßt ; zJ 

and if ßq -α'p is zero or a non-negative integer. 

pBq [αr ; ßt ; zJ = pF q [αr ; ßt ; zJ 

when any αm(m=l ..... P-1) is zero. 
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þBq [ar ; ßt : z] =QCαþ' βq : z). 

To begin with we note the foIlowing integral 
。。

0 

-aZ rα1 ， ---, cri 
e þBq I n- ,.,'; (bZ)k 

”βl' …. ßQ 

μ-1 z' - dz 

iL-쉰±L ... R±5二L . /V /V 

=r(μ)a-μÞ+KBql K ’ κ ” κ ’ “ l' , “ Þ' (쁨Y I (1. 3) 

ß 1 ................. βq --
where Re a늘o if P+K<q+1 , Re a> IRe (Kb) lif p+κ=q+1. 

In this paper we shaIl study the transformation 
。。

φ(P) 슨l’ exp(-cpx) pBq 
a1 , ---, ai 

- ,.," :px)[(x)dx 
βl' …, ßq 

(1.4) 

2. Inversion theorem 

[[ φ(P) t"s the non-homogeneoμs generahzed hypergeometrz'c 
。。

φ(P) = J KCPx)[(x)dx (2.1) 

where 

K(px)=exp( -cpx),Bm 
αl 

ßm: px 

”‘ 
(2.2) 

then 

출[[(x+O)+[(x-O)] =꿇 
u+ir 

lim I 1Jf(s)M(s)ds (2.3) 
T-→。0- -

(J -zr 

where 

+1Bm 

1-c α
 히
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찌
‘
 

… 
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, 

i 

’
l‘ 

L 

a -1 
ψ(s) = T'.과「 Cl-s (2.4) 

and 
。。

M(s)=J ø一 5 Ø(p)dp (2.5) 

Provz'ded that 

(i) the z'ntegγals 

c。

/-1 [(t)dt and 

。。

t sψ(t)dt. are absolμtely convergent 

0 0 
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(s=σ+ z" .. , 0< .. <∞) 
(i i) f (t) z"s of bounded va1’iatz"on z"n the nez"ghbourhood of the þoz'nt t=x. 

(iii) f(t)=o(tλ) for small t, Re (l+À)>O Re c.늘o zf l<m, Re c>l zj l=m. 

(iv) K(þo t)f(t) z"s boχnded for t능O. 

PROOF. Multiplying both sides of (2.1) by Þ -s and integrating with respect to 

Þ from 0 to ∞， we get 
。o 0。

M(s)=j p-s# f(x) dx (2.6) 

= r i-1f(x)dx 
∞ - /α， 

(px) "exp( -cþx)ßm 써 . ; þx ) d(þx) , 
。 11 r-m 

on changing the order of integration which will be shown to be justified. 

Evaluating the second integral on the right by means of the formula (1. 3) we 

obtain the following value of M(s). 

1 μ / l-s. α，. ---.α， 
M(s) =μ(1 -s)e-π‘1 .L 1 Bμ . .L' , ‘ 

1 ;- .L 71/，、 βl，---， βm 

where Re c늘o if l<m and Re c>l if l=m. 

Thus 

1 
• 
’ c 

/ Xs-1 f(x) dx=M(s) ψ(s) ， 
o 

~ i-1 f(x)dx (2.7) 
IJ 

(2.8) 

where ψ(s) and M(s) have the values given by (2.4) and (2.5) respectively. 

Applying Mellin’s inversion formula to (2.7) we get (2.3) provided that the 

conditions (i) and (ii) are satisfied. 

Now, since the modulus of the integrand in (2.6) is 

α 

and from (1.1) pBqCa : c ; x) =0(1) for smaIl values of x, it follows that the right 

hand side of (2.6) is absolutely convergent under the conditions (iii) and Civ) of 

the theorem, consequently we may change the order of integration and integrate 

first with respect to x. 

