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FOURIER SERIES FOR H-FUNCTION OF TWO VARIABLES 1 
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defined by variables 

1. Introduction 

The H-function of two 

as denoted by Gulati [3l 
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Fq)l z /[(bq
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H~":l .. m~): (n;,_nZ)',na 
(p" p,), P,õ (q" q.). q, 

~ Ìt m1 n1 mz n2 

- 1 i i 낌1F(bj-BF)픽1F(1-aj+AjS)낌1F(d1-D상).딘1F(1-cj+Cjt) 

-앓쐐 J=월+1따 r(1-dj+낀t) 

(1.1) 

n. 

낌l r (I -ej + Ejs+ Ejt) y"ids dt 

P. P. q, 
n 

1 
r(당 -Cjt) ,}1 , 1 

r(감-EjS-Ejt) nr(1-fj+FIs+FIt) 
J= 1I, +1 . . J= 1I.+1 . , 'J=1 

× 

L 1 and L2 are suitable contours of Barnes type. L1 is 

such that the poles of r(얀 -Bjs). j=l • .... m1 Iie on the right and the 

r (1 -aj +A;s). j=l. …• n1 and r(1-감+ E;S + El). j = 1 •...• n3 lie on the left 

the contour. Similarly the contour L2 is in the t-plane and is such that the po1es 

of rCdj-Dp. j=l. .. .• m2 lie on the right and the poles of rCl-당+까t). j=l. 

2 and r (I -ei+Eis+Eit). j=l • .... n3 on the left of the contour. J ' -J- , 
-J~ ，n ~ -, ,.-,j 

O드m1드Ql' 0:드m2<Q2’ O드n1드P1' 0:드n2드P2’ 

IS and 
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s-plane the m 

... , 
O르n3드Þ3' 

The double integral converges if 
p, p, q, q, 
X그 C1+ ζ Ej- ζ Dj-ζ Fj<O. 

q, 
Z그 Fj<O. 

q, 
pB1-

p, P. 
gAj+ εE1-

ηI Pl n3 þ3 m1 ql q 'J 

X그 A;- E A.+ 2:그 E.- Z; E.十 Z그 B;- 2:그 B,- gF;三α>0.
j=1 J j=1I.+l J j=1 J j= 1I, +1 J j=1 J j=m.+l J j=1 J 
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and Jarg yJ <웅α7r， larg zl <윷ß7r. 

Here as well as in what follows [(a .... AJl represents the set of parameters jI '.p 

(a1, A 1) , (a?>. A?), "',. (a .... AJ. The symboI((l) stands for a1>. a?, "', ah • The l' --1 .... ' ..... -"L' --l • 'þ' ....... p,/ • .............. -"J .......... ..., ........ . ''!''p'''' - ... _ ...... _ ....... ~ .. -1 ι 

capitaI Ietters throughout this paper, represent positive integers. 

The right hand side of (1. 1) shall, hence forth, be denoted by H많 I and is the 

required H-function of two variables. 

The foIIowing formulae are required in the proof: 

1 ι ∞ (S)F 
(sin (}Y-“= 월갱펴rsin (27+1)6 O드6드7r， 꿇 S드웅 ,..j7r 

2 
rc2-s) 
r(흉-S 

which follows from [8, p.79l (1. 2) 

냉
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-
π
 

/
ν
 

,- () \-2$ ∞ (S)r 
) -- =1 +22::; r1 : ... 

/ r=1 (1-s)7 c O드6드π， Re s드융 

which follows from [7, p.143l. (1. 3) 
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A \껴2s ∞ (-lf(-s성f 
•;•-) =1+2L그 r (j 
ι / r=l (s+l)r 

O드6드π， Res>-웅 

which is same as [9, p. 108 4(2.2) l. (1. 4) 

2. The Fourier series to be established are 

-21 
_ rn:_ tnl-2Ç u(m •• m,): (n. ’ n，).폐 y(sin (}) ‘1 7r (sin (}y-~\' H 

(P •• P,).P.: (q •. q,). q,l z 
[(ap.' ~)l; [(cþ,' Cp)l; [(ep3' Ep)l 

[(bq•, Bq)l; [(dq,' Dq)l; [(/Q3' Fq)l 

∞ (m.+l.m，);(，/.+l. η，).n. J y 
=2εH r=0 @I+2,P2),p,;(ql+2,q2),qs| z 

(l-(-r, 1), [(ap.o Ap) l. (2-(+r,1); [(cþ,' Cp)l; (ep,' Ep.)l 

흉-(， 1)， [(bq•, Bq)l , (1-(, 1); [(dq" Dq)l; [(자" Fq)l 
sin(2r+ l)(} 

(2.1) 

where Re (1-20늘α O드6드7r. 

Other conditions of validity are same as for (1. 1). 

