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Introduction

Since the solution vector for input-output forecasting models is not directly
obtainable, several iterative procedures have been proposed and utilized, As
is often the case in numerical analysis, the question of the consistency
between the original system and the converged system of the proposed
iteration has been ignored, and no one has tried to express the converged
solution explicitly, This paper examines this question and points out the
inconsistencies between various well-known iterative procedures used to solve
input-output models and the original input-output system,

Let{f:, t=1, ..., T} be the given column vectors of size I. Let @ and B
(where B is singular) be given matrices of size Ix I, Then the I-O forcast-

ing model is, in general, to obtain x;, ¢t=1,.-., T such that
xz:Q[ftﬁ“B(le—xt)] (1)

For |B|=0, the set of the solution can not be expressed analytically, and
many numerical iterative methods for the solution have been proposed.

This paper analyzes existing iterative procedures and demonstrate that the

converged values differ,

(A) Iterative Procedure I

*Korea Development Institute
1) More specifically, f¢ is final demand, x. is output, @=(I—A)"1, where A4 is input-output
coefficient matrix, and B is the capital matrix.
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To solve the system of Equation (1), the following iterative procedure
is proposed, and we call it Procedure I.
Step (i). Let
xO=Qf,, t=1,---, T 2
Step (ii). Let
2.“(0)
zt(o):B(le(o)_x‘(o)), t:L...,T__L and z,“’):[ 5(0)} (3)
1t

Step (iii). For i=1, -, ], regress z;® t=1,..-,T—1 on (1, t,-++,¢#). That is to

find set of maximum likelihood estimators {a,:‘?,--+,a,:®} for {a,@,++,,:"}

in the regression model,

)

b4
ziz“”:ZOaji‘°’t’+efg, t=1,-.-, T—1, i=1,---,1
F

where error terms {e;} are independently and identically distributed

according to normal distribution with mean 0 and unknown but common

variance, The corresponding representation in multivariate version is;
20 1 Leeeeeress 1# Ao ¥ €1
= 1 feeerenses 1P i=1,-,1

ziT:l«» 1 T——l---(’I"——l)P \ozp..'“” e,-'T-x

where (e¢,-++,eip_1) is distributed as multivariate normal with zero mean

vector and covariance matrix ¢2I with ¢2 unknown and I is the identity
matrix of size (T—1).
Step (iv). Define

(6)

PS Ed
zit(O):Zaiiw)tJ’ t:11"'7T1 1:17,1

i=0

Since {a;;®} are maximum likelihood estimators for {a;;®}, they can be

expressed as:
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aoim) Zn(O)
[ E(0) ]: (¢I¢)_1dj'[ €0) J izl, B ! (7)
Api Zir-1
1 1 ... ]:P

where @=| 1 ¢ - t%’
1 T—1.-(T—1)#
Step (V). The second iteration proceeds as follows:

Let
z“(o)

) 214
X, =Q(f,+2.), t=1, .-, T, where z,“”:[ : J &

And return to step (ii), replacing superscript O with 1. The iteration

terminates at the kt% stage if

max -
T ] 2o ® — g, 1
L= T E D

where €is a preassinged small number, To express this iterative procedure in

(’\’6

matrix notation we define,?
T -1:11'
Xipr=(XpXp)=| eee?

Znn Xyt

Xixaen =[x X7 Xr41]

i frrefir
Froa=fi-f)= E
fn"'fl'r
(—1 0 0 -1 0 0
1-1 0 1 -1 0
0 1. . 0 Teoeooes .
Crycr-n= : , Carstyxr= : :
0 0
-1 —1
0 0 1 0 0 1
1 Teeeerrnnonans 1s
(p(‘l’-l)x(PH): lt ......... t;

:1 (T_:_l),,.(T:__D,

1) Aa,n denotes a matrix with m rows and n columns,
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- p ¢
d)rx(ul):[l T,?_Tp,]' ¢(T+l)x(p+l):[1 (T+1)...(T+1)p]'
It is easy to see that (1) can be written as

X=Q(F+BXC) )

Equation (2) through (4) can be expressed as

XO—QF (10)
ZO=BXO®OC (11)
ZO' =g ¢ (12)

The estimator a'® for @41,,:° in the multivariate regression model
(12) is;

a©=(0'0) ' 2V = ('0) "10'C' XV B’ (13)
Equation (6) is thus equivalent to
ZO'=0a® or ZO=BXVCH(D'D)"'D’

So that Equation (8)

XD =Q[F+Z®) (149
or

XO=Q(F+BX©CP) (15)
where

P=0(¢'0) 10’

In general, the relationship between the nt* and (n—1)* solution can be

-expressed as

X =Q[F+BX*VCP) (16)

Solving (16), where X© =qF,
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we obtain
X0 = z (@B)*(QF) (CP)* an

Problem of convergence arises prior to that of consistency. For Q= (1—4)71,
where 4 is input output coefficient matrix, the values of components of
Q are very small except that diagonal elements are little greater than l.
Values of components of matrix B, the capital coefficient matrix, are very
small including many zeroes. Individual country has her own @ and B. The
above statement, however, is correct in general, These make not only the
elements of matrix gB small but also (@B)* tending very fust to zero
matrix as k becomes large., On the other hand matrix ¢ and p are uniquely

determined, and the speed of convergence of

lim(CP)*

koo

is demonstrated in particular cases in Appendix A,

To obtain nt* iterative solution of Procedure I, Equation (17) simplifies
our work. Specially when we prepare a computer simulation model for I-O
forcasting, Equation (17) would be very useful.

Taking the limit of both sides of Equation (16), obtain

X=Q(F+BXCP) (18)
where

X=limX®

N0

Comparing Equation (18) with the original Equation (9), we realize that
the proposed iterative procedure actually solves a system of Equation (18)

which is different from that for which a solution was sought.?’

