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A RESULT ON AN EXTENSION OF FOX’S H -FUNCTION 

By Manilal Shah 

1. Introduction 

Recently, AgarwaI and Mathur [(1), p.536] has given an extension of Fox’s 

H-function [(4), p.408] in two variables by means of a double MelIin-Barnes 

contour integral in the form 

(1.1) HI x 
y 

= un, lJh lJh m" n“ 
- U P. [t : t’], s, [q : q’] 

1 

(27rii 
20。 :tL ￠ (F+ η)cþ(용， η)xfy''ld흥 dη --zo。

where (i) {(당， e~} stands for (e1, e1), …, (당， 상 and similarly for {(rt , Ct) }, 

{(γt" c' t') } etc. ’ 

(ii) CÞC양+ η)= 
j딘lF(1-단+e쏠+감η) 

b S ’ n ，「(e.-e흥-씬η) nr(δ'j+dj용+djη) 
j=n+l ‘ ’ ‘ 1=1 

(ii i) cþ(용， η) 
1JI m l lJa ms 

딘1T(η+C후) j되 r(gj-b울) 낌1 F(fj+tjη) j딘1F(gj-진η) 

1 
n lr(l-η-cjR n lT(l-gj+b회 n r(l-γj-c3η). n F(1-β'j+b'jη) 

=Ul+ 1=ml+ J 1=us+1 1=mg 

and 

(iv) 0 드%드p， 0 드J.J1 드 ι 0:드J.J2 드 f， O;드앤드 q， 0 드 m2 드 q'. 

The sequences of parameters e1, e2, …, 얀 ; r 1' r2' …, rl서 βl' ß2, ...• ßml ; γ1’ 

f2, …, r' lJ, ; and ß' l' β/2， ---, β/쩌are such that none of the poles of the integrand 

coincide, the paths of integration are indented, if necessary, in such a manner 

tha t all the poles of J’(ßj-bj용)， j=1, 2, …, m1 and r(ß'j-b'/û , j=1, 2, …, m2 lie 

to the right and those of r(η +C울)， j=1,2, …, J.J1' r(긴+c/jη) ， j=1,2, …J.J2 and 

r(1-당+ e,.ç +감η)， j = 1, 2, "', n lie to the Ieft and the double integraI converges 
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if 

(1. 2) 
2(n+까+m1)>p+s+t+q， larg(x) 1< 써반m1-웅(p+s+t+ q)]rr， 

2(n+ ν2+m2)> p+S+r +q', larg(y) I < [n+ν2+m2-웅(p+s+r+끼] π. 

In this note a finite integral involving the extended H-function in two arguments 

has been evaluated by the method based on interchanging the order of integration, 

and term-by-term integration with the help of known integral and also obtained 
its double-integral analogues as well as some interesting particular cases which 
generalize several recent results of MacRobert [(5)J , Shah [(6)-(7)&(8)] and 

many others in the theory of special functions. 

2. The main integral 

We begin by considering the integral 

u _ 
I= l xP-1(x-x)o-1H”, ul·U2 %, mg 

P. [t : /’]. s. [q : q’] 
0 

값k(μ-xi 

μxk(μ -x)i 

{(e" e.)} P’ p 
{(r/ , C/)}; {(r't" ci ,)} 

{(δs' d.)} 
{(βq' bq)}; {(ß'q" b'q')} 

where k and 1 are to be non-negative integers both not zero. 

dx 

「 μ(k+ l)l(1 -z/l 
On substituting x=μz and then the value of H \ ~(k+ l):k~; :~l I in the integrand 

Lu'~' ')[(1 -z) 

from (1. 1), if we invert the order of integration, which can easily be justified 
by De La Vallée Poussin’ s theore :n [(2), p.504] in view of conditions stated in 

(1 .2) earlier, and evaluate the inner z-integral by making use of the known 

ß-integral [(3), p.425] and then by virtue of (1. 1), we shall obtain 

(1-p, k) , (1-O',l), {(ep' ep)} 

(2. 1) 
1=μp +-U펴n + 2, 1Jh 1J" m1’찌| λμ(k+l)l {(rt, ct)}; {(ft,, c/t,)} 

- ~ u. p+2, [t : t ’]. s. [q : q’1 I "μ(k+씨 (P+ O', k+l) , {(δs' d s)} 

{(ßq, bq)}; {(ß'q" b'q')} 

provided 

Re I p+(k+ l) 
gj β; 

~_.~~-

얀 ’ b/i >0, and Re 

j=1 , 2, .--, m1 ; i=1 , 2, …, m2 

β/ 

and either (1. 2) [with x and y replaced by λ and μ1 holds, or 

p+t<s+q, p+r <s+q', 

or else p+t=s+q,p+r=s+q' with Iλ1<1 and Iμ1<1. 

