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Stress Analysis of Orthogonally Stiffened Rectangular Plates
by the Laplace Transformation

by
S.J. Yim#*, J. D. Kim**

Abstract

Grillages are abundant in ship structures and in many other types of structures such as bridges
and building floors.

Clarkson has shown that plated grillages can be satisfactorilv analyzed as open gridworks if an
appropriate effective breadth is taken into account.

Also, it has previously been pointed out, by Nielsen, that grillage calculations could be simplified
by use of the Laplace transformation.

In this paper, it is assumcd that the torsional rigidity of the members and axial load are negli-
gible, also that girders have the same scantling and spacing cach other and so stiffeners do.

Then the grillages composed of both-end-fixed girders and both-end-fixed or both-end-hinged
stiffeners, which are subjected only to uniform normal loads are investigated.

The calculus of variation is used to set up the differential equations and the Laplace transform-
ation is applied to solve the differential equations.

The program has been tested by FACOM 28 and the results show good agreements with those by
the STRESS, which was developed in M.L.T..

The amount of the data input and computing time are much less than those of the STRESS. But
this program has so much restrictions that it is urgent to extend the program to the grillage

problems of arbitrary loading and boundary conditions,

<LgE ®>-— [D;{(8)] : Impules Tij & 2] Laplace i

[A]: 437 E : WG
[A] = [A]e] 370K I; : il girder?] Thkr$HE
[A] : [Ale] #yif37 L : girders] 7o]
[z] : [A]9] adjoint Ly : bt F7585%9] 47
a: [A—3& stiffener [ 2 : Laplaceif 82
am : B0 2 38 milA stiffener7tx] 9] 2] A AV LA
[Bi(x)] : BEFATFI LPim] : girder i} 2] amol Al HEhE
[B(S)] : TuifEiel ¥ Laplace it R : A 25 Bl A8 girderd K7
dim : 117 girder o] mW A stiffenerc] 4 o) A7 =% [R,] : stiffenerst a7 girders}o] ZEREo| Aol KA
[di(x)] : i1 girderoto] ZZR Ao A ) stiffener o] A S : Laplace $##e] 9] w7/ g

Gk [U]: §ifir 437

A« 076t o 5
*EEH, A SRR THAS
LR EL TR T e AT



12

U: 8 Energy
W B Sy A i
[W.-(x)] : girder bo] —RRTHER
z: glrder FRiez¥-r 9 Ay
yi v il A BRG] 9] girdere] BES A A

: stiffener Flgho 2 ¥-ul 98] 79
5(x am) ¢ EEEON Al am Welz 32 Dirac-delta HHIK

0x(z) ¢ Theta ¥ (Laplace i 8 HE E)

‘.] =] E—

1. #® @

AR AT E fRMT B B ~fu g
wlEThel i kel A Wae AR e #H
AT e FERS FIRY  —#el ﬂﬁ?ﬂ’ﬁ«} flange

R :}:1 fiZazsl | open gride] BREZ WEd
. ., WERH Aol A BmGRECE 2, W M
Fiem ?E[lﬁ’é’ A WEE T gicderzh T BEERECT A
o E"El Mg 5 stiffenerz} )2
:Z‘Eﬁ_ﬂl. dububire] PRl fange® ) ({5 o] o
5 R I 1 R B e B e s I S
PN i’i»f«i,"/;crI *I—‘: 1l e =] 24 Ef gy WE T (1] o

Aol ER{REETel vt
Vedeler{23e] i) A 23
1 AP S e 7 Sl BBl

714, tE web?] Falola o,

Open grid workl= 19/1541
e, o H-& MR
o] 5.

{FE Bl girdere} stificnersn o] §-ol 3 grillage?)]
of —#efel FiFC] ek Aol ¥l
e (RSt Fiko!
t}. [3]

ALY kRSl LM 2 A HIE o R
S 153 hRTRH oA,
flEr sl stiffeners) o] o) ¥9) pidsin A BLEH girder
2 OaEmE PR el ¥—ArdigiEe] aEpi el (R
= 4 & Laplaceditifiol Ui“’f} Jigho B HiTEel,
M.ILT.ol A BHZESE #hsdT » 22 el STRESS[4]9]
fde Wy, #Rdstsich.

