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SOME N~W FORMJ]LAE FOR HYPERGEOMETRIC SERIÊS 
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Sharma By B. 1. 

‘ ‘ Introduction 1. 

The object of this paper is to obtain some formulae for hypergeometric series of 

one' variable. We use a special technique ~o derive these formulae from well-known 

results in special functions. Thè author has used this technique in the papers [2, 3] 

generating functions for Hermite, Gegenauer and Jacobi to obtain 

polynomials. 

In the investigation. we require the following result dué'to Sharma [2] 

(1) .F_[a ... ; bn ; X] r q '-P ’ 

some new 

P-q-l.2 (4) ‘ x 

웅bq+1;없-q-lx21 ， 

1 _ _1 _ , 1. 1 
...... a ..... n a 十2 "".P’ 2 "'p ’ 2 ’ 2 ’ 

3 1 t. , 1 --a +1; --, --b +--. 2 -p ’ 2 ’ 2-q' 2 ’ 

1 t. , 1 --b +--; 2- q . 2 
1 t. 

2 v q ’ 

(ap ) _ '" r 1 _ , 1 
+"ζ x 0 , F 0_ , , I ~ a + :': (b )" <'V <.q+IL 2 -P '. 2 ’ 

q 

where (ap) sta,nds for a l' …, ap' 

'= 2pF 2q +l 

of help the rewrite (2). with 

(23)J We consider the formula Erdelyi 

(1 -x)α+β-gFl{α， ß;r; x} =2F 1 {r-a, r-ß; r; x}. 

equ. p.64, 

we 

(2) 

MuItiply both sides of (2) by (1- x) -0 and 

(1) as follows. 

[1, 2. 

웅(r+δ-a-ß+1); 웅;찌+(r+δ-α-ß)x 2 F11웅(r+δ-α-ß)， (3) 

4F3t웅찌 K , F，~ ~ (r+δ-α-β+1)， ~ (r+δ-α-β+2); τ; 상 r1~ .. ,.. I'l, "1 
2 - 1l 2 ’ 2 

한+웅;%}+뿐X 4F3 웅α+웅， 
1F 

10 , 1.1 β+-- --
2""2'2 ’ 김

 ι 

1 _, 1 
2 “ ’ 2 ’ 

웅r+1;x2 1 I'l, 1 1 I'l'.'. 3 . 1 _., 1 
경-ß+걷-， 검-β+1; 것-， 검-r+킹1 출α+1， 

FJ 」」δ →Lδ+ ~ ; ~ ; iì+δx ~F， f→Lδ+4‘ 1δ+1: 효 x2 II 2 ’ 2 - , 2 ’ 2 ... J . - .. 2- II 2 - , 2 ’ 2 ’ 

웅(r-， ß+1); 웅， 윷(r-α+1)， 웅(r-ß)， 4 F3t웅(r--: α)， × 
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융r+웅;쩍+ (r-션 (r-β) X 4F3 융(r-a+l)， 윷(r-α+2)， 
3 1 .. , 1 1 웅(r-β+1). 융(r-β+2); τ， τr+τ· τr+ 1; x- ~ ,. 

Replacing x by z'x in (3) and separating into real and imáginary parts, we 

have 

1. 1. _1 T.'I r __ ., 1 CJ CJ , 1. 1 
(4) zFtlr+δ-α-β， r+δ-a-β+τ; τ; XJ4 F3ta, α Fτ， ß, ß+τ’ τ， χ 

r+δ-a-β+1; 흉;x 
1 ,"".. 3 .. , 1 

X 4 F3싸+τ， a+l, β+τ， β+1; τ， r+τ， r+l; X 

(" ", 1 1 .. .1 T.'I r .. _ ... ~， 1 .. CJ __ CJ , 1. 1 =_F δ， δ+ :::. ‘ ; x/ 4F31r-a, r-α+τ， r-ß, r-ß+ ~; ~. r , l v , v. .2 ’ 2.hJ4~3l ’ 2 ’ 2 ’ 

r+웅 ; x + 뼈(r-씬(r-찌 x 2Ft δ+웅， δ+1; 흉;x 4F3 r-α+윷， 

r-α+1， r-β+웅， r-β+1; 흉， r+웅， r+l; xf. and 

f.. ,!> _. ð' 1 .. ,!> _ ð' 1. 3. _1 l:' ( (5) 2Fdr+δ-a-β+τ， r+δ-a-β+1; τ;xJ 4 F3α’ a+τ" ß, β+τ ; 

