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THE OPERATOR T , _ _ AND A GENERALIZATION OF 
κ.q 

CERTAIN CLASSICAL POLYNOMIALS 

By C. M. Joshi and M. 1. Prajapat 

1. Introduetion 

2 .,..,. 1 .,..,. d Employing the operator x<'D where D= 그:. Chak [4] defined the generalized 

Laguerre polynomials by means of 

(1.1) L~a)(씨 =x-a-”-1eX (x2D)” (xa+1 e-x) • 

Later, AI-Salam [1] characterized these polynomials in 

θ=x(1+xD) and proved that 

terms of the operator 

(a) 
=XUT

" e -~n! L~~J (x) • (1. 2) 

Recently, Mittal [꺼 observed that relations (1. 1) and (1. 2) can in fact be 

derived from a more general operational representation. To this end he considered 
the operator Tk=x(k+xD) , k being a constant and showed that polynomial set 

(α) 
{T~:J (x); n=O, 1, 2, …}, [6], 

(α)/ .. ~_ 1 .. -a_pu(x)nn/_a+n _-pu(x) Tpn (x)=강， x -UePIJ\A)D'" (xLt
'" e 

p/x) being a polynomial in x of degree r, admit the relationship 

(a+k-1)r , 1 -a-n ju(X)~ 1I , a 一Pν (x)Tu,, (x)=강! x - -- er
- ,-, T~ [x- e r- '--'] 

1n terms of the operator T k' 

(1.3) 

(1.4) 

The question naturally arises, if these aforementioned characterizations can be 

unified. This led us to define the operator T k, q三xq(k+xD) and the introduction 
(a) 

of the pnlyrlorniaI set {Muπ (x, k, q); n=O, 1, 2, …} in the form 

(α) r ,_, 1-a-nq pν (x) ,...n , a . - Pu(x) 
MLjZ (x, k, q) =강rx e Tk q [x e ] 

where κ(x) is a polynomial in x of degree r , k and q are constants. 

1n what follows , it shall be understood that 

(1.5) 

、
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Ca) t' _ 1. ~，，_ 1 _ -a-nq ~ - þuCx) rrn ,_a _Þu(x) A4 (x, k,q)=::r x e T [x e ] • ’ k, q 
(1. 6) 

For the sake of simplicity, in the present paper, we shalI, 

ourselves to the case when k=O, viz, the polynomials 

however, confine 

Ca) t'~ _, _1 _-a-nq _Þu(X) rrn ' . .G' 一Pν(x) q+1 A4 (x, q)=:rx e T [x e ], T =x D 
! q 

which are connected with the polynomials M:~)(x， k , q) by the relation 
ν” 

(α +k)/ _ _ ~ , .. Cα〕
Mν~ '-/(x, q)=Mνη (x, k , q). 

(1 .7) 

(1. 8) 

The study of the 
(α) 

polynomia1s Mun (x, k, q) where ψlJ(x) wiII be repIaced by 

þx
T
, for obtaining many nicer properties from the point of view of their utility, 

will form the subject matter of a subsequent communication. 

2. The operator Tk, q and its properties 

We define the operator T k, q 三 xq(k+xD) and as a first consequence, note that 

I a+m+k T~， q (x.- ') =q "( Lo< I '; I n , ) 

a+m+nq 
x 

where m is an integer, lZ a non-negative integer 밍ld α is arbitrary. 

Further, by induction 

(2.1) 

n n-1 
=x“’ n (δ+k+jq) ， δ三xD (2.2) 

k, q j=0 

so that when k=O 
n-l T; =x”’ .n。 (δ十jq) • (2.3) 

Next. assuming that a function f(x) has a Taylor’s series expansion. it follows 

that the operator Tk q satisfies the following forma1 rules: 

F(T
k
, q) {x연f(x)} =xaF {Tk q +xqα}f(x) 

F(Tk,q) {eg(X)f(x)} =용(x)F[Tk， q+xq+낭(x)Jf(x) 

and the analogue of the Leibnitz formula 

(2.4) 

(2.5) 

TZ q(XW)=x찮(;) (TXJmu) (Ttqμ). T 1,q=x
q
(1+xD) • (2.6) 

For k=O and x=l the above formula reduces to 
t 

‘ 

‘ • 

’ 
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T~(찌) = ￡ (:)(T?-%) (T?μ) • 
’ m=O … • • 

Further, note that (2.6) implies 

iT.，，(xμv)=x(eIT•’ ψ) (iT" ,u) 

and consequently with the help of (2.1) , we have 

tT •.• _ u+m , -ru + m 

”’(x
u十m)= ， ^ X 

(1 _xqqt) (u+m +k)/q 

and the general operational formula 

(2. 7) 

(2.8) 

(2.9) 

_ u 
i T.., {xu/(x)} = ~ x 

(l-xqqt) (u +k)/q 
f 

x 
(1 -x힘}/q • (2.10) 

We, then, prove that the operator Tk, q satisfies the operationaI reIation 

(2.11) 

(2.12) 

(α'"J); I _ 11 ... ' ∞ 
"" tT L • Ix“el'~ = ~그 l꽉f xa+rj ” | 씩)， 쁘뺨 

λ+l‘ u’ . L (βμ); 

’xqqt 1(2.13) 

where Cα'.:l) stands for the sequence of λ parameters αl' α2， · ·, 

interpretations for (ßμ). 

In particular, if we take (α'))=(βμ)-a-k=O and 

p+1=r-1=q-1=O, we have 

OFIL -;α+k;tT씨x%-x=x%-x+xt oF1「- ; α+k， -itl. 

