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CONVEXITY 

。。

FOR [N, p , q] SUMMABILITY 

By Rajiv Sinha 

1. Let L::;^ an be an infinite series, and {sn} be the sequence of its partiaI sum3; 
n=u 

1. e. , 

” S“= L::; a,; • 
” i=0 • 

For α real, define 
- (a+ 1)(a+2)"-(α+n) A: = 1, A ...... = \U I ~.I\.tA. 1::.1 \.IIA. I "'.1 (n=1 ,2, …) • 

o . n n 

Let {Pn} be a sequence with ψ。> 1 and Pn > ü for n>ü • 

Defne 
n _. ’ 

검=g A;-UA • 
v=u 

The following identities are immediate: 
n 1'1 1 __ • 1'1 

Z그 AZ=: p=p; Tμ ’ 
ν=0 1. V ., ,. 

a+l “ pr=ψ， =Z p” ’ 
,. ,. v=o v 

where 

” Pø= L::; P ... 
“ v=o ‘ 

Let {qn} be any sequence of constants, and write 

(P용q)n=Poqn +P1qn-l + … +P왜o' 

(N， pα， q) SummabiIity 

c。

For α> -1 and L::; a" a series, let 
v=o -

• n 
=--」-- g x u. ι • 

” 
If tα-->.S as n-→∞ we write 

η 

v=o 

(1.1) 

(1.2) 

(1. 3) 

(1.4) 
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。。

ε a,,=s(N,pa , q) or s.. .s(N,pa, q). 
U=0 • ” 

If 영=0(1) we write 

α+1 [N , p~T4 ， q1;. 

c。

2::: a" is bounded (N,pa, q). 
"=0 • 

summability 

00 00 

For α> -1. À>O and L그 a" a series, we say that L그 a" is strongly summable 
u=O v U=0 • 

(N，þα+1， q) with index À to s if 
1 n , 

, R g (Pa용q) " 1 (, - s 1 A. = 0 (1) 
(p“ 7%q] n u=o v v 

and we write 

∞ a+l 
~ av=s [N,p""', q1 λ or Sn 
v=u 

a+l +s [N,p""', q] λ • 

。。

We say that 옳 av is bounded [N,pa+l, q] λ if 

」「-￡ (pa+1%q)” |tαlλ=(1). 
(p“ ’ %q)n u=0 v v ’ 

REMARK. If we take Po=l , Pn=O for n>O and qn=l for n 늘 0, then the above 

definitions yield the standard definition of Cesaro and strong Cesaro summability 

respectively. 

2. 1n order to prove our theorem, let us restrict the sequence (p*q) 11 by 

imposing the following condition: 

For each 용>-1. there exist positive constants H 1 and H 2 (which may depend 

-on ç but not on n) such that 
~ __ /' LÇ..v._, I/"L4_'\ __ rT .• ç 

H 1n 드 (P'*q)，.IC합q\드 H 2n' • (2. 1) 

The condition (2. 1) does not hold good in general. 

a+1 THEOREM. IJ 설 aμs boμnded [N;φ , q];., and summable [N，었+l ， q]x zuhe7e 
v=u 

β>α> -1 , À 늘 1 and (2.1) holds for 용> -1 , 

whenever ß> !.I > α. 

c。

u+l then l그^ av z's summable [N ,pV" , qJ A 
v=u 
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In view of [2. Theorem 5]. the above theorem is a consequence of the folIowing" 

lemma. 
c。

LEMMA. IJ À. 는 1. α> -1. (2. 1) holds for 용>-1 점 av is bounded [N.pα+1， 
。。

a+2 q] ^ and sumηzable [N， P~ T~. q] ^ to zero. and 0<δ <1. then 2:그 a” 2.S SZt??Zηzabl e [N , 
v=O v 

α+δ+1 
p~'V T •• q] ^ to zero. 

PROOF. We are given that 

and 

… (a) ,^ i (Pα*q\\tη /^=0((pa+1￥q)m) 
n=O ,"' ,. 

윌 (pa+1￥q)nltia+1)lx=o ((pα +2*q)m)' 
n=u 

we must prove that 

Now 

월 (pa+ö융?)” |4a+δ)/^=o((Pα+δ+1용q)m)' 
n=u 

(pa+ö*q )j~a+ö) = -i!::, A'δ=1( Pα휴q)”tka) 
” ” u=O ” v ι v 

n-,[8:,] AÖ -1,.. "a*~ '\ .(a) -'-- .: • AÖ -1 ,.. "a*~ '\ ,(a) 
= ε A‘-”(P qLt” + g A”-”(pa%q) ,,t,, v=o “ -u -- -.., tI v=n- {8n] +1 n-v - - v v 

where () is any number in the open interval (0. 1/2). Putting μ=n-v in the 

second sum and using Abel’ s partial summation formula on the first sum we 

obtain 

Now 

α+Ö ... _'\ .(a+ö) [~n].-l Aö-1 
(p %q)” t” = g A” (Pa*q)”-”t3- “ 

” “ μ=0 1-'- •• ,...,,, ,... 

n- ~nl-1 Aö- 2,.. "a+1*_ ,\ , (a+1) + E A:=:(P 용q) "t" v=o ’" v - -

ö-1 rLa+1 ... _,\ .cα+1) 
+A[8씨 CÞ 용q)n- [6x] ttt- [6”] 

=UII+Vn+WII . 