(B) Iterative Procedure 1I

Another iterative procedure, using derivatives to approximate differences,

1) See Appendix B for the differences.
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is as follow:
Step (i). Let
X0 =Qf, (19)
and
0.Y=Bx,® t=1,.... T. (@)}

Step(ii). Consider the following regression model for =11

fid
vig(O):Z@kiCO)tk+Eit, t:l, -",T, (21)
k=0

and obtain sets of maximum likelihood estimators {0, k=0, -, p, i=1, ..., 1}
for parameters {0;,®}

Step (iii).

B (x:,1—x;) is then initially approximated by w,®,

where

(g o b
o Zo@kiw)tk Zk@m‘o’ﬂ‘"l
k= k=0
w, ©— : — (22)
b I3
“d—ZGkI(O)tk Zk@“tk-l
dt 3o =0

Step (iv). Move to the next iteration, i.e.

Let

X P=Q(f,+w®), v,'°=Bx,V, and so on @3

To express Procedure II in matrix notaion, define

Oreeree Qeevree 0
D 1 1 1
D pitynr= 2.-1--- 2t2T L We=[wyereeeeee wr)

Pt ptt pems,

Therefore, Equation (19) becomes
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X®=QF,

and Equation (20) becomes
V©®©=BX©®

Regression Equation (21) is thus equivalent to
VOIPe© e,

from which we obtain
0w = (0'0) 10’V "

Equation (22) becomes
W QW g,

from which Equation (23) can ke written
XD =Q(F+BXO0(0'D)~'¢")

In gentral we obtain

X =Q FBX" V0 (0'0)"'¢")

Since

X©—QF,
we obtain

X — ?“SQB) hQFP]z’
where

P=0(0'0)0"
Taking the limit of both sides of (26), we obtain

X=Q(F+BXP)

41
(29

(25)

(26)

@7
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Thus the set of equations for which the converged value of (26) is the
solution is (27), not (9), as commonly thought. The set of equations solved
by Procedure 1I also differs from that solved by Procedure I, as indicated

above.
(C) Iterative Procedure III

Another procedure, which is similar to procedure I, is as follows:

Step (i). Let
£©=Qf, t=1,-, T.

Step (ii). Regress x;® on (1,---,#?) and then obtain estimated values
x0® =11, t=1,.-,T+1.
Step (iii). Let

X V=Q(fi+B(x..,V—x,]}, and repeat
In matrix notation we obtain:
X®=QF
X =GO 1 ¢
X0 =0 (6'G) 19" X"
XO=XOp(D'D)" D’
or
XO=Q[F+XC)
X®O=Q(F+BX®RC),
where
R=0(0'0)"'d’

In general, we obtain
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X®Q=[F+BX" V) (28)
where
V=RC.

Substituting ‘® x=g@F, and solving (28), we obtain
X =3 (@QB)*QFV* (29)
®=0
As previous cases, taking the limit of both sides of equation (28), we obtain

X=Q(F+BXV) (30)

It is easy to see that (30), the set of equatins for which the converged
value of (29) is the solution, is different not only from the original set of
equations for which solution was sought, (9), but also from the set of

equations solved by the two alternative procedure discussed above.

Appendix A

For given p and ¢, p<{T—1, we concerned with investigating the behavior
of

S=Co(0'0)"'d’

where matrices ¢, ¢ and ¢ are defined on page 6.

In this section, however, one of simulations is presented. When =3 and

T=10, as computer output shows,

max 1
i |Sij“6) [ <"ﬂ;‘

1
Ir:,aixlsl'iwm l <—-1'03—5

where gt=(5;;®), i.e 5;® denotes (i,j) component of the matrix §*, which
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is kt* power of S. We realize through simulations the larger

becomes the faster S* converges,

Appendix B

We are concerned with searching differences between the system
X=Q(F+BXC)

and the system
X=Q[F+BXC0(®'0)"'9").

To simplify the problem we investigate differences between

- o~

Xc
and
XCO(0'0) 19/
in several specified cases.
Case (i). I=3, p=2, T=4
Through straightforward computations, it is easy to obtain
1 -1 0 4

0 1 —-1-6
0 0 1 3

CO@ D)0 =

/=1 0 O~1]

so that we obtain

47

p and S

- Xiz— X, X=Xz, Xuu—Xis, 4X00— X0 +3X1u—6X1s
Xco (W(D)—@':( Xoz— Xo1, Xos—Xoz, Xoa—Xos, 4X22—X21+3X24—6X23}
Xoe— Xor, Xoo—Xaz, Xoa—Xias, 4Xs0— X1 +3X30—6X53

which is comparable to.

o e X=X, Xo—Xi, Xi—Xis, Xis—Xu
XC= Xp—Xa1, Xos—Xoo, Xoa—Xos Xos— X
N Xae— X1, Xoa—Xse, Xoe—Xsz Xas— X

Note
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First 3 columns are identical each other. But in the last column Xjs is
substituted with 4X;,—X;;+2X;,—6X;3 for /=1, 2, 3.
Case (ii). I=3, p=2, T=5

We obtain

- 64 —32 —48 16 160
C@((D'@)“’@:swo 24 § —8 —24 —40
—16 48 32 —64 —240

4 —-12 12 76 180

(—76 —12 12 —4 —-60

so that the Ist column of Ist row of XC@((D’(D)‘I(B’ becomes
85 (— 76X 11+ 64X 12+ 24X10— 16X 14+ 4X.o)

which is comparable to
XIZ—Xll

which is the 1st column of 1st row Xx¢. The differences in the remainders

are obviously clear.
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