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RIGHT GENERALIZED w-<-UNIPOTENT BISIMPLE SEMIGROUPS

By Irene Loomis and R.]J. Warne

Let S be a regular bisimple semigroup such that the union 7 of the maximal
subgroups of S is an w-chain of rectangular groups (7T, : #&N, the non-negative

integers). Also, suppose that e, f&E(T), the set of idempotents of 7, and ef=e
imply gegfe=ge for all g€FE(T) and %, Green’s relation, is a right congruence
on T. We term S a right generalized w-%-unipotent bisimple semigroup. We
characterize such S. Let (I, o) be an w-chain of left zero semigroups (7 . HEN)

and let (J, ®) be an w-chain of right groups (J s NEN). Suppose I,MN] ={e},
a single idempotent element. Let (7, ﬁ:)—ra(m A be a homombrphism of C, the
bicyclic semigroup, into End(Z,c), the semigroup of endomorphism of (7, o)
(iteration), and let (», £)—4, ,y be a homomorphism of C into End(J, ®) such
that 1. g8 ,=&®e forall g&€J; 2. Lo, Tl 4 iy and [, B, C
fr+k——min(r,n). Let (1,], e, B) denote IXJ under the product: if /&7 , </,
w=I_ , and ij$, 3. (7,7)(x, v)=(z'c-ucr(kl ") jﬁ(r_ s)®v). We show (theorem 2.
12) that (4, ], «, B) is a right generalized w-& unipotent bisimple semigroup and,

conversely, every such semigroup is isomorphic to some (7, ], «, 5).

We use the definitions of Clifford and Preston [1] and of [3, p.102] unless
otherwise specified. Particularly, a semigroup S is termed regular if a&aSa for
all ecS. #, &, #, and Z will denote Green’s equivalence relations on a
semigroup S, iL.e., (@ HER if alUaS=0UbS; (e HEL if alUSe=bUSh; #
=#NYE;, and =R ((a, bH)EZ if there exists x&S such that (e, r)EX
and (x,0)&(F). Let R denote the #-class containing a. A semigroup which
contains a single & class is termed bisimple. A rectangular band is the algebraic
direct product of a left zero semigroup U(x, y&U; implies xy=x) and a right zero
semigroup. A rectangular group is the algebraic direct product of a group and a
rectangular band. A semigroup S which is the union of a collection of pairwise

disjoint subsemigroups (S,: #&N) such that S,S, CS y is called an w-chain

max(n, m

of the semigroups (S,: nEN). A semigroup X is calle_d a right group if ¢, &EX
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implies there exists a unique x&X such that ex=b. The bicyclic semigroup Is
C=NXN under the product (m, n)(p, ¢)=0(m~+p—min(n, p),r+g—min(n, p)). If
V is a subset of a sem1group S, E(V) will denote the set of idempotents of V.

In [2], a regular semigroup S was termed generalized Z -unipotent if e, FEE(S)
and ef=e imply gegfe=ge for all GEE(S)

Let S be a regular bisimple semigroup such that the union 77 of the maximal
subgroups of S is an w-chain of rectangular groups (T,: #&N). Using (2, lemma 1],

S is right generalized w-% -unipotent if and only if # 1s a right congruence on
T,E(T) is an w-chain of rectangular bands (E(7T ):#EN) and £ is a left

congruence on E(T). We let Eﬂ"—-E(Tn).

Using results of [3, section 1], our terminology here is in accordance with that
of (3].

1. Structure theorem for right generalized w-%-unipotent bisimple
semigroups (proof of converse)

In this section, S will denote a fight generalized w-% -unipotent bisimple semi-
group. . |
As in [3, notes 1.7 and 1.8], let ¢; be a fixed element of E,. Let fEE, and

e, =e fe, Select and fix czERgnﬂLel. By the proof of [1, theorem 2.18] there

L] - - —-1 » _1 -1 _1
exists a unique inverse ¢ (i.e. @aa "a=a and ¢ aa
. —1 —1 : —n —1\n - .
R NL, with ea "=e¢;and ¢ "a=e¢,. Define ¢ "= (a )" for all positive inte-
t D