A m g+δ (a+6) X ”z A α+δ*~'\ 1 ^-1 3-"E (Þ 용q)Jt~~TVJ\ 드E \U,,/,,/{(p<.< -r v*q)J 
n=O ’‘ “ n=O “ ” 

~ 1Tl" 1^ 1f(J，a+ö*~ì \^-1 -,--,t. ITXT 1^ 1f，..J，a+ö*~ ，\ 1^-1 + E /V,, /^/{(p,,-rv*q)J"-.+E \WJ .... /{(P,,-rv*q)) 
1Z=0 .• .. n=O n U 
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We now consider the three sums on the right hand side of this inequalityr 
separately. Using Hölder’s inequality we find 

Thus 

80 

δ-1 1' La -ll-_'\ ,,(a) ,,). 
IU", 드 ( 2::: A “ (ρa*q)fl_ “ !t”-“/) 

“ 0::;;:μ <I}n μ “ μ ” μ 

ö-l l' La -ll-_' ,,(a) ,.h 1'1' La+ö-,,_, , ).-1 
드( g Aj (P %q)”-“ I t‘’-“ n ((p<.<'U*q)H) 

0::;;:μ <1}" μ “ μ ,. 1" “ 

rn 2 +δ 2-1 ”‘ ö-I λ ε / U" / Á /(( pa+o*q ),) 드ε s A ” (Pα￥q)，，- “ |t? “ /Á 
n=O ,. •• ll=ù 0::;;:μ <i3ll μ ’‘ μ “ μ 

드 Z그 A? l Z그 (pα용q)- “ !t(이 /k 
0::;;:μ <I}m μ (μ/1}) <n::;;:", “-μ n-μ 

1 

α+1 δ-1 
= O((P 해… 2::::: A“ ) … 0::;;:μ <1}"， μ 

δ+1 
-τ o((P 용q)meU ). 

(pa+δ+1￥q)m 
￡ |U” l2/((Pa+δ육q) ，i-1 =o(e전. 
n=O 'þ .~ 

n- [~n\ -1 , A ö- 2,1' La +1",,_,\ ,.(a+l) 
JVn / 드 킴 lAn-u|(P 츄q)， lC | 

드 H ”-웰l-l (%-”+1)6-2(f+1%q)v!tffl)| 
v=O 

‘ n η 

-2)"-‘ Z二
v=1 

= 0 [[en] +2)δ-2(pα +2*q)n] 

(3. 1), 

a+2 because if a series is summable [N，ψ , q] À. it is also summable [N,pa+2, q]l" 

for λ> 1. Thus 

JVn / =((pa+δ*q) ,,). 

Hence 

￡ lV” lx/[(φa+δ행)，，]A-1=￡ (Pα+δ *q) ，，/V，，/ ,/ [(pa+와q)，，]À. 
η=0 “ ” u=O ” ” “ ” 

= o((pa十δ +1*q)"，). (3.2) 

Final1y 
a+δ (α+1) 

/Wnl/(P 용q)n 드 Ht← [6nll ， 

so that since e E (0, 1/2) 
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웰 1 W" 1λj [( p'α+δ행)，， 1 ，1. 드 H 1 승 1 t~a + 1) 1 {=o(m). 
n=O _. -. ‘ n=O ,. 

Hence it is easy to see that 

짧 IWnl ,1. j [( pa+δ*q)n] ,1. -1 =O(( P'α+쐐)，，) 

Combining (3. 1), (3.2) and (3.3) we find 

(3.3) 

Iim sup π닝+1 
(p~TVT.*q)ηt 

윌 (pα+Õ*q)ηlt(α+δ) 이 드 H(}δ. 
n=u 

Since () is any number in the open interval (0,1/2) , it follows that the superior 

limit above is zero, which yields the desired conclusion. 

It may be remarked that for qn=l , n=O, l , …, our theorem reduces to the 

theorem of Cass [1]. 

I take this opportunity to express my sincerest thanks to Dr. N. Singh for his 

constant encouragement and able guidance during the preparation of this paper. 
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