COROLLARY 1. If α1 be zero or a negatz've z"nteger tlzen 
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。。

φ(p)=- exp( -cpx) /F m 
α1 ， ---, α， 

4 ; : φ'x )f(x)dx. 
β1， ---, βm 

O 

The inversion formula Z"S 

융[f(x+O)+f(x-O)] =늬 ·m 
q+i~ 

ψ(s)M(s)x-S ds 
~-→。。 q-" 

where 1[f(s) Z"S the saηze as given (2. 4) z'n whz'ch α， z's zero or a negaUve z'nteger. 

COROLLARY 2. If βm -a, Z"S zero or a negatt"ve z'nteger, then 
c。

φ(p)= exp( -cpx)IF ml 
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the z"nversz"on formμla Z"S 
q+i~ 

웅 [f(x+ ) + f(x- )] =검rT꿨 
q-ZT 

￥r(s)M(s)x-S ds 

where 1[f(s) is the same as defz'ned z"n (2.4) z"n whz"ch α1 Z"S zero or a negatiνe 

integer. 

COROLLARY 3. If any αm (m=1, …, b-1) is zero then (2. 1) redμces to the 

LaPlace transform 
。。

φ(p)= I exp( -cpx)QCα"ßm ; 0) f(x)dx 

and the corγ'espondz"ng formula is 
q+ir 

웅 ff(x+O)+f(x-O)] = 1 
2πj 

Iim ￥r(s)M(s)x- 'i ds 
r ‘-00 

q-t~ 

where 

ψ1[f(s앉S 

tμw.’hich z's well known classical result on LaPlace transform. 

EXAMPLE. Let f(x)=e- b1; then 
。。

φ(p)= 

0 

e-(b+cP)x ” 
lι'm 

x ?d x 
h
μ
·
 

ι
 a에
 1 rl. α， ---. α， 

= (b+cP)- ‘ 1.l. 1B I ' l' ,. I 

‘ T ‘ ’ βl' ... ， βm 
p 

’ 1후cρ 
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where 
Re (b+cP)늘o if 1 <m, Re (b+cp)> Re p if 1 =m 

so that 

f b-srb+cb) -11 1 1B 「l，
‘β1 ， ---. βm 

dp • ‘ 

∞ ω/α1\"'(αl)n 
=은。 (β1)，，"'(βm)검! 

。。

c M -L ldÞ 
(, (b+c야“ “ 
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∞ ( 1)_ (a，)_"'(α，)“ 

=ζ。(비)n--.(Rm)”%! Q(ap+κ， βq+n : 0) 
l # b n-s+1-1 

bn후iJ / c 써rdp 
\, (1 +τ 

」
‘s 

s 

lU 

c-
Q(αÞ+ι， βq+n : O)c- tI 

∞ (α，) ..... (a^)_. 
r(S)「(1+s) ，필 (β1파.(β감갱 

=r(s)F(1-s)￡-r-u。B… ” b" ‘ T ‘ …
T~ 

i , αl， ---, α'1' l-s 

β1 ， ---, βm 
1 

’ c J' 

where 0 < Res < 1. 

Hence 

웅 [f(x+) + f(x-)J 

u+ir 
l r(s) b-s 

l-s, αl' …, αl 

βl' "', ß m ’ C 

lim 
r-oo V n 

u-zr'+1Dm 
- 2.,.i 1 

O. α-----.α ，. l-s , 、 -
X!+2Bm+1(~-1 ‘ ; ~ )x" ds 

‘β1 ， ---, β% ι 

1 
o+zr l+2Bx+1 

- n土 •. lim I r(s) 
‘“7rZ 1"-..，0。

u-zr 

αl， ---, αl， I-S 1 、 -s( 1 、 S T. 

βl' ... , ßm 
’ τX \τ 

, ιS 

t+lBm 
l-s, αl， ---, α1. 1 

β1， ---, βm • C 

u+ir 

~ 냉rJitg l r(S)(bx)Sds 
u-zr 

-bs 
=e • 

Thus the inversion theorm is verified. 
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