Kyungpook Math. J.

Volume 16, Number 1
June, 1976

A REMARK ON GOLDBACH’'S CONJECTURE

By C.J. Mozzochi

The notation here is the same as that found in (2], and this paper might well

be considered an appendix to Chapter 3 of that text.
We assume n>C.. For each » let E, be those points in [x,, x,+1] which are

not in any closed neighborhood of radius x, about any rational number —z— where

(h, ¢)=1, (g, n)=1, and q<log'x.
It is a trivial consequence ([2] p.62) of the Prime Number Theorem that

f f 2(::, n)e(—nx)dx=o(n Iog_ln). In this paper I show that if this estimate could
E,
be improved to o(» log_‘dn) for some 4 >2, then it would follow that every

sufficiently large even integer can be expressed as the sum of two primes.
The result follows from a suitable modification of the construction found in
Chapter 3 of [2]. Without any loss of generality we will assume that 4 is

arbitrarily close to 2.
Let »(n) be the number of representations of # as a sum of two primes. It is

easy to see that
T,4 1

r(n) =f szx, n) € (—nx)dx for any x,.

We decompose the above integral into

r(n) = f Prn)e(—nmdds+ > 3 T q) (100)
Z g<log!'n 0 <h<qg
. (g.n)=1 (h.q)=1

where

h
._..+xu

q
Ttho= | Fme(—nds (101)
7,

. _xﬂ

q
It follows immediately from Theorem 58 in [2] and the trivial inequalities

1f(x, n)|<n and |g(y, #)|<n and the fact that if |z|<m and [8|<#, then

2_ 12| < N : _ ¢l P I _ u(q) : _
a —b"|<2nla—b| with a f( . P, ﬂ) and b 10 o(y, n) that if (k q)=1,
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1
y1<x,, ¢<log = then

2 !
F(Lry,m)- ;28 2y, m) | <oflog=®m . (102)

By a change of variable y=(x—- —g—) we have

T(h )= ¢ ( =2 )_fx (Lt ) e (~myddy (103)
However,
e(_ nqk )_L}CZ( g -9, n)e (—ny)dy—~gz§;3§ ~e(-— ?qu ‘>-‘£ug2(y, n) € (—ny)dy

2o k. w(g) 2 QI
< f( 7 +y,n>— qbz(q) g°(y, n) dyS2_fn log™ “ndy

=4x0n210g"69n=4n10g_54n.

Now let

T(n)= f | 2%(y, n) e (—ny)dy:

—xﬂ

so that by (103) and the above we have that if (%4 ¢)=1 and qSloglsn

2
h
T ) -9 T ) e (=Y <4 log—54n (104)
() ! ( q )
Let
T(w)= 3 log”'mlog 'm, (105)

With the condition of summation m,;=>2, m,>2, and m,+m,=n.

It is easy to see that
1

3
T(m= [ g ne(—ny)dy (106)
1

e ————

2

Also, it is clear that the number of terms on the right-hand side of (105) is

2

(r—3), and each term is greater than log™ “# and less than 1; so that

—é-n log'"zn <Tn)<n (107

Now
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m, R L o 1_)
2 e (m) | < gm S (m=20<1yI<5)

Hence by definition of g(y, #) and Abel’s lemma,

gy, n)] <Iyl‘_]L (0<ly|£—%—) :

so that
1

lT(ﬁ)—-Tl(n)l_*’\_’_Zfy_gdy=2x0_1=27z log — 1% (108)'

Hence, for (k,¢)=1¢ _"\_'_'_logwﬂ

e _ﬂ I#Q('-?) T( )__T( )S 1 (2 1 —15 )’
( ” ) c,?.52(q) 7 ((n qaﬁz(q) n log™ “n

and combining this fact with (104) we have: (109)
For (h, ¢)=1, ¢<log n |

T(h, )—-L @ T(n)e(--%é-)gzm log=% + —L1 (2 log=15n);

3°(q) $“(q)
so that adding (109) ¢(qg) times for some fixed q__<_10g157:z we have: (110)
/)
ST T(h q)— “(‘-?) T(n) e(— 7 )
i ACONAT) !
<(4n log™>*n)¢(q) - ¢4/§( ) (22 log™""m) ¢°(g).
g

But ¢(q) <log™z and ([4] p.55)
> e(—-’i{i)=0q(7z);

