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RIGHT GENERALIZED ω-27-UNIPOTENT BISIMPLE 

By Irene Loomis and R.]. Warne 

Let S be a regular bisimple semigroup such that the union T of the maximal 
subgroups of S is an w-chain of rectangular groups (T n: nεN. the non-negative 

integers). Also. suppose that e.t'εE(T). the set of idempotents of T. and ζf=e 
imply gegfe=ge for all gεE(T) and 갱. Green ’ s relation. is a right congruence 
on T. We term S a right generalized ω-27 -unipotent bisimple semigroup. We 

characterize such S. Let (1. 0) be an ω-chain of left zero semigroups (1n: nεN) 

and let (J. @) be an ω-chain of right groups (J n: nεN). Suppose InnJn= {en}. 

a single idempotent element. Let (n. k)→α(n. k) be a homomorphism of C. the 

bicyclic semigroup. into End(1. 0). the semigroup of endomorphism of (1. 0) 

(iteration). and let (n. k)→β(n. 잉 be a homomorphism of C into End (J. @) such 

that 1. gβ(s.s)=g@es for aII gεJ; 2. Irα(n.k)ζIr+k-min(r.n) and Jrß(n.k) C 

Jr +k-min(r.n). Let (1.J. α， β') denote IXJ under the product: if iεIn ’ jεJk ’ 
με1 r • and vEJ s' 3. U. j) (u. v) = U。μα(k.n)' jß(r.s)@ν'). We show (theorem 2. 

12) that (1. J. α， β) is a right generalized ω-27 unipotent bisimple semigroup and. 
conversely. every such semigroup is isomorphic to some (1.]. α， β). 

We use the definitions of Clifford and Preston [lJ and of [3. p. 102J unless 

otherwise specified. Particularly. a semigroup S is termed regular if aεaSa for 

aII aES. ‘9R. 27. Jr. and 5Ø will denote Green’s equivalence relations on a 
semigroup S. i.e.. (a. b)ER if aUaS=bUbS; (a. b)ε27 if aUSa=bUSb; ðí"" 

=..9R n27; and 5Ø=갱。27 ((a. b)ε5Ø if there exists xεS such that (a. x)ε종 

and (x. b)ε(27). Let Ra denote the ..9R-cIass containing a. A semigroup which 

contains a single 5Ø cIass is termed bisimple. A rectangular band is the algebraic 

direct product of a left zero semigroup U(x. yεU; implies xy=x) and a right zero 

semigroup. A rectangular group is the algebraic direct product of a group and a 

rectangular band. A semigroup S which is the union of a coIIection of pairwise 

disjoint subsemigroups (Sn: nεN) such that SnSmζSInax(n， m) is caned an ω-chain 

of the semigroups (Sn: nEN). A semigroup X is caHed a right group if a. bεx 
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implies there exists a unique xεX such that ax=b. The bicycIic semigroup is 

C=NxN under the product (m, n)(p, q)=(m+p-min(η， p) , n+q-min(n, p)). If 

V is a subset of a semigroup S, E(V) wi lI denote the set of idempotents of V. 

1n [2] , a regular semigroup S was termed generalized 2' -unipotent if e，flεE(S) 

and e/=e imply geg/e=ge for all gεE(S). 

Let S be a regular bisimple semigroup such that the union T of the maximal 

subgroups of S is an új-chain of rectangular groups (T n: nεN). Using [2, lemma 1] , 

S is right generaIized új-.;t" -unipotent if and only if .fJR is a right congruence on 

T , E(T) is an ω-chain of rectangular bands (E(T n): nεN) and .;t" is a left 

congruence on E(T). We let En=E(TJ· 

Using results of [3, section 1] , our terminology here is in accordance with that 

of [3]. 

1. Structure theorern for right generalized ru-.;t" -unipotent bisimple 

semigroups (proof of converse) 

1n this section , S wilI denote a right generaIized ω-.;t" -unipotent bisimple semi­

group. 