Laplace

AF WANAE Aol @ 9

]

—ArE MR U

i
di)

2. Laplaceg#a0l {45 B

30 M ES Y grillaged] B fiorirE
& sz, T A o7 8 LaplaceBiffidl <] o 5:':';1- 3

gk,
2.1 e HER
AW Fig. 1o w2212 Frh

FBEHALel 2hhel Firel  ®.(82) 3 stiffeners)

T ox

X . qvﬁk

Fig.1 Reference Coordinate System

Hihl 970l 2B E- girdcrE‘r ko). &k, stiffencri=
LR #E w(z) T Weds Bid.

zeiw], girderd] % ] K e = A7
2,
J’;Z-; { “ (i) @1
g, givder?] (il #3 42
~!0R;-5(z~—a;)-y.d:c':R,y,-(a]) (2.2)

b, eirll 6(x—a) Dirac delta FgzAl

girder 1:9] 914 z=apel 1) BAah ES by

),
il girdere] potential olv] = 1= &3 e},
()~ Rid(a— al)y; i dx (2.9)

SHE

R @D ALt B & 5 Ak
U= [ "R, yi, Dde 2.4

(2.4 LRl MArsig oot 2fde) (CBER v, 3
£ WESa glek wlepa, potentialol vl A A /e A
£33 Euler®] {1502 ob8s1 et (5)

OF  d oF , d* BF _
Jyl dz ayy dx?® 0y1

ar _ d oF |, 4* aF _ g
v dz oy T de ays V) (2.5)

.............................................

oF d aF | ad* aF _
0y; dx  8yi dz? 8yi ’

30 @35 (@) A
”’ (3! —Ridla—ady: °) 72
ol 24 i (2 5)¢] fK?\?’f}"i
—Rid(z~ a1)+ ~~~~~ (FI.y.”) 0
ol 2 oA ALed
ELyi"=R(x~ay) (2.6)
girders] 3|73 P2 stiffener L9} vﬁ?ffé(lﬁ\'e {oad) o]
%8, girders}o] ZEXBE dof <1 2] AA dish 2 Bhel A



HISAE 553 4k 19764 9J)

9 girder?] B Rid st ad k¥ -+ e, @
3, diiz stiffener?} girdere] (K&} FHpzlo] A &
stz (iES vle stiffeners] % 23X Efo] A 9
R 21/4 KE 7 Ao whebd, il R
1A e] A A kel vp Slan s FEIRNl Al M
7 el {f4 Gl el A ke b gha
yi=di~-aijl; &0
ool K8 A5l vhelind
Laij] LR 3=[di—yi]
2b qpan, of W bl Hu‘l

LRJJ-LUUJ ' [dl ¥il (2~ 5)
ofut, WAl WN(2.6) A2 el WAk

yilay) —di{ay) —aij(Lly),Y 2.9)
A ek

2, Sel stilfenersb =) Wb @24 AF ol

NrEg grillageel 3a] 4 N2 9) 3 vh2a) 3l "
161, (7]

AijyiVyi=drdi(an) 0{z—am) (2.10)
o 7] 4}, Ai=dElLjai; (unsummed) (2.11)
of v, (2,100 A dilam) b(x—am)& -l v
@A, B &2 impulseff B dilam)o] Lo i) 7 i]

anol] ST A Vel vh, 552,100 2 Michelsen
(611 Stenerth(8)7F FEHEME 4 et =t dav,
2-girders] 743 Vedeler(23o] el skalzl v glet.
2.2 N-girder grillageel 338 ff4548:K2 Laplace
gaffiol gt
W(2.10) % fT70E vheuig