>0, 
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3. Particular cases 

(1) For þ=s=n=O, the double integral in (1. 1) breaks up into the product of 

two Fox’ s H-functions 

Hml Ul | | {(1-η， ψ} 객，. 니 /{(;,-: γ/" C'/,)} 
/. qlXI {(βq' bq)} J 1t띠， l꺼 {(β'q" b'q')} 

where q는t， q/르r and from (2. 1), we thus obtain 

m!, lJl 「 l| {(rt, 까) II TF 11l" LlJk' ~ 1 {(γt" Cν)} 
(3 1) lox-o-1(x-xY껴 q 바(μ-x) |{(β쐐}jHtlr ;， [μXk(μ-x)I|{(싸，， b;，)} ldx 

(1- p, k) , (1- (J,l) 
I ~ (k+nl (/'1 

-“p+ O' -l 7" r2,l.IhU2. m1• 1n2 

” “ [/ : /'] ,1, [q : q’ ]1 μμCk+ l) (P+ (J, k+ l) 

{(βq' bq)}; {(β'q" b'q')} 

which holds under the same conditions as stated in (2.1) with þ=s=n=O. 

Further on substituting k=O or 1=0 in (3. 1), we can obtain the resultin the 
simplest modified form. 

(2) On the other hand, since 
{(e M eJ} 

P’ P 
Iim TTP, ι. O. m"l I x I {(r/ , Ct )}; - I TFm" p+ LI , 
y• 0 %，때]， s，싸]1 y \fCδs， ds)} 1-up+t,s+q 

{(ßq, bq)}; 0 

찌 {(ep' ep)}. 

{(β'q' bq)}. 

{(1 -η， C/)} 

{(l-os' d s)} 

j = 1, 2, … , m1 and k and 1 are positive integers. 

Possible deductions are: 

(a) Setting 1=0, all C’s and b’ s and k equal to unity, a known result [(3), 

p.417, (l)J can be obtained. 

(b) Substituting 1=0, all c’ s and b’ s equal to unity, m1 = t, ν1=1 ， t=q+1 , 

q=t, rl=l and using the known relation [(3) , p.444J: 
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d' . l( X 
q+l , t 

1, rq 
A 

=E(t; βp : q : r ,. : x), 

(3.3) 

=1초μ‘p+ (1 -1 r(a)H설 ì..uk 
π “’ UI 1 (0, 1), 

4. The double-integral analogues 

Adopting the same procedure as above, we can derive in a rather straight 
forward manner the double-integral analogues for the extended H -function in two 
arguments as 

(4.1) l u UxP-1(Zt-xf-암-1(1，-y)δ-1 
o J 0 

× 

{(ep,e)} 

.1 ì..상(μ -x/ {(rt, Ct)}; {(r't' , C't')} 

× Hp; [t ’: t'’]. s, [q : q’ j | | {(δ , ds)} 1dxdy 
l μl(v-yf 

{(ßq, bq)}; {여'q" b'q')} 

p+ (1 -1 a+δ-1 -r ... n, 1) 1 + 2, J}z + 2, m" nlz 
=μ 

V li p,[t+2:t’ +2]. s, [q +1 : q’ +1] 

{(ep,ep)} 

(p , k) , (a ,l), {(η， Ct)}; (α， h) ， (δ， r) ， {(γt" C't')} 

{(δs' d s)} 

{(ßq, bq) }, (l-p-a, k+ l); {(βq" b' q') }, (1-α-δ， h+r) 

AμCk+ I) 

η
 

+ ‘ ” / 
1 
、” ‘ μ
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þ+t<s+q. þ+r <s+q' or else þ+t=s+q. þ+r=s+ψ with I 지 <1. l μ 1<1. 

(ii) 

a. a; \l, ~ ~ r . / .. . -1 ßj . ß'i 
Re p+ (k+ l)( ...:한+한 ) 1> o. Relu+ (k+ l)(쓴+냥 11>0. 

ß; β/; \l _ r _ .. .1 ß; ß'; 
Rel α+(h+r)!강+파) 1>0. Reδ+(h+r)l한+한11>0. 

j=1.2. …. m1: i=1.2. …. m2 

P. M. B. G. Science C이lege. 

Sanyogitaganj. Indore (M. P.). India 
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