As in [3, notes 1.7 and 1. 8] , let eo be a fixed element of Eo' Let /，εE1 and 

e1 =eofeo' Select and fix aεReonLel. By the proof of [1, theorem 2.18] there 
-1~. -1 一 1 -1 -1 exists a unique inverse a-" (i .e. aa-"a=a and a-óaa-ó=a--) of a contained in 

Rel nLe。 with aa-1 =eo and a-1 a=el· Define a-n= (a-1)” for alI positive inte­
-k k 

gers n and define aV=eo' Let ek=a-"a". By [3, note 1. 3 and lemma 1.11] , 

e εEL for each kεN and eken=e k' .L.:J k .J. V .1 \..Cl.\..,.H f\o'-.I. Y u.u u. 'C.' k'C.'n-vmax(n.kt 

As in [3, paragraph following lemma 1. 11] , Iet J /1 k) denote the .fJR-c1ass (the 

set of idempotents of the .;t"-c1ass) of T containing ek (note, the T ’s (and T k’s) 

of [3] are identical to those of this paper by using [3, note 1. 3 and proposition 

1. 4]). Let I=U (1η :nεN) and J=U(J,,: nεN). By [3, lemma 1. 13] , Jη is a 

right group for each nεN. 

LEMMA 1. 1. [3, lemma 1. 12] 1 z.s an ω-chaz"n 0/ le/t zero senzz"gro때S (1，，:11，εN). 

LEMMA 1. 2. J z.s an ω-chaz"n 0/ rz.ght groμ:ps C! n: nεN). 

PROOF. Let xεμ and yEJ m' Hence, x.fJRen(εT) and y갱em• Since ‘종 is a 

congruence on T , xy‘9fellm=emax(n.m)' Hence xyε1 max(n.m)' 
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RE!\1ARK. Lemma 1. 2 may also be obtained from [3, lemma 1.21]. 

If X. is a set; T x will denote the semigroup (iteration) of mappings of X into X. 

LEMMA 1. 3. [3, lemma 1. 15] There exz'sts a mappi쟁 j • Aj 01 J z'nto T[ αnd 

a maPþing P• Bp 01 1 into T J such that 1“AjζImot- ”1) for jεJ"， and J"Bp 
CJ max(tl.m) for PEI m' 11 jεJ and pε1， jp=pAjjBp' Furthermore, jp ιg pAj 

(ET) and jp 2" jBpCET). 

LEMMA 1.4. iAj=ei for jεJs and z'EI. 

PROOF. First we show that Aj=Ael for jεJ S' Since .9! is a right congruence 

relation on T , (j, es)ε경 implies (jz', eJ)ε경 for all iε1. Hence, using Iemma 

1. 3, (2-AI, zAei)ε경 for all iεI. Thus, using lemma 1. 3, 2-AJ=tAei for a1l tε1. 

Let z'εIr’ say. Then, since esz·eImax(s, r) by lemma l· 1, we uting lemma 1. 3 to 

obtain (esz")emax(s.r) =ei=iAe,esBi. Therefore, by lemma 1. 3 and [3, Iemma.14] , 

z'Ae, =ei. 

k -k 
DEFINITION. If zεT and n， kεN， define μ =a a μa a. (k , tl) Let J)(k ,n) 11 

=α(k， tl) and J) (k, η)IJ=β(k ， n)' 

LEMMA 1. 5. [3, Iemma 2.6]. 

a) Irα(k， n)ζ1 r+ n-min(r，잉’ b) Jrβ(k， n)CJ r+n-min(r,k)' 

LEMMA 1. 6. [3, lemma 2.9] (k , n)-→α(k， η) is a homomorphism 01 c 쩌to End 1. 

LEMMA 1. 7. β(k’ n)EEnd J lor all n, kεN. 

PROOF. By lemma 1. 5(b), β(k， n)εTj' Let gEJr and hEJs' Using lemma 1. 2. 

ekhek=ekemax(k,s)(hek) =emax(k, s)hek=hek• Hence, using [3. lemmas 1.1 and 1. 9] ~ 

gß(k’ n)hß(k,n) =(a -nl ga -kan)(a-ηakha-kan) 

=a-”akga-kakha-k(aka--kan) 

=a--,takga-kak(ha-kak)a-ka” 
=a-,lakgha-%n 

= (gh)β(k， n) • 

REMARK. Lemma 1. 7 could also be obtained from [3, lemma 2.15]. 

LEMMA 1. 8. (k. n)→ß(k， 서 is a homomorphz'sm of C into End J. 
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PROOF. Combine Iemma 1.7 and [3. Iemma 2. 12J • 

LEMMA 1. 9. Let νEEnd 1 sμch that eklJEIn• Then if iEIn' jE/k’ 
and μEI. 

i(μ씬lJ)=Z'(μν). 

PROOF. Apply lemma 1. 4. 

If a. b드1. define aob=ab. If a. bε/. define a@b=ab. 

LEMMA 1. 10. S르(U. (n. k).j): i든In. jεJk' χ.kεN) under the multiphcatz'on 

{i. (n. k). j)(μ• (r. s). v) =Uo(μαCk.n))' n+r-min(k. r). k+s-min(k. r). jßCr.s)@v). 

