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A REMARK ON GOLDBACH’S CONJECTURE 

By C.]. Mozzochi 

The notation here is the same as that found in [2]. and this paper might weIl 
be considered an appendix to Chapter 3 of that text. 

We assume n>Cn . For each n 1et En be those points in [xo' xo+1] which are 

not in any c뼈 neighborh때 아 r때a때diu뼈u뻐l엽없S상Xo a빼bou뼈1 

(“h’ qω)=1， (qι" n써) = 1, and q '5.드드 10g링15n• 
It is a trivia1 consequence ([2] p.62) of the Prime Number Theorem that 

J f2(x , n)e( -nx)dx=o(n 1og-1 F(x, n)e( -nx)dx=o(n 10g -"n). In this paper I show that if this estimate cou1d 
E ’ 

-L1 be improved to o(n 1og-~n) for some L1 >2, then it wou1d follow that every 

sufficiently large even integer can be expressed as the sum of two primes. 

The resu1t follows from a suitab1e modification of the construction found in 

Chapter 3 of [2]. Without any 10ss of genera1ity we will assume that L1 is 

arbitrarily close to 2. 

Let r(n) be the number of representations of n as a sum of two primes. It is 

easy to see that 
"'0+ 1 

r(n) = 
x。

f2(X, n) e (-nx)dx for any xo' 

We decompose the above integra1 into 

where 

r(n) = r f2(X, n) e ( - nx)dx+ .L: .L: T(h, q) 
E qSlogl세 o <1z:5: q 

(q， η)=1 (h.q)=1 

T(h, q)= 

〕쓰 +"'0 
q 

h -"'0 
q 

f2(x, %) s (-%X)dx 

(100) 

(101) 

It follows immediate1y from Theorem 58 in [2] and the trivial inequalities 

If(x, n) I 드η and I g(y. n) I 드n and the fact that if I a I 드 n and Ibl 드 n. then 

n) and b= 봐gl that if (h. q)=l. 
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Jy J 드x。’ 
15 

q드log.~ n, then 

f2( ~ +y, n)-편gLg2(y， %) l 르2n210g-69n 
/ q/(q) 

By a change of variable y=, x一웅 ) we have 

(102) 

x。

T(h, q)= E( - ? f2(웅+ι n )e (-ny)dy 
-x，。

(103) 

Howe아ve앙r， 

e(←-냉ηκny뼈y 
￠‘，<-(q) 、 g 

x。

nh e\- q 
% ”

v‘ 
+ k 

-q 
/f!ll 

。
ι

o 

tl 

o 

x 

• 
i(y, n) e (-ny)dy 

-x，。

x。

i(웅+y， n -따q) g2(y, n) 
q/(q) -

xo 
f2 L __ -69 

dy드2/ n'" log-O"n dy < -
-x，。

2. -69 .• -54 
=4xon~log -vv n=4nlog ~~n. 

-x。

Now let 

T 1(n)=" i(y, n) e (-ny)dy= 

so that by (103) and the above we have that if (h, q)=1 and q드log15n 

따 q)-팩싹T， (n)e(-쁘 )1 드 4n log-54n 이04) 
q/'(q) ! \ q 

Let 

T(n)= ~그 log-1mJog-1%2 
mh m2 

(105) 

With the condition of surnmation m1능2， m2늘2， and m1 +m2=n. 

lt is easy to see that 

정-

T(n)= g2(y, %) E ( - %y)dy (106) 

2 

AIso, it is clear that the number of terms on the right-hand side of (105) is 

(n-3), and each teI IIl is greater than Iog-2n and less than 1; so that 

한 Iog- 2n <T(n) <n (107) 

Now 
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η'. 

:L; ê (my) 
m=2 

드코4「f「드감， 1 ; (m1늘 2， O<!y!르출 /. 
Hence by definition of g(y, n) and Abel ’s lemma, 

!g(y, n)!<!y!-l (O<!y!드웅ì ; 
so that 

2 

T(n)-T1(n) 드 2. y-2dy =2x;1 =2n log-15n 
x。

Hence, for (h, q)=l, q 드 log15n 

e( _ßh 
q 

따띤 
rj}(q) 

T(n)-T1(n) 드τ~ _ (2n log-15n), 
rf/" (q) 

and combining this fact with (104) we have: 
15 For (h, q)=l, q드 log'Un 

T(h， q)-따q) T(n) ê 
￠‘(q) 

-뿐)드4n 1멍-54n + 
rj}(q) 

(2n log-15n); 

29 

(108) 

(109) 

15 so that adding (109) Ø(q) times for some fixed q 三log'Vn we ha ve: (110) 

。ε T(h， q)-송와T(%) z E(-쯤 
<h5qI o tqJ O<hSq ) 

(h ,q)=l T q/ (h.q)=l 

(q) 

But Ø(q) 드 Iogl5% and ( [4] p. 55) 

Z그 e(- 강컨- )=Cn(n); 
o <h -s;.q \ q , ’ 
(h ,q)=l 

so that it foIlows immediately from (110) that: (111) 

77L-(2% log-%). ε 
o <h -s;.q 
(h , q)=l 

T(h, q)-따딱 T(n)Cn(n) 드4% log-39% + 
￠‘ (q) ’ ø<t.,“ (q) 

Considering only those q 드 Iog15% such that (q, %) = 1 we have: (112) 

μ2(q) 
:L; :L; T(h, q)-T(n) :L; 피감: Cn(n) 
;;:l~g"n 0 <h~q , ... v -, / q-s;. l o.g"~ øι(q) q 