— 1 . .
=g ) of @ contained in

gers # and define czo=eo. Let ek:a_kak. By [3, note 1.3 and lemma 1.11],
TN for each 2EN and e,e =e

max(n, £)°
As in [3, paragraph following lemma 1I.11], let J,(/,) denote the #-class (the
set of idempotents of the & -class) of T containing ¢, (note, the T's (and T,’s)

of [3] are identical to those of this paper by using (3, note 1.3 and proposition
1.4]). Let I=U{ :#nEN) and J=U(J,: »&€N). By [3, lemma 1.13], J is a

right group for each #&EN.

LEMMA 1.1. [3, lemma 1.12] I is an w-chain of left zero semigroups (I :n&N ).
LEMMA 1.2. J 7s an w-chain of right groups (J,:n&EN).

PROOF. Let x€J_ and y&J . Hence, x#e¢, (&T) and yHe,. Since # is a

congruence on T, xy.%ee =e Hence xye]

max(n,m) * max(n,m)"
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REMARK. Lemma 1.2 may also be obtained from [3, lemma 1.21].

If Xis a set; T, will denote the semigroup (iteration) of mappings of X into X..

LEMMA 1.3. [3, lemma 1.15) Tkere exists a mapping j—+A. of J into T, and
a mapping ;b—>Bp of I inio T such that I I&AJCIm,{(H ) for j&J,, and | B )
CJ naxn,my 07 PEL,. If J'E] and pEl, jp=pA;jB,. Furthermore, jp F pA;

(€T) and jp &£ jBﬂ(_ET).
LEMMA 1.4. iA,=ed for €] and iEl.

PROOF. First we show that A J.=A€= for y&€J,. Since # is a right congruence:
relation on T, (J,e, )EZ implies (ji,e)EHF for all /&I. Hence, using lemma
1.3, (z'Aj, z'Aes)Eﬂ for all 7&7. Thus, using lemma 1.3, z'Aj::z'Aes for all :&l.
Let /&1, say. Then, since eJj&l max(s, 7) by lemma 1.1, we utilize lemma 1.3 to.

obtain (eg7)e y =€, i =14, e, B. Therefore, by lemma 1.3 and {3, lemma.14],.

erlzeSz.

max(s, 7

DEFINITION. If #&T and z, k&N, define uy )—-a "o ua” " Let Vg n)[ I
=, , and Yir n J ZB(k, 7)*

LEMMA 1.5. [3, lemma 2.6].
a) I a(k ﬂ)CIr+n min(r, k)’ b) ]rﬁ(k,n)cjr+n—min(r,k)'

LEMMA 1.6. [3, lemma 2.9] (&, n)—evo:(k. ") is a homomorphism of C into End I.
LEMMA 1.7. ,8@, ﬂ)EEnd J for all n, REN.

PROOF. By lemma 1.5(b), B ST Let g&J, and h&] . Using lemma 1.2,
ekhekzekemax(k S)(kek)':emﬂx(k s)kek-——kek Hence, using [3, lemmas 1.1 and 1.9],

—F
g8, ﬂ)kﬁ(k n)—(cz "a"ga” " (e "d ha ")
=a "d"ga " ka“k(czk R

'"a_”akga"kak(ka aDa "

= cz_”akgka ko

= (gk)ﬁ(k' 7) °

REMARK. Lemma 1.7 could also be obtained from [3, lemma 2.15].

LEMMA 1.8. (&, ”)"’45(13,13) ts a homomorphism of C into End J.
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PROOF. Combine lemma 1.7 and [3, lemma 2.12].

LEMMA 1.9. Let v€EEnd I such that epEl,. Then if i€l,, jE],, and u&l,
:z'(uAju) =i(uv).

PROOF. Apply lemma 1. 4.

If a,b=1, define gob=ab. If a,b&], define a&®b=ab.

LEMMA 1.10. S=((. (n, k), j): €Il ,jE], . n,k&N) under the multiplication
(2, (n, k), 1) Cu, (7, 8), v) =(Go(uaryy, ,\),n+r—min(k, r), k+s—min(k, 7), 78, H&v).

