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GENERAIJ INTEGRALS INVOLVING PRODUCTS OF A 
GENERALIZED HYPERGEOMETRIC POLYNOMIALS 

AND H -FUNCTION 

By C. L. Parihar 

1. Introduction 

Several integrals involving the product of a p::>lynomial and a function have 
been evaluated from time to time. Saxena [5] has given an integral involving 
the product of Jacobi polynomial and Meijer’s G-function. From this integral by 
giving particular values to the parameters in G-function he has obtained a 

number of integrals involving the product of Jacobi polynomials and a function. 

Sharma [6] has given integrals involving the product of a Gauss’s hypergeometric 

function and a G-function. 1 have evaluated two very general integrals involving 
the product of . the generalized hypergeometric polynomials and H -functions by 

expressing the H-function as Mellin-Barnes integral and interchanging the order 

of the integrations, 1 have shown that from these integrals not only the integrals 

given by Saxena [5] and Sharma [6] are deducible as special cases, but also a 

large number of interesting results can be deduced. 

We shall be using the Barnes contour integral for the H -function, Braaksma 

[2 p. 239] viz. 

(1.1) H’썩P.q L~ I(bl' η1)' …, (bq , ηq) 
m n 

므1「(얀-깐S엠 
- 걷"，iJ q _ . _ P 

L n r(1-b·+η'iS) . n 1’(ai -μ'iS) 
j=m+1 J J j=n+l J J 

where L is a suitable contour as defined in Braaksma [2 p.239] 

From the definition of G-function Erdelyi [3 p.207] it follows that 

H?jt’따p，q L'" (bl' 1) ,…, (b
q
, 1) J -'-1 P.q \ I bl' "', b q 

The generalized hypergeometric polynomials is defined J ain [4 p. 177] as 

(c. k) ., ., '" , Jc. k) 
(1. 3) 1'-... , [(ap) , (bq):x] =j'-"(al' "', añ , bl' "', bn:x) 

n ‘ t' - , 
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- (c)η r--n, LI(k- l, c+n) , (ap) ,/, "k-l ì 
I . (k- l) ‘ x 

까「P+k q+kLA(k, c) ; (bq) 

where n and k are non negative integers and 

c+1 LI(k, c) =갱-; -τ-， ---, c+k-1 
k • 

When c= 1. k=2, (1. 3) reduces to sister celines polynomiaIs aIso. Jain [4 
p.177, (1. 2). (1.3)] 

(1. 4) (1 +a, l)r .. ~_ rCa) 
fη (x) =L~uJ(x) (Laguerre polynomiaIs.) 
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(Jacobi polynomiaIs). 

For m a positive integer, the multiplication formula for Gamma functions is 

(1. 6) r(mz) = (2π)찌-m)(m)mz-1/2 쉰 r(z+λ1m). 
,1,=0 

The symbol (aP) stands for the p parameters 

l' a
2 

• ••• ••• a Þ and 

LI(k. (ap)) =J(k. a1). J(k. a2) • ....... J(k. ap)' 

It may be noted that the parameters and the variaUès are such thal the 

functions involved exist and the integraIs are convergent. 

2. Integral (1) 

The first integraI to be established is 

(2. 1) (a-L_ "R-l/샤) 
4 -l/1 ι、β-lr'''' r(ab). (ba). t1 H ’ 

ó" ， ~o; n p, ql" '" (eq) , (ηq) 

(c)"r(β) 

n! (1)β 

41l'Z 
L 

U l-l / α +À 
j딘 rc꺼-맘)’ j딘lF(1-d1+μjS) 띨。끼 l--+μs 

1=u+l r(1-앙+썩돼+lF(dj-μF땀r(프± 
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-n. L1(k-1. c+n). (aP). α+μ ls; 
X p+k+ lFq+k+l I (k_ l)k-l X

S ds 
L1(k. c); (bq); α+β+μ ls 

Re(α)>0; Re(ß)>O. 

The integral is vaIid under the folIowing sets of conditions. 

(i) q늘1; p<q or when p=q then Ixl <1 

and Re(α +lej)>O for j=1.2. …, u. 

(ii) p는q.2(u+ν)는P+q; larg zl 

Re(α +lej)>O; for j=l. 2…μ. 

(iii) 

Rell熱-흙-1/2)+φ+q)(α- 1/2) 1>-1 

p>q; v=O; 2μ>p+q and larg zl <Cα-1/2p- 1/2q)rr. 

The contour L taken here is a straight line along the imaginary axis extending 

from -i∞ to +i∞ with indentations (if necessary). so that the poles of 
T(ej- 까s) j=1.2…μ and that of the functions of this type are to the right of 

the con:O '1r L and the poles of T(l-dj+μ'js). j=1.2 ... v and that ofthe functions 

of this type are to the left of it. 