_ rn:_ .:nl-2' u(m .. m,): (,/ •• n.).n, iY 
,..j π (sin (})L-~~H 

(P •• P,).P.: (q •. q,).q.1 
Lz(sin8)-21 

[(ap.' Ap)l; [(cp" Cp)l; [(ep; Ep)l 

[(bq•, Bq)l; [(dq,' Dq.)l; [(/Q3' FQ)l 
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∞ (싸 .. m.+1): (n ., n.+'1).n. I-Y 
=2εH r=0 @lrP9+2),p.; (ql,q2+2),q, LZ 

[(ap,. Ap)l; (l-'-r. l). [(cp•, Cp)l , (2-'+r, l); [(ep,. Ep)l P.’ p. 

때. Bq)l; (흉-，， 1). [(dq,. Dq)l , (1-ζ l); [(fQa' Fq)l 
sin(2γ +l)e 

(2.2) 

conditions of validity are same as for (2. 1). 

n(m ,. m.): (n ,. n.). n. 
‘/π H (p,.P.).P,: (q ,. 1.). q, 

z 

H(ml’m,): (n , + 1. n,)’”’ 
[Pi+1,P2),ps; (qI+1,q2),qa! z | [(bql, Bql)] , (α l); [(dq,. Dq)l; [(/q ,' Fq)l 

Y 1\ 웅. 1). (α l). [(ap,. Ap) 1 ; 
+2 울 H(ml,%); (”l+2，쩌)， n· l 1 [(cp , Cp )] ; [(eps, Epg)] l cos y6 (2. 3) 

;=1 H (p, +2.p,).p,: (q , +2.q,). q, z [(b
q
,. 눔ql)f， (-κ l). (r. l); 

I [(dq,. Dq)l; [(fq,> Fq)l 

conditions of validity are same as for (1. 1) and (1. 4). 

TT(rJl II ’11,): (n" n.).n, 
，.; π H (P, .P.).P,: (q ,. q,). q, 

y [(ap,. Ap)l; [(Cþ,' Cp)l; [(eþ,' Ep)l 

z(COS흉)2l | [(bql, Bql)] ; [(dq2, Dq2)] ; [(&, Fqs)] 

H(1Rl, m3); (nl”“+ 1). n. 
(p,. p.+ l).p,: (q" q, + 1). q, 

y I [(ap,. Ap)l; (융. 1). [(Cp,' Cp)l; [(eþ,' Ep) 1 

z ![(bq,. Bq)l; [(dq,. Dq) l. (0./); [(/q ,' Fq)l 

끼 [(ap,. Ap)l; 웅. 1). (0, l). 

∞ (m"m,):(n,.n.+2).n, [(cþ,' Cp)l; [(ep,' Ep)l +2ε H;~'h:/~~j~，V'~'~~-:W~J~~~， I l ,vp.! -PZ/J t l\~P3' ~P3/J I COS 갱 (2.4) 
r=1 @,P2+2),ps;(qI,qg+2),qa|zl[(bql, Bql)] ; [(dq2, Dq2)] , 

(-r. l). (r. l); [(Iq,' Fq)l 

conditions of validity are same as for (1. 1) and (1. 4). 

T'T (lIZ1• 따): (n,.n,).n’ 
‘1 71: H 

1 ，시 cos-드-1 [(ep,. Ep)l 

(p ,.P,).p,: (q ,.q,).q,[ 1 ___ e \ I 1 

z(cos꾀 [(bq,. Bq)l; [(dq,. D씨 ; [Cfq,> Fq)l J 
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H(mll mg);(nl· n3) , t ,+l 
(p" p,). p, + 1: (q" q,), q,+ 1 

y [(ap.> Ap)l; [(힐. Cp)l; (웅. 1). [(ep.' 힘.) 1 

z I [(bq,. Bq)l; [(dq,. Dq)l; [(fq,o Fq,)l. (0. l) 

∞ (m ,.m,) : (n‘’ n,). n.+2 
+2 L: H ;=1 -- (p"p,), p,+2: (q"q,).q,+2 

y![(ap.o Ap)l ; [cp,.Cp)l ; 

초. l). (o. l). [(e h •• E h ) 1 2 . '/' '-"/' "-p,' -P,/. cos r8 

z I [(bq,' Bq)l ; [(dq,' Dq)l ; 

[(fq,' Fq)l (-r. l). (r. l) 

(2.5) 

The conditions of validity being the same as in (1. 1) and (1. 4). 

y (sin옹)-2l1[(ap，， Apl)] ; [(CP2, Cp2)] ; 

/되 sin브-]-2;H(ml， %); (n‘’ 11,), ηs 
2 ) ~~(P"p，)， p，: (q"q,), q.1 z 

[(ep.' Ep)l 

[(bq" Bq)l; [(dq" Dq)l; 

[(fq,. Fq)l 

H(ml+1 ， 1싹): (n" n,), n, 
y![(aþ,' Ap)l. (1-'. l); [(cp" Cp,, )l ; [(ep,' Ep)l 

(p, +1 ,p,), p,: (q ,+1 ,q,), q, z l! 웅-" 1), [(bq,. Bq)l; [(dq,. Dq)l; [(μ. Fq)l 

yl(1 -'-r, l). [(ap,. Ap) l. (1-'+r, 1); 