PROOF. Use [3. lemma 2.17J. definition of “。". Iemma 1.5(a). Iemma 1. 9. 

lemma 1. 5(b). [3. Iemma 1. 20J. and definition of “@". 

LEMMA 1. 11. S르I@/ under the product: tf iε/n' jE/k• μεIr’ and vεIs' 

’U. j)(κ.v)=U。μα(k. n).j ß (r. s)@v). 

PROOF. If iEIn and jεJ k' U. (n. k)j)rþ=U. j) defines an isomorphism of the 

groupoid given in the statement of lemma 1. 10 onto the groupoid given in the 

:statement of lemma 1. 11. 

LEMMA 1. 12. gβ(s.S)=g@es' 

PROOF. As in the proof of lemma 1. 7. esges=ges' Hence. using the definition 

‘of @, g β(s， s)=esges=g@es· 

REMARK. Lemma 1. 12 could also be obtained from [3. lemma 2. 19J . 

THEOREM 1. 13. Let S be a 서ght generalz'zed ω-2-μnipotent bz'simPle semigroup. 

Then S z's isomorphic 10 some (I,J. α. B). 

, PROOF. The theorem is a direct consequence of Iemmas 1.1. 1.2. 1. 5. 1.6. 1.8. 
1. 11. and 1. 12. 

2. Structure theorem for right generaIized co-2-unipotent bisimple semi­
groups (proof of the direct part) 

In this section. we show that (1./. α， 찌 is a right generaIized ω-2 -unipotent 
bisimple semigroup (theorem 2. 10). 

LEMMA 2. 1. (1./. α• ß) z's a semigrozφ. 

PROOF. Closure follows from the fact that 1 and / are w-chains and (2). Let 

a= (z' j) , b=(u.v). and c=(w.z). where iεI”， jεμ， μεIr， uε/s’ αεIp' and zε/q' 
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표et a1 =i and a2=j. Utilizing the fact that (n , I~)→α“. k) is a homomorphism of 

‘C into End(I, o) , 

((ab)c) 1 =(U。μα(k. n))owα(5.r)(k. n)) 

=U。μα )oW (k.n)/ -~~ (5. r) ~ (k. n) 

=io((μ。 (wα(s.r)))α(k.n))

= (a(bc)) l' 

Similarly, using the fact that (n, k)→β(n. k) is a homomorphism of C into End 

<CJ , 0), ((ab)c)2=(a(bc))2' Hence, (ab)c = a(bc). 

LEMMA 2.2. Let U ,j), (μ， v)ε(I，J， α， β). Let z'εI，1， jεJk ， μεIr’ and vεjs· 

Then (a) U. j).91I(u. v) zl and only zl i=μ ; and (b) U， j)fl?(μ， v) zl and only zl k=s 

.and (j, v)E~(εj싱· 

PROOF. (a) Let U， j)종(u， v). Then, using (3) , there exists x， yε1 such that 

;i=μ。x and μ =ioy. Hence, μ。μ=μ。(μ。x)=α。x=z'， and simiIarly z'。μ =μ. Therefore, 

.i=u. Conversely, Iet i=u. Since jß(k.s)εJs ' by (2). and J s is a right group. 

,there exists bεJs such that jß(k.s)0b=v. Let aElk. Therefore. using (2). 

{i ,j) (a.b)=U. ν). SimiIarly. there exists cεIs and dεJ k such that U. v)(c, d) = 

‘ U.j). Therefore. U.j) .91IU. v). 

(b) Suppose k=s and U. v)ε~(ε1 k)' Then. there exists xεHk(the ~-class 

'of J k containing ek such that x0j=v. Let b=xß(k.n)εJ n' Hence, using the fact 

‘ (n. k)→β(n. k) is a homomorphism and (1). bβ(n’ k) =xß(k.n)β(n’ k) =xß(k. k) =x0e k =x. 

Hence, (χ， b)U.j)=(u. ν'). Similarly. there exists cεIr such that U. c)(κ， v) =(i.j). 

‘Conversely. suppose that U.j)fl?(μ， v). Thus there exists xεJp with p르k and 

yεlq with q는s such that x0j =ν and y0v=j. Therefore. p=s and q=k. Thus. 

s=k. Thus, x0j=v. with x.j. vεlk' Hence. since J k is a right group. (j, v) 

‘E~(εJk). 

LEMMA 2.3. (1.J, α. ß) is a bisim양le semigroup. 