PROOF. Substituting the value of H-function and fn(c.k) [(ap). (bq); tJ from 

(1.1) and (1. 3) respectively in the left hand side of (2.1) and interchanging 
the order of integrations which is permissible under the conditions of (2. 1) we 
have. 
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On using the Beta Integral [3 p. 외 and the multiplication formula (1.6) we get 

the right hand side of (2. 1). Thtls (2. 1) is estabIished. 
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、ve can gel 

(b) IntegraI 11 

Proceeding on the same lines and using the. Euler’sintegral [3 p.l1 

lμx \~~dp? ， ~μ，p) Idt ((eq) , (ηq) 

For Re (a)>ü 

e-tta-씩c， k) [(ap) , (bq); tl H껍 

the following integral. 

c。

(2.2) 

n' 

u " /-1 
1만 r(앙-펌) Jn F(1-띤+μ s) n r ~"'l - ..... -1 -;1-" l~l - ,- -J' ïJ λ=0 

P 
r(l-앙+씬꽉펴+1 r(dj-μ'l) 

q 

n 
j=u+l 

× 1 -
2πi 

L 

-n, L1(k-l , c+n) , (ap); α +μls; 

(k- I)k-1l([1μxYds 

π/2 

sin2α-1(J cos빠1(J fn(c,k) [(ap) , (bq); sin2(J] H;，~ 
0 

XÞ+ k+ lF q+k+l\ lL1(k, c) (bq) 

we get the foIlowing integral. 

under the conditions of (2. 1). 

(e) A speeial ease of integraI 1 

If we substitute t=sin2
(J in (2.1), 

d (J 
x sin2lμ 6 |((d#), (μ:p) 

’((eq) , (ηq) 

ι낀r(ß) 
n! (l)β 

1 
-2 --

(2.3) 

+μs 

α+ß+À 
--「-+μs

α+λ 
l .되 rc앙-TJl) 젠1 F(1-봐+μ'js)낄or 

q P /-1 
n _ r(l-e;+η.s) n T(d.-μs) nr 

l=u+l "j="+l ' ’ ,(=u 

1 
X 2πi 

L 

-n,L1(k-l , c+n);(ap); a+μls; 
xSds. (k-l/- 1 

L1(k , c) , (bq); α+ß+μls; 
XP+ k+ 1F q+k+ l 
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3. The generaJ integraJs invoJying the product of a generaJized hypergeometrie 

poJynomiaJs and Meijer’ s G-function 

If we take μj=ηj=μ=1. j=1,2, …, then by virtue of (1. 2) the integrals (2. 1), 

(2.2) and (2.3) reduce to the following general integrals involving the. product of 

the generalized hypergeometric polynomials and Meiier’s G-function. The conditions 
of (2. 1) still hold. 

Integral 1: 

(3.1) 
0 

-1 β-l .L"Cc.k) 
t (1- t) f ” [(때).(bq);tJG껍 ( x I~dp?ìdt 

(eq) 

K띈옆2 q 

n 
j=u+1 

낌IF(앙-s) j딘lF(1-띤+s)x묘 F 
P /-1 

r (1 -e;+s) n r(d.-s) H. rl 
J i=u+l J λ=0 

-n;LJ(k-l ,c+n);(ap) , (α +Is); 

α+λ , . +s l ’ 

한람츠+s 

X L. 1LI1 F P+k+l .. - q+k+l 
L1(k, c); (bq);(α +β+Is); 

(k_ I)k-l xsds. 

IntegraI II: 

(3.2) 

」

c。

-1 .L"Cc.k) e-f (t)a-lf~c.R) [(ap) , (bq) , tJ G;:: tIx |(dP) 
I(eq) 

dt 
0 

-

× 

(c)n(21l)l/2Cl-/) (1) a -1/2 

l 
2πz· L 

n' 

j므I T(e1-s) jL1l F(1-dj+s) 꾀。 r 

6 r(1-ι+s) a r(dj-성 
;=u+l 'j=v+l 

+s 

‘ 

(llx)sds. 
-n, L1(k-l , c+n); (ap); (α+ls) -

(k-l)‘-‘ XA ,I. '1F 
P+k+ l-" Q+k+1LLJ(k, c); (bq); 

Integral II1: 

π져sh싫-1 6 cos쟁-1()쳐c， k) [(ap) , (bq); sin2()J G~ ~ β sin2I6 |(dP)、ld()
p,q\ ---- • \(eq) 

0 

(3.3) 
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. 1 ( I느1 - J j느1 __ ic)nr(β) 

- 2(t) ! (l)β 2m- t q P I-1 

-n， J(k-1 ， c+κ);(ap);(α +Is): 

X p+k+lF q+k+ l 
J(k, c); (bq): (a+β+Is); 

(k-1/- 1 kds. 