O0<h<g
(h,q)=1
so that it follows immediately from (110) that: (111)
2
(q) 39 1 ~10
s> T(hq)—-£ T(n)C (n) |<4dn log™ " n- (2n log™ " n).
0<h<a $°(g) o 3°(g)
(h! Q)=1
Considering only those q_"\_’logwn such that (g, #)=1 we have: (112)
> Tho-TH) = -5 @ ¢ (%)
g<log"™n O0<h<q S’lﬂg”ﬂ ¢’ (g)
(g.n)=1 (h,g)=1 (g,n)=
<(4n 10g_39n) (Iog15iz) +] = 1 -(272 log Un)

g<log'"*»n (354/30])
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<dn log_24n+01(2n log—mn) <C, #n log_mn;

since by Theorem 327 in [4]

1 .
2 R <C, (C, ind dent of #).
g<log'®n 9354/3({{) <(; (C, independent of #)

Hence combining (100), (112) and the unproved statement:

ffz(:r, n)e(—nx)dx| <Cy n log""dfz for some 4>2

we have
(

r(n)—T(#n) 23 MC( )|<C, n log™% (113)

g<logttn ()
(q,n)=

Let

— (q)
SGi)= Z C,()D (n)
= ¢5(q) D (7

where

1 if (g, n)=1

0 if (g, 2)>1

S(n)— 22 E (QJ ——5<C (n) 2 # Cq) C (n)D (n)

g<Tog!*n *(q) | |g>log'n $°(q)
(g, n)=

Dq(n) = {

T

1

2 21 :
o>log'n  ¢%(q)

g square free

<

since #2(61)20 if ¢ is not square free, and by Theorem 272 in [4] if ¢ is square
free and (g, #)=1, then IC ()] =1. Hence

Sm)— T () C, (1) | < Cslog™n,
g<log''r 5 ()
(g, n)=1

by Theorem 327 in (4].

Combining this fact with (107) and (113) we have

(q)
SCa)T —-T
WTOTO 2 e

Combining (113) and (114) we have
|#(n)—~S(m)T (n)|<C, n log™n (115)

C (1) | < Cg nlog™"n. (114)
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Let

— #(‘?) C( )D
f(g)= (0> n)D (n)

By Theorem 60, Theorem 67, and Theorem 262 in [4] f 1s a nrultiplicative
function of ¢g. Also,

: | f(g) | <n Z c;zﬁ éq) <oo for each #z;

so that by Theorem 2 in [2] we have for each #:

St)=T1 = fOo™.

p m=0
But
If m=0, f(F")=FD)=F(1)= gg; C,(m)D () =1.
_ # “(p) _ Cp(m)D(n)
£ m=1, f0)=r)= B0 D =t

If m>2, u(™=0: so that f(»™)=0; so that
C,(n)D, (n)
S(fz)-——ﬂ(ll P~ P )
p (p—1)°
Clearly, if » is even, Dy(#)=0; so that since C (n)=(p—1) if (p #)>1 and
Cp(n)=—-1 if (p, n)=1.

C.(n)D (n) 1
S(my= 11 {1+ ——-2 ~)>_» (1-- )
() pgz( (p—1)° Ry (p—1)°
= 1 1
= ml_l=2<1 i1 >:_2_-'

Combining this fact with (107) and (115) it follows that every sufficiently large
even integer can be expressed as the sum of two primes.

—&

REMARK. Let xé”:xon where 0 <e <1, Let E; be those points in (%, xy+1]

which are not in any closed neighborhood of radius xj; about any rational number

h where (7, ¢g)=1 and ¢ < logl5n. Clearly

q
E,C (E;U E*
where
/) 7
Er—= U x*, | x*]
” (h,q)= [ q 0 q 0
(g, 7)>1
g<log'tn
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But
By N By =4
and . |
[ 17 mldz<2x5 n* log¥n<Cy(nlog™ n);
En**
so that if |
f P ) | dr=o —2% ) for some 4>2 (116)
E* IOg Y £
then

| i) e (—mmddz=o(—";—) for some 4>2
B log“n .

Theorem 56 cn page 54 in [2]) states that if (153): nlog‘% lv<n,
(154): logPn < g<mn log— 1%, (155): (h,g)=1, then
(156): l I (—z—- v)lzo(n log_3ﬂ). Fix €>0, arbitrarily small. Consider

(153)*: 712 log=(I+Opp<m; (154)*: loglon<g<m't€ log—Lox;

(156)*: f(—{;— v) =o(#1/2 log—(+8y), It is easy to see (cf. [2] p.62) that if it

could ke shown that (153)*, (154)* and (155) imply (156)*, then (116) would follow.

All my results may be known to others.

Box 1315

Hartford, Conn. 06101
U. S. A.
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