1 ____ , 1 1 ~ r _ , " ~l , 2αβ f 
숭， χ r+τ; xJ2{r+δ-a-β}+깅-2F1ir+δ-α-ß. r+δ-α-ß+τ ; 

1 T.'I ( .. , 1 ._ ,. ,." 1 ,.". _ 3 .. , J 
τ; xJ 4 F3l，α+τ’ α+1. β+τ， β+1; τ， r+τ• r+l; x 

_ 2(r-α)(r-β) T.'I (" ", 1 . 1 _ _.1 T.'I L. .., 1 = -" ...,./ " r-./ . _ F δ， δ+-- , --; 치 F~~r-α+τ" r-α+1. r-β +--, l v , v , 2 . 2 . h J 4 ~ 3l' -, 2 

3 0.' 1 .. , •.. .1 ,!> T.'I r!> , 1 !>, 1. 3._1 r-ß+l; τ’ r+τ， r+l; xJ+δ 2 Ft앤+τ’ δ十 1; τ; 씩4 F3lr-κ r-a 

1 . 1 
+걷-， r-ß, r-β+걷- ’ 걷-， r. r+걷 ; x t. 

In particular, we put δ=0 in (4) and (5), we get the following interesting 

formulae. 

L. _. .. _, 1 .. ð.. ð' 1.1 
(야 4 F31r - a, r-a+τ， r-β， r-β+τ ’ τ’ ι r+τ:x 

1 . 1 . _1 l:' L ~_I. 1 0 0.1. 1 . 1 
=2 Ftlr-α-β r-α-ß+ τ ’ τ; xJ 4 F3l'α， α+τ， ß, ß+τ ’ τ. r , 

α+1， β+4， β+1; 후 r+ ! , r+l; x}. and 
2 ’ 2 

(7) 4F3\r-α+ 융-， r-α+1， r-β+웅， r-ß+l; 흉， r+웅. r+l; x 

F~!α+초. 3L-' 2 ’ 

‘ 
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r-a-β+1; 흉; x 4F3μ α+웅" ß, 2 Flγ-a-ß+ 윷， r(r-a-β) 
(r-α)(r-ß) 

equ(2)). p.125. 

r+웅. r+l; xf. 

Rainville [ 4. 

X4 F3 \α+웅， α+1. ß+웅. ß+l; 흉， 
Next we consider Kummers first formula. 

lF l {a; ß; ax} =e
Q

% lF l {ß-α; β; -ax}. (7) 

help of (1). we have (4) with the Multiplying both sides by e
bx 

and rewriting 

1_ , 1.1 
2 …, 2 . 2 ’ 2 F3\웅α 3 . 1 L 2 __ 2 

-, 걷- .τu .. 
1 . 1 L 2 __ :q 

- - --- , --b-x〓 +bx ~F 2 - 4 - .. J ' _ •. 0 。 Fl(8) 

l 끼 , 1 
2 t-' ‘ 2 ’ 

3 
2 ’ 울α+1; r 1 __ , 1 

F ‘ α+ ~ 2-3L2-" 2 ’ 
l 끼 , 1 . 1 _ 2_2ì , aax 
‘~ " ’ ‘~ 2 μ l 걷- , 요-“ '" J-' β 김

 
‘ 

2 F3\웅(β 3 . 1 / _ , n 2 .. 2 
- --- - --(a+b) x 

2 
. 

4 

웅ß+l; 응azx2 

1 . 1 _.2/_ , n 2ì - - - - -x‘ (a+b)-}+(a+b)x 
0 F l 2 -

4 - ,- , -, J o F l 

1 ,.,, 1.1 
β十~ ; ~ a~x-}+ 2 t-" 2'4 김

 
“ 

l 
2 ’ 웅(ß-α+1); -α)， 

• 
1 1 ?? 