PROOF. Use [3, lemma 2.17], definition of “o”, lemma 1.5(a), lemma 1.9,
lemma 1.5(b), [3, lemma 1.20], and definition of “&®”.

LEMMA 1.11. S=IQ)] under the product. if i<], €[, uEl,, and vE],
*(Z',j)(u, v) — (iﬂua(ﬁ_ n):jﬁ(,-' 3)®9)-

PROOF. If i€l and j&],, (¢,(n k)j)p=(i,7) defines an isomorphism of the
groupoid given in the statement of lemma 1.10 onto the groupoid given in the

statement of lemma 1.11.
LEMMA 1.12. gﬁ’(s_ s)=g®es.

PROOF. As in the proof of lemma 1.7, ege,.=ge. Hence, using the definition
of ®, & B, s =6.86,=8Re,

REMARK. Lemma 1.12 could also be obtained from [3, lemma 2.19].

THEOREM 1.13. Let S be a right generalized w-E -unipotent bisimple sems group.
Tken S is isomorphic to some (I,],a, B).

- PROOF. The theorem is a direct consequence of lemmas 1.1, 1.2, 1.5, 1.6, 1.8,
1.11, and 1.12.

2. Structure fheorem for right generalized w-%-unipotent bisimple semi-
groups (proof of the direct part)

In this section, we show that (/,],a, 8) is a right generalized w-%-unipotent
bisimple semigroup (theorem 2. 10).

LEMMA 2.1. (I,],«,B) is a semigroup.

PROOF. Closure follows from the fact that 7 and J are w-chains and (2). Let
a=( 7),b=(u,v), and c=(w, z), where i<l jE]k, uefr, veE] wEIp, and zE]'q.
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Het ¢,=¢ and ay,=j. Utilizing the fact that (»,k)—a, ,y is @ homomorphism of
«C into End(7, o),
((@b)e) = ((z'wcr(k_ ﬂ))ﬂwa(& (. 1m))
= (U 4 1)U (5, )X h, )
=go((uo(war 5 )y 1))
=(a(be)),.
Similarly, using the fact that (», fe)—+,8(n. B is a homomorphism of C into End
(J, ®), ((ab)e),=(a(bc)), . Hence, (ab)c=a(be).

LEMMA 2.2. Let (i,7),(w,v€(l.],a,.B). Let i€l , jEJ, ,uEl, and vE]
‘Then (@) (7,7)#(u,v) if and only if i=u; and (b) (£,7) L (u,v) if and only if R=s
and (J,v)E# (€] ).

PROOF. (a) Let (7,7).%#(u,v). Then, using (3), there exists x,y&/ such that
=wuox and u=zsoy. Hence, uou=wuo(uox)=wuox=1¢, and similarly 7ou =u. Therefore,
¢z=u. Conversely, let i=u#. Since ]',G(k’ S)E]S, by (2), and J_is a right group,
there exists b&], such that jﬁ(k, s)®b=v. Let ac] e Therefore, using (2),
\(7,7) (a,b)=(¢,v). Similarly, there exists c&/, and d&J, such that (z,v)(c,d)=
(7,7). Therefore, (7,7).#(,v).

(b) Suppose £=s and (j,v)EH(&]J,). Then, there exists x&H ,(the & -class
‘of /, containing e, such that xX7=v. Let b=x,8(k. N J.. Hence, using the fact
(n, k)——»ﬁ(n. 5 1S a homomorphism and (1), bﬂ(n, k)=xﬁ(k' n)ﬁ’(n, k)=x,8(kl k)=x®ek:x.
Hence, (#,8)(7,7)=(u,v). Similarly, there exists ¢c&7_ such that (7, ¢)(%. v) =(, 7).
‘Conversely, suppose that (7,7).%(#,v). Thus there exists x&J 5 with p>% and
IE], with ¢g>s such that 1&®7=v and y&v=j. Therefore, p=s and ¢=~4. Thus,
S=4k. Thus, x&®7=v, with x,f,0v&] .~ Hence, since J, is a right group, (J,v)
e (EJ ).

