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ON CERTAIN HERMITE APPROXIMATIONS 

By Jin Bai Kim 

1. Introduction 

In the classical Hermite approximation. we construct the unique polynomial 

ψ(X) of degree 드2n+1 such that 

(1) !(xi) =P(xi). f'(x씨 =f(XE), 0 드 t 드 n. 

where xO' x l' .... x
ll 

are distinct points. 

In this paper we are concerned with the Hermite approximation in which we 

construct a polynomial P(x1• X2• "', Xk) of degree 드2n+2 in x l' X2 • .... Xk• such that 

(2) 
ar.+η+… +r. 

;-j(X1.X ….Xb)= òX,r.òX; .... ÒXLr. J \.~1’ 2' '~k./ 

òr. +r,+…+r‘ -

'r, P(Xl' X2' .... Xk) 
1 v-2 v~k 

ax1rlax2f2 axk7 l ’ 2' ''''''k/ 

for 0 드 rl' r2 • .... 짜 드 n at each vertex of the k-dimensional unit cube and 

(3) ... !(x1• x2' .... xk)dx1dx2 ... dxk= ... P(xl' x2’ . xk)dxrdx2 ... dxk• (k> 1) 
00 0 00 0 

2. k-dimensional form of an imposed Hermite approximation 

We construct the k-dimensional Hermite approximation formula which satisfies 

(2) and (3). To simplify the notation. we intrcduce the following. Le t Sk be the 

set of all vertices of the k-dimensional unit cube. Let rr ε Sk and we write rr= 

(π(1). π(2) ..... π(k)). (Note that rr (O =O or 1.) For an independent variable xt’ 
we define π(xt) by 

We also define Irr(r시 I by 

x, if rr(t) =0. 
rr(xt ) = L' 

11-Xt if rr(t)=1. 

η if π(t) = 1. 
Irr(r,) / = ‘ 

’ o if π(t) =0. 

k 
and define /rr(r l' r 2' …, 씨 /=뭘 /rr(rt) / for 0 드 rt 드 n. 

We write!r .. r, ..... η(Yl' Y깐 …. Yk) to denote 
ar.+r,+ ... +η 

r. f(x l' X2• …. Xk) at Xi=Yi (i =1. 2 ..... k). 
ax rlax 72---ax 1 v .... '.2 V .nI k 
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Using the above notations, we can introduce a polynomial 인(X1 ， X2' "', 깐) of 

degree 드2n+ 1 in x l' X2' "', xk by 
n 1 π(1， .12 ..... 1.)1 

(4) Pl(x1, x2, ""xk)= ε [Z (-1) f (r) qtl (πXl) qlε(πX2)'" 
/1 ,/2, …. 1,=0 πε511 11,/2" "', t" -. 

ql, (πXk)] ， where q/x) is a polynomial defined by (see [2, (8)]) 

(5) qj(X)= 띈(l_x)n+l(폈(텀S)XS). 

Now we can state the following proposition. 

PROPOSITION 1. 

(6) P(x1, X2' …, 월) =Pl (xl' X2' ''', X싱 
k , ‘ 

(n , (1-Xz)Xi)nT 1 1 1 1 

+ 1=i k 2n+2 k lJ --:l (f(Xl, x2, …， Xμ -P1 (x1, X2' "', X，μ)dx1dx2 ... dxk 
(2n+3)" [("~~í)]~ ~~ ~ 

z's a polynomial 01 degree 드 2n+2 in xl' X2' …, xk’ 
zνhich satisjz'es (2) and (3). 

PROOF. We observe the integral 
1 1 1 
f' r f' 

... ’P(X1, X2' …, xk)dx1dx2dxk of P(xl' x2' "', xk) in (6). 
00 0 

” x+1 Noting that . // ... / [ 더 (l-x씨 dx값2 ... d왔= t % 。 k' we can see 
o o o i=1 ‘ l 

(2%+3) [(썰î)] “ 

that P(x1, x2' …, xk) satisfies (3). Now we consider (2). It is c1ear that 

il'+ι+…十 To b 

~，~ 
-

T, ~ 
.. 

T. ( .ñ. (1- Xi)xi)n+ 1 at any π in Sk is equal to 0 for 0 드rl' r2, ... , μ 
ax1 lax2 2---axk • i=1 “ 

드 n. Therefore it suffices to show that 

aIT,+T,+'''+TR 

T. P1 (X1, X2' …• Xk) = I T,. T, . .... η(xl' x2• …, Xk) 
ax ax 

2 ••• ax 1 v~2 v~k 

at each π in Sk for 0 드 γl' r2…, μ 드 n. By observing (5). it is not difficult to 

see that 

(7) 
dT, 

qtt(π.Xi) = (-1) Irr(η)1δ2， where 야 is the Kronecker delta. U sing (η， 
X , 

. , 

we can see the following: 
。T ， +T2 + ... +r, 

a상싫2· 8x rk l i ’ 2 ν I (x，’자， ... ，%，)-π þ ,(x,.X …,. Xb ) I ('W'_ "'_ ••• .,....'\ = 
1 v~2 v~k 



==L: 
1 ••. ", 1.=0 
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( -li~.“’ 1,) 1 까 1, ..... t, (À)부늠qt ， (ÀX1) 
.. aX

1 

3 

d r, 
~ . . q,. (ÀX b) 

dxAl ·t “ 

k 

=L: L: 
t" …， μ=0 ÀeS, 

( -1) |X(tl, t2, ... , ti) 
lftl, tg, ... , ti(치 (-1) 

이(r， )1 + IÀ(r,)1 + … + 1 À(η)1 n δP 
i=l' 

=(_1) 1 π(η ， η ， "', η) 1 
f71 , rg, ••. , η(π).(_ 1) 1 π(r t. T 2, "', η)1 

== f r .. r9 , ... η(π). 