PROOF. Let U , j). (μ• v)ε(I， J. α， β). Then. using lemma 2.2, U , j) 갱U， v) 

fl?(μ， ν). 

LEMMA 2.4. E (I,J, α， β)= {(i，j) :z'εIn' jεE(Jn)' nεN}. 

PROOF. Let U.j)εE(I，J. α， β) and suppose iεIt and jεJ k' Using (3) and 

(2). n=k and jß(n.k)0j=j. Hence, using (1). j=jβ(k.k)0j=j0ek0j=j0j. and, 

• 
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thus, ;"εE(J n). Converse1y, let z"εIn and jεE(J n). Thus, using. (3) , (2) μnd 

(1), (i，j)εE(1， I， α， ß). 

LEMMA 2.5. (1,1, a , ß) Z"S a regular bz"sz"mþ/e semz"group. 

PROOF. Using 1emma 2.4, (i, en)εE(1，I ， α， ß). Hence, by a resu1t of C1ifford 

and Miller [1, theorem 2.11] , and 1emma 2.3, (1,1, α， ß) is a regu1ar bisimple 

semlgroup. 

LEMMA 2.6. Let Tn={ (i, j): z"εIn a%d jεf} and let T=U(T ,, :nEN). Then .. 

T Z" S an ω-chain 0/ the rectangular gro때s (T ,,: nεN). 

PROOF. Let (i, j) , (μ， v)εTn . Using (1), (i，j)(μ， ν) = (i, j@v). Hence, using [1,. 

theorem 1. 27] , T n is a rectangu1ar group. The last statement of the lemma is a, 

consequence of (3) and (2). 

LEMMA 2.7. E(T n) = {(z", j): iEIη，jεE(1n)}. E(T)isan ω-chain 0/ the rectan~ 

gular bands (E(T ,): nN). 

PROOF. The first statement of the lemma is an immediate consequence of 1emmas 

2.6 and 2.4. Let (i, j) , (χ， v)εE(T n). Hence, (i， j)(μ ， v)= (i， v). Thus, E(Tn) is a 

rectangular band. Let (i，j)εE(T，) and (u , v)εE(T k). Using (3) , (2) , (1) and the 

fact that E (J) is a semigroup, (i，j)(μ， v)εE(T max(n, k)). Therefore, E(T) is an 

ω-chain of the rectangular bands (E(T n): nεN). 

LEMMA 2.8. T is the μ짜on 0/ the maximal subgro때s 0/ (1, 1, α， ß). 

PROOF. Let X denote the union of the maxima1 subgroups of (1,1, α， ß). Let 

xεX. Hence, using lemmas 2.2 and 2.4, x.fiif"(i, j) for some iε1 n and jEE(J n)' 

say. Thus xεT" by lemma 2.6‘ Let xεT. Hence, since any rectangu1ar group 

is a union of its subgroups, xεX. 

LEM lVIA 2.9. 2' is a le/t congruence on E(T). 

PROOF. Let X be any semigroup such that E(X) is a semigroup and 1et e,fE 

E(X). Then , (e，f)ε2'(εX) if and only if (e，f)ε2!(εE(X)). Let (i,j), (u , v)ε 

E (1,], α， ß). Thus, using lemma 2.4 and 2.2(b) , (i， j)2!(α， v) if and 0111y if j =v. 

Hence, using (3),2' is a 1eft congruence on E(T). 

LENIMA 2.10. .9? is a right co;zgruence O?l T. 



Right Generalized ω-Sf'-μ%ψoteηt Bisimple Semigroμ:ps 59 

PROOF. Using lemma 2.2 (a) and the multiplication on T n given in the proof 

of lemma 2.6, (i， j)갱(μ• v)(εT) if and only if z" =μ. Hence. using (3). 경 is a 

right congruence on T. 

RE l\1ARK. Lemmas 2.2 2.5. 2.7. and 2.9 may aIso be obtained from the 

corresponging results of [3]. 

THEOREl\1 2.11. (1.J. a. β) z's a r z'ght generaUzed ω-!&'-unψotent bz'sz"mþle 

semigγozφ. 

PROOF. Combine Iemmas 2.5 2. 10. 

THEOREl\1 2.12. (1,J. α， β) Z"S a η~'ght generaUzed ω-!&'-unz'þotent bisz"nφle 

semigyoμ:p. and conversely every such semigroμ:p z's z'somorþhz'c to some (1.J. α， β). 

PROOF. Combine theorems 2.11 and 1. 13. 
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