(A1l 1+ Uy =aldi(x)] (2.12)
ojtt, o7 A, [Ule 8 folel i d(x)s —ikiE
HK o] ok

#(2.12)8] Laplacest &

(S A+ Ullyi(S)Y1=al Di(S)1+[B:(8)] (2.13)
o g, o4,

LD:(S)1=Lldi(x)]

LBi(S)1=TAi; L8 Y;4+-8%;+ SM+ V,]  (2.14)
ojaz, V=97 (0), M=y""(0), @=5'(0), Y=x(0)
o] t},

g, [A]:[S'*A.-,~+ Uls 7 (characteristic
2} ghar, o] A9 Wiy [A1=[SAy+ U
e [u.},;ﬁgﬁylj(uansfcr matrix)o} g} % 2] ghvh.
#,(2.13)°] A
[y.-(S)]:[S"Au‘{- Ul aD;(8)+B;(S)] (2.13)
o] e}, X% Laplaceifiig sl
[y, ) =L H{[S* A+ UT[aD;(S)+B;(8) 1}
(2.16)

matrix) o]

7b sl 5 (2. 15) 4 4|

LA =[8*A+ Ul =adj[ A}/ 4| (2.17)
olz, of7l4l, adjldle [Alx %% #0419 g
P 2 (adjoint matrix) <} 134158 (determinant) o]

whehal, K213 B del dud 4 g
[3:(8) )= L adiLAIaD,(8) +1,(8) | = U’“”
(2. 18)

izl LFGS) J=adil A1LaD;(S) - Bi(S)]
olil, (2. 18) % Laplaceifigsfisl o] yi(a) i Aat.
Cauchy residuc theoremel {2511, (2. 18) 4l 4]

, b RS
Lyix)]= %Y

‘)m a—ive

”‘l‘/l' SN2 199 el 1r70FS) 17 Jordan’s lemma
oIl oRn R (M, Soeodds 459 [FIS) 12w w
A7 0ol k@) Cauchy residue theorem<- %))
=00l 2] 82 jEo] = ik

&g gy, =8, A=

el v FHE K 1A1=0 & St &J-—oﬂ o) g

e dS (2.19)

ezvh ubebal, PR LA WSt 2o debing
(characleristic function) i vpupy) 4= ‘,ﬂlb‘r. i,

[A = AL(S L) (SULy)veeeee (S'+Ln)  (2.20)
sl g2 o)Zl A, —Li, —Lg, e » —La [A]=0

o] fHiEiEe] o
H2.2008 X219 RAF] #4 e G
of P, ;\,(Z 200& g 2 "

yilz)]= - o TF(8)is'e1,
[yila) =, j\ﬁ_m 1Al (Lo—- L) (LS_‘LI) ..... o (L”
o LE(S) ]se-r,
—Ly) (Si+L1) [AT(La—Ly) (Ly—Lg) eveees
. N LF(S)]
—L2) (84 L) ALY @,
Sle-Ls s27Q
CL) e (L= LS (S LAy ¢ as (2.21)
dd #g 2 Sker K@ 1D
[ A]1= adj[4]
[A](S L) (S8 Lp) -oeeee (8*+-La)

Ao, RS #E ARdbad

ok _LA(=Ly] (
LAm=5 ag N L (L B2

m= 1
m=n

sF =l .
1714, LA(—~LD1e [A(-L)19 #5145 (adjoint)
figiell s 5o foikolc
2.3 #UiFel #3 Laplaceifss if
WBERI(2 M el A o fReLR:
[Bi(S)]=TAi;ILS* Y+ 50+ SM; + V;]
s V=0, M=y"(0),

(2.23)
O=3"{0), Y=

oz 174



14

»(0)el c}.
=3, K(2.16)¢) 4]
Lyi(x)]=L AT aDi(S)+Bi(S)]} olnz

(B*(S)1=[A1[B:(S) ] shz, K(2.22)% o] Lapul

[A(=L)ILAILV, +SM;+ 80, +S3Y;]
[BA(S)]= ZlAl ¥ L Loy (S F L)

m=n (2- 2‘1)
@b webd, (2 20% Laplacei s #ata
(B:*(2) J=[B:(x)I[V,1+ [ Ba(2) JLM;1+ [ By(x) 1( 0]

