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ON CLASSIFICATION OF PATHS
IN GEOMETRY OF CONNECTION

By OKKYUNG YOON

1 Introduction

Let M be an n-dimensional differentiable manifold covered by a system of

coordinate neighborhood {U: x;} in which a system of paths is given by
R
A being a scalar field, where the indices &, 4,7, -::run over the range {1,2,
e m}.
A change of affine connection /";*(=r;;*) which does not change the system
of paths is given by
Tip=T;+6 pit+0p,

where p; is an arbitrary covecter field, and is called a projective change of 7.

We consider an n-dimensional differentiable manifold A, in which two
different connections 7";*, I';* are given.

Let v* be a parallel vector field, with respect to I';* along the path z*(t)

is given by
dz* | & ,dxi dzt _ dz*
.1 I B T
then v* satisfies following eqations
. .
(1.2) ff;)t_ -+ ijh ‘f;t] vk=¢2(t)v".

for some functions ¢y, @s.
If there exists a mixed tensor H;* which is related by the equation

dzi
1.3 v =H _dxt_

along the path z*(¢), then we shall call such a change of connection a pseudo

projective change related to H.
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A pseudo projective change related to H of an affine connection, in general,

is given by
1.4 %‘(ijk_*‘_f‘bjh) 2—;—(17;1"‘*‘115") +udy +wd i+ %‘th i HE 7 HP)

where #; is an arbitrary covecter, H /*Hy/=6;" and F; is

covariant differentiation with respect to I';* [1].

in the change of (1.4), if H/ is covariantly constant with respect to [I';/",
then the change of (1.4) is a projective change of connections in an ordinary
way. We can obtain various such changes corresponding to H.

2. Projective change of connection

If we consider that the connection is symmetric, then the pseudo projective
change of I' related to H is given by

(2.1) Fir=T g +udi+ud; + T
where,
2.2 T;#= %Hz" W;H +pH)

By straightforward computation, we can find the curvature tensor of 7'}
that is

(2.3 Rkjih =R+ uy —Ogtuj+ Ty
where, wii = u;—uu;—u, T ;!

Ty =0T~V i Tef* + T it T — Tyt T

Eliminating uj;, from (2.3), we have

2.4 Pyt =Py + Hyi
where, P and P are the projective curvature tensor, and

(2.5 Hy*=Tyi*+ —nil—‘%"T:ii’" 7':1: 08T 5.

1

Thus, we have next theorem.
THEOREM 1. If, in an n-dimensional differentiable manifold, there exists
a mized tensor Hj* such that Hy;*=0, then the projective curvature tensor is

invariant uader the pseudo projective change related to H.



On classification of paths in geometry of connection 37

3. Pseado Projestive change related to psexzdo F-conformal Killing
tensor in an almost complex manifold

Let C* be an n-dimensional almost complex manifold with a Riemannian
metric gj;, and with an almost complex structure F;* that is;

31 FiFp=—6 FiFggu=gi, Fu=Figu=—F
If C* is a symmetric conformally flat space, then we can take a structure
tensor F;* which is a pseudo I™-conformal Killing tensor defined by

(3.2 ViF=q"gi—qib;"t paF ;" — " F
where p;=d;p, qi=pF and p is an arvitrary scalar function [2}. Such a
connection I", we shall call a conformally flat symmetric F-connection. In
an almost complex manifold with a conformally flat symetric F-connection,
if we put H*=F;*, since H*=—F;, then we have a pseudo projective

change related to F. This change is given by
(3 3) 1(i’h+1_7 _h)_]T'h_}_ _}_717 '(sh+( | 17 .“,h_ kg
. o Ui &) TLgE TR 5 Pi )0 T\ M 5 P[0 P
-+ %qj‘Fk"'%‘ %qujh.
Since u; i1s an arbitrary covector, we can take uj:%*pj and if we put

r jbh:f Izjh
then we have

3.4 Tt =Tt +p0%+pib—pgn+ '%'F}eth + ”;“thQk-

By a straightforward computation, we can find the curvature tensor of 7,

that is,
Rint=Riii—g5 p—La. F 1] S SN S A S S
ijk ijk i\Psr 491q/t +0;"\ Pir 441913 gk ‘P: 4qu
+gi,s< Pt %GI;‘Q") + %F i — %F gt ’%‘F ¥ (ai;—q;i)
where _ 1
bii=Vip;—Pipi+ 5Pt 8is

qij=Viq;i— "% qip;— '%‘Pin

Since the manifold is conformally flat, we have

(3.6) R,ﬁ" = i‘&"bﬂk - i j"qi(Zle + ‘%“F j"qz'k* %‘F i”q i *%‘F k" (g: i— 4 ji)
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We denote R instead R in (3. 6), and eliminating g, we have

B.7 Cy:* =Ry — )( 2) (PuF;*—P;;Fi*+R;i0*—Ry0;%)

(n 2) (P Ft 0t — PuF* 6"+ HiFyh— H F i)

t T2 n(n+2) (n—2)" o (QaF Qi F P+ Q5 F* 54— QuF* 8%
- 7(};#-—2) (n '_@ﬂjkﬂ'") =0,
where,
Pu=Ru'F#, H;=R;F;
and
Qsi=H;j— Hyp— (n—1DR;; ! Fy.
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