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Introduction 1. 

the 

Carlitz [4] , Abiodun & Sharma [7]; Singal [6] have given various transforma­

tion formulae for hypergeometric series of two variables. The object of this paper 

obtain four transformation formulae for hypergeometric series of. two 

variables. Some interesting particular cases are aIso discussed. 

The foIIowing notation due to Chaundy [8J wilI be used 

hypergeometric function of higher order and of two variables. 

(a /J); (bq); (cr);x, Yl ∞ [(a ,.) J m+n [(b q) J m [(or)] 감m yn FI '-P ’ q |- g p m+n I. '-q" γ 

(ds); (eh); (fk): J=m， n=O[(ds)]m+n[(e/)Jm[(f，싱Jnm!n! 

where (ap) and [(ap)J m+n w ilI mean a l' …, ap and (a 1)m+n' …, (ap)m+n' 

represent to 

to 
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IS 

The first transformation formula to be proved is 2. 

-%; r , X; δ， μ; 2, 2 

ß; 2À; 2μ; (2) F 
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1 - : n. 2 .-, 

μ+웅; 웅(2-n-ß十r+δ); il.+융; 윷(1-n-β+r+δ) ， 

valid for R(ß-r-δ)>0. 쩍
 we start with Ieft side of (2). To prove (2), PROOF. 
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we have used the formula, 
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( -P)2r 

À+웅]r2감 
p/2 

월 r! 
P+q Sn (-n)“’(r) ，，(δ) 
=ε Z그 P i- q" - P 

p=O q=O (β)p+q P! q! 

δ+2s; r+2r, 강주깅ζ Fl [-n+2r+2s; 
r! s! 2 

r+5 ::;:n (-κ)2r+ 2s(r)2γ(δ)25 
=~그 L;' /-' 긴 / 1 

r=O 5=0 (β)강+25( À+숭샤μ+숭 

β+2r+2s; 1, lJ 

Now we use the formula due to Appe lI & Kampe de F ’erit [5, p.22, equation (24)J 

T(r)r(r-α-β-p) 
Fl [a; β， p;r;l ， lJ= - r(r-a)r(r-β-p) ’ 

valid for R(r-a-ß-p)>O. 

(4) 

1 .. 11 ... 1 .. 1 , 1 .. 1 ... 1 , 1 
---% -----χ----r ---+--r---5 --+--δ; 1. 1 2 ’ 2 2 ’ 2 ’ 2 ' 2 ’ 2 ’ 2 ' 2 F 

• 
윷(l-n-ß+r+δ)， 웅(2-n-ß+r+δ);À+융;μ+웅; 

” -” W 

해
 

--

This completes the proof of the formula. 

The second transformation formula to be proved is 3. / 

α ; -m, λ ; -n, μ; 2, 2 
β; 2λ; μ; 

1 α ! + !α. -소，?? 4-」」m- -」」%， 4-→나; L 1 FI 2 “’ 2 1 2 “ ’ 2 ’ 2 2 ’ 2 ’ 2 2 .. , -, 
’ 1 .", 1 웅(l+a-β-m-n)， 웅(2+α-ß-m-n);À+τ;μ+τ; 

(ß-α)m+n 

캔파n 

F (5) 

valid for R(ß-α)>0. 

(5), m PROOF. The proof of (5) is same as that of (2). In case we put À=O 

we get a transforation formula between 3F 2(2) and 4F 3(1). 

-n; 2 , μ， 

ß, 2μ; 
(6) 3F2 

1 , 1 
--+--α; 1 2 ' 2 

1 
α， 

2 
1 1 .. 
2 2 .. ’ 

• μ+융; 웅(2+α-ß-n)， 

1 
- n n, 

2 

웅(1+a-ß-n) ， 

(β-a)ø 

(ß)n “ 4F 3 

we wnte with the help of (5), 

2 -n, μ; 2, 
2μ; 

-m, λ; 
2À; 

α; 

β; 
xmynF 

∞ ∞ (ß) _+" 
(7) 잃。，필「「‘ 

∞ ∞ (β-α)m+n mn 
= ε ε ----_.꼬11 강 1 x Y 

m=O n=O ., •• ,. 
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1~. 1 , 1 ~ .. 1 ... 1 1. 1 .. 1 1 
α --+--α- ---m, -----m- ---x -----%; 1, 1 

XFI 2 ’ 2 ' 2 ’ 2 ... , 2 2 ’ 2 ’ 2 2 

上(1+α-β-m-n)， →~ (2+α-β-m-%); A+4; μ+上.2' ,..., 2 ’ • 

First we simplify the left side of (7). 