(q. lIY=l Ch.q)=l (q ,n)=1 
r <. 1 1 ,_.-10 드(4% log- 9%) (log15%) + 「 g 「소-1(2n log -lUn) 
q -s;. log" lI ø'l/,j(q) 
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-24 .. ,.. /rt. __ ,_ -10 "\ ____ '1 -10 
드4n Iog-~"n+Cl(2n Iog-Wn) 드C2 n Iog -'Vn ; 

since by Theorem 327 in [4] 

q~옳"n 짧E드C1 (C1 independer뼈z) 

Hence combining (100), (112) and the unproved statement: 

l(x, n) e (-nx)dx <C3 n Iog- Lln for some .1>2 
E. 

we have 

t 
1 

Z 

總
쩌
 

π
 

、

찌
 

κ
 

、

，.i(시 I __ r> __ '- __ -Ll 
τ--C。(%) |드C4 n Iog-an 
rjf(q)q' '1 (113) 

Lct 

∞ :2(q) 
S(서 =2:: 걱섣걷-Cn(n)Dn(n) 

q=1 cþ"(q) ’ 9 

where 
1 
i 

n u 
-­꺼

 

/ , 
‘ 
、

n g 

D if (q, n)=l 

if (q, n)>l 

μ2(q) 
S(n)- ε 」삼ι 

qζloglen ￠(q) 
(q ,nj=1 

%(%) 1 = 1q앓，繼CqCn) DqCn) 

드 E그 「;L-;
q>log캔 μ_ qt(q) 
q square Iree 

since μ2(q)=0 if q is not square free, and by Theorem 272 in [4] if q is square 

free and (q, n)=l, then ICq(n)!= 1. Hence 
2 

qsi꿇% ￠E(q 
(q , n)=1 

by Theorem 327 in [4]. 

Combining this fact with (107) and (113) we have 

파싹 I __ f' .. 1~~-14 S(n)T(n) - T(n) ε 2~ 'J ~ C nCn) < C<; n log-l"n. (114) 
qζ~g"~ cþ"(q) - q" I 。
(q ， η)"=1 

Combining (113) and (114) we have 

! r(n)-S(n)T(n)!드C6 % log-d% (115) 
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Let 
- μ2(q) 

f(q)= f'τ-- C” (%)D”(%) 
￠‘(q) Y" Y 

By Theorem 60, Theorem 67, and Theorem 262 in [4] f is a multiplicative 

function of q. Also, 
。0001

L; If(q) 1 드% ε -걷: , <∞ for each n; 
q=l .. ' ''' .. q=l q/'(q) 

so that by Theorem 2 in [2] we have for each n: 

But 

If m=O, 

S(n)=n L;f(pm). 
p m=U 

와土스 C1(n)D1(n)=1. 
(1) ~ ‘ 

if m=l, f(pl)=f(p) = 따ELch(%)Dh(%) = Cp(%)Dp?) 
q/'(p) P" P" (P -1)‘ 

If m늘2 μ(pm) =0; so that f(pm) =0; so that 

‘ C^(n)D^(n) 
S(n)= n (1+ P←-감 

P \ (p-1) 
• 

Clearly, if n is even, 

C pCn)=-l if (p, n)= 1. 

D 2(n) =0; so that since Cp(n)=(φ-1) 

‘ C ̂ (n)D "Cn) 
S(n)= n (1+ P y9 |는 n (1--

p>-2' (p-1)'" / p>2 (p-1i 

∞ 1. 1 \ 1 
능 n11- ~n-l= 

m=2l 꾀'rj- 2 . 

if (p, n)> 1 and 

Combining this fact with (107) and (115) it follows that every sufficiently large 

even integer can be expressed as the sum of two primes. 

REMARK. Let 챔=xon-Õ where O<e< 1. Let E: be those points in [x，ψ xO+1] 

which are not in any closed neighborhood of radius x~ about any rational number 

웅 where (h, q)=l and q 드 loglSn. Clearly 

En C (E~ U E~") 
where 

E~"= U 1 초 -xF. 
,. (h , q)=lL q V' 

(q ,n)>l 

웅+xô 1. 
q::;;:log lOn 
o <h::;;:q 



32 C. J. Mozzoch z' 

But 

E~nE캅 =rþ 

and 

f2(x, %) ldX드 2xõ n2 log30n드C7(n log-3n); 
E,,** 

so that if 

If2(x, n) dx=o( n A ) for some .1>2, 
i.* \ log “% 

then 

f2(x, %) E (--fZX)dx=o 깐A ì for some .1> 2. 
log“ n ' E. 

Theorem 56 on page 54 in [2] states that if (153): n log-3n < v 드 n, 

(154): log15n < q 드 n log-15n, (155): (h, q)=l, then 

(156): f베f치(웅춘， ν샤싸ìμ=o(n씨%써10뼈o앵g-3n)써). F많ikX s상>0α， a뼈r얘bi때t암때rar꾀il파바ly srr빼 Consider 

(153싼: n1/2 log- (l H)n<v드n; (154)*: Iog15n <q三n1H log-15n ; 

(116) 

(156싼: I f (웅， 이 I =o(n1!2 Iog-(l+e)n). It is easy to see (cf. [2] p.62) that if it: 

could be shown that (153선， (154)* and (155) imply (156싼， then (116) would foIlow. 

AIl my results may be known to others. 
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