+Bu(2) ][ Y] (2.25)
S IC R ISP
[A(—La) ILA18: () ;
[By(z)]= z AL e s (2. 26)
mzl
ol i EF,
(Bun(@)) =L (B,
X
ey =27 | g | 2.27)
Lo=4i, (2.28)

ol o}, (9]
g4, 919 [Bi(2) 5 BR
ole A gt
2.4 IE fEfFel ¥E Laplace ki
o] A& 2.3 49 MAFIIS 22 Hrew kFT
- Sieh
K2 1614 &3 2ol Aot
[Ly(x)]=2"H[A][aDi(S)]} (2.29)
A, REozlE e aadl ol MES Hddy
Hol dod, &2 Koz ekl £ 9. Y,
dd;(z):dild.-m 3 (z—an)
9 &K% Laplace #hralyd
[aDi(8)]=2{[adi(z}]}
=f.{[d% dim 8(z—am)]} :déd,—m e~en (2.30)
#.(2.29)00 {KASH
(AT, dimeso]
oz, oA FK(2.22)% § Kol LA

171 (boundary matrix)

*(2.30)%
[Li(x)]=%"1

U] :‘L’

[A(=L)] ¢

N
[Li@)1=5

M
[d:‘:——‘l die™%n] ‘

N (L,—Ls e
D A
(2.31)
oleh. md, L7FS)) =) LA
L He s F(S)}=flx—a) (2.32)

o K23 KEwaY

0 odee QA 9

K@ s m e ek
[Li(=)1=3 | A*‘I“ IOL 18 adim 01 o 2 a)]
':i(L' L)
(2.33)
HE, TE MR i Bel e 18] i A
st (9]
of g 2 [Li(2) 117518 471771 (load matrix)o]
kA
2.5 A4 HAEAX(deflection Equation)
#ilky, (22509 K(2.33) & #(2.16)d A=
vheel A HREKRS R S g U,
Lyi(aed J==[L1(x) 14 LBy (2) L V14 [Ba () T M)
+{B3(x) 1@, 3+ [Bs(2) 1L Y] (2.31)
1-girdere] ¥al 4], 9 &K
y(x)=P{a) +V0,(z) + M0,(z) +90;(z) + Y0, ()
7} Hu (32
2.6 BERMEMCl whiZ BERE [
ol Al, A JJI-S;\.O oA Kl wIHEE e 5
PEf o 2Ry ke F U
Wi g girdere] 2%, BEREMGS
Y=y(0)=y(L)=0
O=y"(0)=y"(L)=0
olz, a=LellAlel FH{E {77 X(2.33) g3y
Ly(L) 1= (L1 (L) 1+ [B(L)IL V14 LB (L) 1M1= 0],
[y (L)1=[Lo(L) ]+ [BA L)L V,1+{Bs (L) 1T M 1=[0]
oz

[B(L)] [BA(L)I IV 1 f [La(L)]
[ et = TR IRCED)

7t "

A kezyd Hmel | ] e 44 ke

Qeosl, ol A% A K230 A7 KA A
B WiEHE 27ke T girder o] LEMN A A7
SR mEf, $U Z9UE 9 B KT 4
4ok

3. Bt ®R ¥ EE

Laplaced® i B¢ HEHAA T%BC- 2
Hste] Table. 13 Fig. 2,3,4 ¢ 41 &} 7 ME%i L
1w 9 MEESE 2E sl Mode10ﬂ He A&,

A€, v ESUE L MWEIE HHESe MLT.o
A pAEEE mwowlql STRESSOl k& 5.9 Hoagsh
olevl, 27bA Jiikel (K& SHRHEELS 0.5% £
e zhed. FzE ModellV ol #&l 4 Laplacetin
Wik STRESSel k@ #5MMlE Table. 2,3 o {flire}