∞ ∞ (α)r+s (il.)r(μ).( -2xf( -2yl ∞ ∞ (ß+r+S)m+n 
εε 十 f s zg---- + 
;=0 s=o (2시/2μ)s r! S! m='o n=O m! n! 
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Now we simplify the right side of (7) 
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Thus we obtain 

2 2 
X , Y 1. 1 ~ 1 , 1 α， --+--a; A+--2 ’ 2 ' 2 -, .. , 2 ’ μ+윷; 

I 1 _. 1 , 1 ~ " 1 .. , 1 ... 2 :2 
F4 1τa， τ+τα; il.+τ， μ+τ ;x ， y 

=(1-x-y)-%2 |α ; À, μ ; 2À, 2μ; 2x ‘ 

(8) is due to Bailey [9]. 

(8) 

갖-
’ x+y-U' 

4. The third transformation formula to be proved i3 

「α ; 1-m- il., -m; 1-n-μ， -κ;- 1. -11 (ß-α)…..L ø 
(9) F 벼; il. ; μ ; 」= (g)m펴-， n 

1.. 1 1... . 1.. 1 1 
α， 1-ß-m-n; -걷-m， τ- 2 m; -걷-n， 강--τn; 

웅(1-β+a-m-n)， 융-(상+α-…-n); ).; μ 

valid for R(ß-α)>0. 

1, 1 
XF • 

PROOF. To prove (9) , we start with the left side of (9). 
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we have used the formua, Rainville [1, p.69, ex.5] 

한r -n, a+n; 11 = 넌띄+a-c\ 
c ~ \..C)n 

(10) 
• 

m(2 n(2 
=2: 2: 

r=Os=O 

(α)r써-웅 m) (웅-웅 m)r(-웅% 
(β)r+s (A. )r (μ)s r! s! 

1 1 \ ;; --:- ;; n) 2-' ,-- ( -1) 
2 2 /s -

XF1 [α+r+s; -m+2r, -n+2s; β+r+s; 1, 1] 

Now we use (4). 

n 
一

” -” 껴
 -
μ
 

얘
 
-c 1. ... 1 1 ... _ 1.. 1 1 a , 1-β-m-%; ---m -----m- ---% -----%; 1, 1 

2 ’ 2 2 ’ 2 ’ 2 2 

웅(얘+α-m-n)， 웅(2-ß+α-m-n); À.; μ; 
• 

This completes the proof of the formulae. Taking n=O in (9), it reduces to a 

known result due to Slater [2, p. 65. (2. 4. 21)]. 

5. The fourth transformation fonnula to be proved is 

FI β ; 1-m-r; 1-n- δ; 

α， 1-3-m-%; -LM 」L-→L??2-r- -4% 4-」」%-δ; 1, 1 
2 ’ 2 2 ’ 2 ’ 2 2 

융(1 -β+α-m-n)， 웅(2-β+α-m-n); 1-m-r; 1-n- δ; 
valid for R(β-α)>0. 

(11) 
α ; -m, r; -n, δ; 1, 1 (ß-α)m+n 

- (ß)m+n 

XF , 

PROOF. To prove (11), we start with the left side of (11). 

α ; -m, r; -n, δ; 1, 1 
FIβ ; 1-m-r; 1-n-δ; 
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we have used the formula, Rainville [1, p.87] 
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• 

’ 

(b\ 
=파E파’ (12) 

where 1+a-b is a non-negative integer and a and b are independent of n. 

111 \(1 1 
m(2 nl2 (α)- , -\τ-τm-r )_ \τ-흐n-δ 

= ε 2::: . r -j- 5 ‘ . r 
~=ò ;=0 (ß)r+5(1-m-r)7(1 -n-δ)5 

(_1)'!-5227 十 25
F

1 
[α+r+s; -m+2r, -n+2s; ß+r+s; 1, 1]. 

Now we use (4). 
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111...111 
α， 1-ß-m-n; -τm， τ-τm-r;-τn， τ-호n-δ; 1, 1 

웅(1-ß+α-m-n)， 융(2-ß+α-m-n); 1-m-r; 1-m-δ; 

This completes the proof of the formula. If we put m=O in (11), we have 

XF 

-n, α， δ; 1 
(13) 3F2lβ， 1-%-δ; 
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1 1 1 
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• 

Next we take n=m, 
Carlitz [3] 

a; ρ， - n; r, 
(14) F Lß+r; 

r=δ， α=1-n-r， ß=r+δ and using the formula due to 

α; 
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