This proves the proposition. 

3. Errol' analysis 

First we obtain the error of f-P when k= 1. We suppose that /2n+2)(x) 

at each point of (0, 1). FoIlowing the argument in the proof of Theorem 3. 1. 1 [1, 
f (x)-P(x) -p. 56] , we set . ~↓ 1 “ -'-1 =K(x), for a fixed x such that 0 =F- x 낯 1. Consider 

x"T> (x-1) 

ω(t) =f(t) -p(t)- (t(t -1))n+1 K(x) 

( t(l- t) )n+ l A =f(t) -P1 (t) - ”".j.? 
((f(y) -Pl(y))dy- (t(t _1))n+1K(x). • 

(2n+3)(>--
; ‘) ’ 4 

+1/ 0 

w(t) vanishes at t=O, 1 and x. It is not difficult to show that w(n)(t) vanishes 

at n+3 points incIuding t=O, 1; and hence applying the generaIized RoIle’ s Theorem 

1. 6.3[1]. there is a point À such that w(2n+2)
(À )==0. By computation, we obtain 

K(x) as 

”+1 1 

K(싸x 

Thus the error of f-P (which w‘~ilI be denoted by E (f - p)) i설s given by E (f -p) 

==(x(x-1)f+ 1 K(x찌). SimiIarly, we can obtain that E(f(x， y)-ψ(x， y)) =E(f(x , y) 

-P1(X, y))-(P(x,y)-P1(x,y)) , where E(f(x,y)-P1(x,y)) is equaI to (13) in [2]. 

(We assumed that f2n+2 싫+2(X， y) exists at each point (x,y) in (0, l)X(O, 1)). To 

give an expIicit form of the k-dimensional error term of f - p, we review (3. 1) 

and (3.2) of Stancu [3, p.138]: R (f)=R1(T2(!))+R2(T1(f))-RiR1(f)). We rewrite 

this as R(j)=R1(f) +R2(f)-R2R 1(f) or equivalently, R=R1+R2-R2R1, which 
k 

!eads inductively to, for K = {1, 2, …, k} , R==ε κ-L: R;R;+ L: R;R;R .. ,-'" 
i= 1 ‘ i>j ‘ J i>j>m 

• J “· 

i.jeK i.j. ηZEK 
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+ (_1)k+ l RkRk_l".R3R2Rl' We define Ri as 
(X.(X .. -1)/+1 

Rz =--」:L「ττ.
Ò21t +2 

~ 211+강 
OX_, z 

and 

Ril means the value of RJ at (X1' X2' …, xf-1· 싸， Xi + l' Xi+2' "', 장) for 싸 ε (0, 1). 
Finally, the error term of I-P is given by (see (4) and (6) for p and Pl) 

E (f - p) =R(f) - (P-P1) = R (f) - (p(xl' x2' "', Xk) - P1 (xl' x2' "'，장))， where RiRjl 

=R,(R/f)). (In the above, we assumed that 1211+2.2η+2 ..... 211+2(X1' X2' …, 월) exists 

at each point (Xl' X2' '''，장) in (0, 1) X (0, 1) X ". X (0, 1). ) 

4. The uniqueness 

PROPOSITION 2. Theγe is no polynomial q(xl' x2' …, Xk) other than P(xl' x2' …, Xk) 

01 (6) 01 degree 드2n+2 껴 진， x2' ' .. , xk’ 
sμch that q(xl' x2' …, xk) satz"slz'es (2) and 

(3). 

PROOF. We prove the proposition for k=l. Suppose that q(x) is a polynomial 

of degree 드2n+2 such that q(x) satisfies (2) and (3). Consider F(x)=P(x)-q(x) , 
.1+ 1 , 11+2 , , 2'1+2 which takes the form F(x) =c

1l 
+1x" ,. +cη+2X +…+ c2n +2xw,,-, w. From (2) and 

(3) , we obtain a system of linear equations: 
n+2 {'. n+2 11+2 

(8) ~ -잔~ .. =0, ~，cn+i=O， ~，(n+Ocn+i=O， ", 
i=1 %+1+2 1=I n+z i=1 

n+ l)! _ , 
-τ， "n+l I 

(n+2) ! 
2' 

(2n+2)! _ _^ ?+." + ';:"-_,';;,,' c?n -l- ?=O T깝장! c2n+2=u 

These n+2 equations (8) with n+2 unknowns ci(z·=%+1, %+2, …, 2n+2) have a 

non-trivial solution iff the determinant I C 1=0, where 

C= 

-1/χ+2 

1 

n+1 

• 

• 

-(n+ 1)! 

1/n+3 

1 

n+2 

• 

• 

(n+2)! 
2! 

• • • 

• • • 

• • • 

• • • 

• • • 

• • • 

1/2n+3-

1 

2n+2 

• 

• 

띤한강L 
(n+2)! 

- 1 (%+1)! 
But by computation, we have ICI 꾀=9+l(??Z!)갱좌밍r#0. Therefore, we 

conclude that cn+i=O (z'=1 , 2, …, n+2) , and hence F(x) =0. The foregoing argument 

is appIicable to the proof in case of k 능 2, and we omit the proof for k 능 2. 

West Virginia University 
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