134 553 3% 19765 9H

"

15

o}, @ & #LolA vHE model o] girder & 2% moment
=& Laplacelfmol K% (&R % Fig. 5,6,7,8] 7b B—g A4 FEEd AL M HEXS BERE
Bt £ K& sl Jacobi HEkE A7 & Fol . )
DLLo fEHel A g8 HES F Yr Y, FERBETT W EEHEE RKite Hhoz i
(0 STRESSS] #M e bkistol ElEd BMGEAT v+ gdl oF g,
oA GE AL BEHE/ F HEEY Bk A & @ girdergel Hhel w& 13709 REUF A= A
S Lol BEe walvh od@ RET BN B 8wl md HEECS FRT GAS 60V 2E
A HREY mIoiferl Boke o st}
Table 1.
AN ‘ Stlffener A I ¢ 3 ‘FIA erder St:ffener Stiffener | Girder |Stiffener TERE
_ Girderf& L el eaE R M e | (5
S . . £= 4y = [ U= aT Al — 14n
Model ™ P Glrde_’__\suffe“er in_ | in in ] int | in* | psi psi
Model IE o |9 |memmEs | wsmsa soo | sso | 30 16970 | 631 3X 107 15
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,N,O-,,,\ method ™ b - o _ L o
Laplaceaiz&rdl | ‘ 0. | 0.6898x10°2 | 0.2227 % 1071 [ 0.3048 % 10" | 0.5364 X 10~ ] 0. 6101><10—
1
STRESSe &% 23 | 0. { 0.0069 0.0223 l 0.0395 | 0.0537 0.0615
Laplace"”*"“ s E 0.7887x 1072 | 0.2558x 10" ] 0. 4550 x 107 l 0.6197 x 10" ‘ 0.7116% 107
2
STRESSDH o9 & aur\ l 0.0078 { 0.0255 [ 0.0454 | 0.0619 | 0.0711
Laplace‘*‘%%‘] A% 1 0| 0758910~ 0. 2458 x 1071 ‘ 0.4370 1071 | 0.5047 x 101 1 0. 6826><10‘
3 = SO,
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Table 3. Bmdmg Momcnt (Modd IV) (4] : Ib-inch)
<_  Stiffener No. ! - - ]\ 1
girder P wt o 1 2 3 4 5
No. method MJ - : ;

Laplaceil gt 0877 2x108{ 0.1718 107 0.2135 10,

0. 4346 ¢ 108 0. >l)0><108§ 0. 4032 % 10°

1 W
; STthjc’" pp | 04350 104 ~0.2142%10% 0. 40:33><10' 0.8747 %10 0.1716%10° 0. 2132 % 10°
o “I’hiﬂ ,fﬂ | —0.4919 108] —0.2486%10° —0. 5031 x 107\ o. 9311/107] 0. 1986><1o8 0. 2487 10°
2 | STRESSH ‘ |
STRESSA 47 | —p, 4946x108, ~0.2084% 10 —0.5044 X 107 0.9877 107 0. 1986><108L 0. 2487 X 10°
Lapla"jff‘;, 4 | —o.a767x109 —0.2 381y108‘ ~0.4749410° 0. 9538107 0. 1906 107 0. 2381 X 108
5 STRESS
olﬂ sy | —0.470010° —0.2352 10% —0.4750 <107 09539 107) 0.1906 107 0-2381 < 10°

Fig.5 Mode [ —Decflection (in inch) and Bending Fig.6 Modce I —Dcflection (in inch) and Bending Moment
Moment (in million pound-inch) of Girder 1 (in million pound-inch) of Girder 1 and 2

Fig.7 Mode [ —Deficetion (in inch) and Bending  Fiz.8 Model ¥ — Deflection(in inch) and Bending Moment
Moment (in million pound«in) of Girder 1 aund 2 (in million pound-in) of Girder 1,2 and 3
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