숭ß+l; 숭a-x-1 ,.,, 1 -β+ ~ 2 t-" 2 ’ 
3 
2 ’ 윷(β-a+2); -α+1) ， 

we have Replacing x by ix and comparing the real and imaginary parts of (δ) ， 

--
’ 。 Fl

f ___ , 1 . 1 ð ,." 1 . 1 _2) , aab 
2 F3\α， α+공 · τ’ β， β+τ ’ τ재+풍: 

r ._, 1 _ , • _ 3 ,." 1 ,.". _ 1 2 
2 F3\α+τ， a+l; τ， β+τ， ß+l; τa 

1 . 1 L 2 

’ 2 
. 

4 
u (9) 

0 
F

1 

3 . 1 ,2 
걷. τU 

1 . 1 β， β+-- -a 
2 

. 
4 

r" __" __ , 1.1 
2 F31 ß-α.ß-a+τ ’ τ’ 

1 . 1 - ;-r · x-(a+b) =OFl 

ß-α+1: 흉， 2 F3얘-α+ 융， 3 . 1 /_ , L ,,2 - - -- , --(a+br 
2 

' 
4 + 

a( 딩-α)(a+b) " 
β 0'- 1 

and 

1 _ 1 ,.,,,, 1 _ 1_2 
2 F3야， α+τ ; τ’ ß. β+τ ; τa 

ß+l; 환
21. 

3 . 1 L
2 

’ 2 ’ 4 -

ß+웅， 

(10) b OFl 

3 n , 1 α十 1; --, β+ ~ , β+1; ~ a 2 ' r-' 2 FJa+ ~ 31~' 2 ’ 
1 . 1 L 2 - , ""n2 ’ 4 

u + @으 -
ß 0 ‘ 1 

r,., _. ,., _., 1 . 1 
2 F31ß-α， ß-α+τ ’ τ’ β.ß+τ; 

3 . l z 
-; ~ ; ~ (a+b) 

2 
-

4 = (a+b) 
0 Fl 
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1 . 1 -; ~ ; ~ (a+b) 
2 ’ 4 

3 ,." 1 ,., , 1. 1_2 
경~， ß+ :2 ' ß+1; 그-a t. 

2 F3얘-α+웅， β-α+1; 

We shaIl mention below some particular cases of (9) and (10). Taking b=O in 

(9) and (10), 

(11) nF ‘α， 2 - 3 

we get 

a+웅; 울， β， β+웅; xt=。 F1‘- ; 웅; x 2 F3\ß-α， β-α 

+웅 ; 웅， β， ß+웅 ; 씌+표뿜얀 oF1{- ; 흉 ;x 2 F 3 ß-α+웅， ß-α 

+1; 훌， β+울， β+1; x , and 

(12) 2F31α+융， α+1; 흉， β+웅， β+1;x}=용 oF1{- ;흉;셔2 F31ß-α， β 

1 _ 1 /") /"), 1 __ -1, þ-a 
-α+-- - -- β， β+-- ; xi+ L--; 2 ’ 2 ’ 2 , .. J oF1l- ; 울;x 2 F3얘 -α+ 웅， ß-a 

+1; 흉， β+융， β+1; 써. 

If we take β=a in (9) and (10), then we have 

(13) OF1{- ; 웅 ; (x+y)2}=oF1{- ; 웅 ; 찌。 Fl 

and 
.", r _ 3 2 

o .1.' 11- ，걷-;y (, +값)/oFd-;흉;상 

1 _ __2 
’ 2 ’ J 

(14) (x+y) 
0 F 1 -;흉 ; (x+y)2f=x oF1 - ;흉; x2}。 F1{- ; 웅;y2 

+y oFd-;웅;x2 
o Ft1-;흉;/1. 

We can easily obtain the generalization of (13) and (14) in the foIlowing forms. 

(15) n FJ;t, À+ ~ ; ~ ; (x+y)21= F따， À+초 · 츄 l ’ 2 • '-~ , J./ J ~ 4l ι i 

+ (2À + 1)2ÀxyF 4씨+1， 
3 _ 3 

X+-- - --2 ’ 2 ’ 
3 2 2 
검← ;x ,y l , and 

1 2 2 

호;x ,y 

(16) (x+Y)2 F1샌+웅， λ; 흉 ; (x+y)2}=xF4{X+웅， À; 흉， 1 2 2 
τ;x ,y 

1 1 
+yF4\À+τ， À; τ， 

3 2 2 
jz-;x ,y ,. 
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