4. Speeial eases 

Now when ever the inner hypergeometric series iii (2. 1) to (2.3) and (3. 1) to 

(3.3) can be summed up in terms of the Gammä product of the form 

F(b-μs)r(l-a+μs) 
r(l-b+μs)r(a-μ:s) • 

We can evaluate the contour integral on the right hand side as either H. 

function or G.function and hence obtain the value of the integral involving the 
product of a polynomial and H-function or G-function in terms of a H-function or 

G-function respectively. We may take the following cases as illustrations: 

(a) Taking k=2, c=l+a+b; 

1 _ 1 __ 1 
a1= ~ + ~ a+ ~ b; b1=1+a 2 - 2 - - 2 v. vl 

1 _, 1 
a2=1+ ~ a+ ~ b; B=b+1 2 -. 2 

then by virtue of (1. 5) the generalized hypergeometric polynomial reduces to 

Jacobi polynomials, and summing the inner 3F 2( + 1) in the integrals of the right 

hand side by Saalschultz’s theorem Bailey [1 p.9: 2. 2(1)J , the integral (2.1) 

reduces to. 

(4.1) ta-1(1-”bp;a， b)(1-2t)H껍 
0 

μx |((dP) , (μ:p) 
Idt 

((eq) , (ηoq) 

: F(b+n싼)H설LV+lI 「x |(4(l, 1-α)μ) ， ((dp) ，(μ:p)) ， (J(l, l+a-α)μ) 
n !(l )lTU y ,-., •. _. L I(J(l， l+a-a+n)μ) ， ((eq) , (ηq)) ， (J(l -b-α-n)μ) 

and integral (2.2) becomes 

π12 
2a-1 LJ ___ 2b+ lLJ n(a, b) S1n 6 cos 6 Pn (cos 2 6) HUl l ’ 

þ, q 

LLn I((dþ); (μp) xsm μe '- \,.,., t',/ • .... f""'r ,/ d f) 
i((eq); ( ηq) 

0 



General 1 nteg.γ'als 1 nvolving R1'otl)icts 133 

x 
m
μ
 

” 
써
 

I” 
이
“
 

써
 
% 

、

ψ
」

+ 
-
샤
 

바
 -
쉰
 

π
 
-1i 

-
(
”
ι
 

{(J(I， l-α)μ);((dp)，(μ:p))， (.1(/, l+a-α) ， μ)} 

{(J(l， l+a-α+n)μ) ， ((eq) , (ηq))' (J(I -b-α-n) ， μ)} 

and integral (3.1) reduces to Saxena [5 p.193(3. 2)] with a slight change in 
representatiOIL 
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~ x IJ~~， 1-a), (dP): .1(1, ,1 +a-α) 
IJ(I， l+a-a+κ)， (eq) , J (l, -b-α-κ) 

(4.4) 
π/2 

sba-16 Cosa+16 P?’ b)(COS 

o 

1. 21 " I(dp) 2(})XG~:’ (, x sin"" () 1:-'-,/ )d () 
p:q \ -- -- - I(eq) 

_ 1 
2 

T(1+P얘) XGu+μ+l 
(l) l +b --- P+낀，q+ 21 

| 14(l, 1-a); (dP);d(I+a-a) 
x IJ(I， l+a-α+n) ， (eq); .1(1, -b-α-n)/. 

(b) By taking k=l , a1 =β， a2=c; b1 =r and replacing a by p and ß by ß-r­
n+ 1 it can easily be seen that integrals (3. 1) and (3.3) reduce to integrals (1) 

and (7) of Sharma [p. 539, 541l. 

(c) Taking k=l , c=l+a, p=O, q=O using (1. 4) and summing the inner 

hypergeometric 2F 1 ( + 1) by Bailey [1 p.3l on the right hand side of (2. 2) the 

integral (2.2) redu않s to. 
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and (3. 2) becomes 
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5. SirttiIarly if wechangé the G:function to B-fùnction and generaIized 'hyper­

geometric. function by vir.tue of Erdelyi [3 p.215(2)] and [3 p.208] respectively, 
all the above results can easiIy by reduced to the integral involving the generaIized 

hypergeometric polynomial and E-function or generaIized hypergeometric function. 

1 wish to express my sinceregratitude to Dr. R.N. Jain for his kind supervision 

in the preparation of this paper. 
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