∞ (m , + 1, m,):(n, + 1, 11,), n, 
+2 :L그 H ;=i --(p,+2,p,), p.:(q,+2,q,), q, 

[(Cp,o Cp) 1; [(ep,' E p) 1 

z 1\ 융-，. 1). [(b
q
" B，싸[(dq，' Dq)l; [(fq,' Fq)l 

where Re 2'드O. 0드6드π， 

other conditions of validity are same as for (1. 1). 

y 

-/투( sin-띄-2~ H~m，，":，):(n‘， IZ2) , Il3 

‘ 2 ) ~~ (P"p,), p,: (q" q,), q, z( sin옹 

[(ap,. Ap)l; [(cþ,' Cp)l; 

- 2li (epJ, Epa) 

[(bn• Bn)l; [(dn• Dn)l; 
<, ’ l ’ 2 ’ 2 

[(fn, Fn)l 
~3 ~3 

cosr8 

(2.6) 

H (ml , m2+ l); (ni’ n,), n, 
y [(ap,. Ap)l; [(Cq" Cp) l. (1-ζ 1); [(ep,' Ep)l 

(p" p, + 1) ,p,: (q" q, + 1), q, z! [(bp,. Bq)l; 웅-'.1). [(dq,. Dq)l; [(fq,. Fq)l 
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cosre 

(2.7) 

y I [(op.' Ap)] ; (1-' -r, /), [(당" Cp,)]. 

(1-' +r, 1); [(e ... , E ... )] 
∞ (m‘.m.+1):(" .. ".+1),,,.1 I ’ p,’ p, 

+2gH l l / 
r섭=뇌i -- CP.싸2싸)，샤， P.짜.“;싸(“q lJ q針.+2싸:) ，μ.깨q씨，1나녀zμ[(때(φ얘bq•，’ 혹%폐.)기] ;융-，ζ씨， /까/)’ [(d아와q，'’， Dq, 

(1←-ι 1); [(fq" Fq,)] 

the conditions of vaIidity are same as for (2.6). 

as 

of 

F‘6riet 

above for (2.1). The 

using (1.4). (2.6) and 

proceedure is same in 

on the Ieft 

order 

de 

the 

Kampé 

VIZ. 

changing 

PROOF. (2.1) can be estabIished by expressing the H-function 
1-21;-21 (1. 1), substituting for (sin ei-~t. -~s from 

integration and summation. 

(2.2) can be estabIished by the same proceedure 

expansions (2, 3), (2.4) and (2.5) can be estabIished by 

(2.7) are proved from (1.1) and (1. 3). The rest of the 
a lI cases as for (2.1). 

to 

1. 5] 

PartieuJar eases. Reducing H-function of two variables 

function with the help of the formula given by Gulati [3, 

and 

as 

(1.2) 

-Yj (1 -b1, 1), …, (1-bm’ 1); (1 -cl' 1), "', (1 -cm, 1); 

(1-01, 1), …, (1-01, 1) 

-zj(O, 1), (l-el' 1). …• (l-ep’ 
1); (α 1), (1-/1, 1), 

"', (1-1þ' 1); (1 -d1• 1), "', (l-d", 1) 
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H(1.1); (m,m) , l 
(m ,m) , /: CP+1,p+l),,,1 

we get from (2.5) 

11 2 tI 2 

윷)， z(cos 융) 
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·, 장， Ip 
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(ii) Taking m2=q2=D1 =1. dl'‘느P2;P3노%2=쩍 ;::q3 '=0. and . usÎng:' tlie formtila 

given by GuIati [3,r l. 6L ,viz. I 

(ml, lJ; (nl,0),-o l Y|[(%, A찌J; (--) : (--)τ - 꺼l’ n，( •. ' [(op" Ap)] ‘\. 
! | 1=e-zH l y | 

@l· 0), 0; (ql, 1), ol z | [(%l, Bql)] ; (α 1) ; (-) 」 A , qi 터 [(%l, Bql)] l -

/ 

p. 705(3. 1) aríd ‘ p.706(3.2)] as we get the kÎlownresults obtairiêd by Bajpai [1. 

particiIlar cases of (2.1) and' (2.6); ( ’ 

Further ptitting 1=1 ànd ç;::O.weget ánothefknowh results dùetoParashar 

[α 1. 2, 1.3. 1.4] respectively from (2.3). (2. 1) and (2.6). 

(iii) The results given by. G.ulati [4,,(4.1). (4.2);(4. 3) & (4. 쩨] .. can be obtained 
as a particularcasesof (2.1). (2 •. 2). , (2, 6) and (2.:7) •. ,by ta:ldngaUcapital letters 
equal to unity and making use of the formuIa [3, 1. 3] . 

Further putting m2=q2=1. n2=n3~P2=P3=q3=0. 1=1.'=0 in (2.1) and (2.6). 

and using the formula given by Bajpai [幻.5] vii. 
• -

, 

vt nu 

nu 

’ 
’ ” 이

 ’ 
’ 
ng 

/
아
 
Jn nU 

U 
U 

…… 
@ 

G 

x I (op); 
(Op) 

(Óq) 

“ m.n 
=e~YG ’ I 'x 

P.q (Óq); 0 

we get known resul ts due to Kesarwani [ε p. 149(1.1) & (1.2)]. 
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