LEMMA 2.3. (I,],, B) is a bisimple semigroup.

PROOF. Let (,7),(w,v)E,],,8). Then, using lemma 2.2, (¢,7) #{,v)
L (u,v).

LEMMA 2.4. E(1,],c, B)::{(z',j):z'EIﬂ, JEE(],), nEN}.

PROOF. Let (¢,7)€FE(,],a, 8) and suppose :€I, and j€J,. Using (3) and
{2), n=k and jﬂ(u,,@)@f:j- Hence, using (1), -7':'-7'5(13,k)®j=j®ek®j:j®fs and,



58 - I[rene Loomis and R.J. Warne

thus, jEE( ]H). Conversely, let /€1, and j&E( J,). Thus, using (3), (2) and
(1), G.j)=eE,],a, B). |

LEMMA 2.5. (I,],.x,3) is a regular bisimple semigroup.

PROOF. Using lemma 2.4, (7,e )&E(l,],a, ). Hence, by a result of Clifford
and Miller [1, theorem 2.11], and lemma 2.3, (I,],a,8) is a regular bisimple

semigroup.

LEMMA 2.6. Let T, ={(7,7): i€l and j&]} and let I'=U(T :nEN). Then,
T is ar w-chain of the rectangular groups (T :n&N).

PROOF. Let (7,7), (u,v)ET,. Using (1), (¢,7)(%,v)=(7,j®v). Hence, using [1,
theorem 1.27], T is a rectangular group. The last statement of the lemma is a

consequence of (3) and (2).

LEMMA 2.7. E(T )={(7,7): el L, jeEEU D}t E(T)is an w-chain of the rectan-
gular bands (E(T,): nN).

PROOF. The first statement of the lemma is an immediate consequence of lemmas.

2.6 and 2.4. Let (7,7), (u,v)EE(T,). Hence, (7,7)(u,v)=(,v). Thus, E(T,) is a
rectangular band. Let (7,7)€E(T,) and (#,v)EE(T,). Using (3), (2), (1) and the

fact that E(J) is a semigroup, (7,7)(u,v)EE (Tmax(n_ k)). Therefore, E(T) is an
w-chain of the rectangular bands (E(T,)): #nEN).

LEMMA 2.8. T is the union of the maximal subgroups of (I,],x, B).

PROOF. Let X denote the union of the maximal subgroups of (I,],a, 3). Let
xEX. Hence, using lemmas 2.2 and 2.4, x5 (¢,7) for some ;&I and j€E(] ).

say. Thus x&€T by lemma 2.6. Let x&T. Hence, since any rectangular group

1s a union of its subgroups, x&E.X.

LEMMA 2.9. £ s a left congruence on E(T).

PROOF. Let X be any semigroup such that E(X) is a semigroup and let ¢, f&E
E(X). Then, (e, ) e (eX) if and only if (e, HEL (EE(X)). Let (7,7), (u,v)E
E(,],x, B). Thus, using lemma 2.4 and 2.2(b), (7,7)% (%, v) if and only if j=v.
Hence, using (3),.% is a left congruence on E(T).

LEMMA 2.10. # is a right congruence oz T.
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PROOF. Using lemma 2.2 (a) and the multiplication on T given in the proof

of lemma 2.6, (7,7)#(u,v)(ET) if and only if /=#. Hence, using (3),%# is a
right congruence on T.

REMARK. Lemmas 2.2—2.5, 2.7, and 2.9 may also be obtained from the
corresponging results of [3].

THEOREM 2.11. (I,J,a,B) is a right generalized w-£-unipotent bisimple
semi group.

PROOF. Combine lemmas 2.5—2. 10.

THEOREM 2.12. (I,],a,B) is a right generalized w-£-unipotent bisimple
semigroup, and conversely every such semigroup is isomorphic to some (I,], «, B).

PROOF. Combine theorems 2.11 and 1.183.

University of Alabama in Birmingham
Birmingham, Alabama 35294
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