Defining now 1/Tk, q as the inverse of the operator Tk, q we obtain 

αÀ. ; with simiIar 

~ 

(2.14) 

-、l 
/ 

f x -” 

’ 

1

캘
.
 

(2.15) 

and 1 

Tk,q 

(2.16) 
• 



194 C. M. J oshi and M. L. Prajaþal 

Next. combining (2. 1) and (2. 15). we deduc t'‘ 

SI , q \m ( yβ \ ( _l)m β+l j 
yβ+ mq q ;m ‘ 

T k , q; \ x
a 
;- ( α-k 十 1) (2. 17) a+mq x 

q ’'ÏZ 

where SI.q=/U+yD) • 

and hence 

,., I (α); ‘ 
γμI(βμ);. 

SI. q 

T k• q 

β \ _.5 
y 1- y. 17' 
xa l- xa X+1lμ+1 

β+1 
(α?) • ..!:.τ-; 

~ L -t(y/x)q 
(βμ) • 뜨등IL+ 1 ; 

(2. 18) 

• 

In particular. we have 

y β -l C. 
β+1 

SI , q -c 
’ -t(y/x)q 1. q -Þ1 1-t a α 

α -k +1; Tk, q x x 
q 

% β+l . :j I - n. ,-. - ; SI , q ” ö 

= y" 2F l ’ q -t(y/x)q 1. 
y 1-t 

Tk, q a 
aα-k 十 1 ; x 

q 

(2. 19) 

(2.20) 

j“-‘“ 
s 
-T J

「
\-(밤)-1 년 

a x 

8 
=l- 빡

 
q } n ” 1 、

치
 

/ 
/ 
” , “ κ

 

+ ’ ’ 
4 

{ 
a 

ν
 
* 

(2.21) 

and 

-I/T. " (x-a)=x-aAF 
0- 1 -;씀효+1; t싸 I • (2.22) 

(a) 
3. Operational characterization of the polynomiaIs Mνη (x, q) 

Note that the formula (2.2) admits the foIIowing equivalent forms 
n-l 

(Tk,q+xqa)n f(x)=xπq j딘o (δ+α十k+ jq)f(x) , (3. 1) 

and ’ 
. .n-1 

[Tk, q +x
qα-xq+iPJ(x)] ” =xnq n (δ+α+k-xPu'(x)+jq). (3.2) 

J=O 

If y is a sufficiently differentiable function of x, then (3.2) can also be expressed 

as 

-nq^Pι (x)",n r •. a^-Pν (x) n-l 
/ 

Tk, q [x e y] =jLI (δ+α+k-x.ψ'u'(x) + jq)y. (3.3) 

On the other hand, 
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n-l 
T; [x%-Pu(X)y] =xa+nqe-pν(X) n (δ+α-째，，'(x) +jq)y (3.4) 

j=O “ 

which by an appeal to (2.7) gives 

T; [xαe-μx놔 (3.5) 

Thus, comparison of (3.4) and (3.5) would yield, 
n-l n 
n (δ十α-xP.. ’ (x) + jq)y=n! .L.:: 

j=O ‘ s=O 

and that of (3. 3) and (3. 6) 

냉
 
!· 

x- (α) 
Mu(n-s) (x, q)T;y (3.6) 

zEfrM(a+k) (x, q] TSy-」」x-a-nqePu(X)T$， q [x%-pν Cx) y] • 
s=o s! u(n-s) q - %! 

In particular, for y=l 

Mt+k〕(x， q)=값 x-a-”qePu 〔X)TXq [xαe- Pν (X)] • 

In what follows, in view of (2. 4) and (2.5) , (3.8) can be written as 
q+l ,- , .. ， n~1_ ..... nq .;(α+k) 

[Tk. q +x
q

α-x Pu x] • 1=%! x Jfuη (x , q) , 

whereas, by a simple change of variable 
-Pν (lx), _..a+nq_-pu(lxL. ....(α +k) 

Tk,q[x e ]=x e %! AfiJη (Àx, q) 

implying that 

[감.q+x삼_Àxq+ 1κ(Àx)]n. 1 =χ! XηqM않+k) o.X， q) • 

(3.7) 

(3.8) 

(3.9) 

• 
(3.10) 

(3.11} 

Next, by operating on both sides of (3. 8) with TX q we have 

TXq 
[xa+Me-pu(서 M(a+%, q)] =쁘갱)! xα+(n+m)%-pν (X) MCα+k)(x， q) • (3.12) 

%’ 
Now, assuming x=x%-Pu (λX) and ν =xße-Pν (μX) and applying (2.6) , we obtain 

-pν (lx) β -Pu(μX) ， , _ .. .: , ( n \ - η ß_-Pν 
T:, Q 

[x{xαe-"u \~)} {x{J e -"u '，.~)} ] =xε (싸 {Tι a 、…/ ‘ 

or, alternatively, the operational formula 
x-a-β-l-nq‘pu(lx) + pu (μX) 'T'n 

“
a+ß+l _-puCλX)-pν(μX) 

“ k, q-- ) 

=%! 옳M엽펴) (μx， q)M않+l)(ÀX， q) • 

Evidently, for λ=μ= 1, one obtains 

M앓，ra+k+1) @， q)=옳엠않fL)(x， q)M않+1)(x， q) • 

(3. 13) 

(3, 14) 
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4. Generating functions and recursion formulas 

We demonstrate below, how the operator T k. q can be employed to yield, in a 

very simple manner, a number of generating relations and recursion formulas. 
For instance, operating by etTh q on xα-k e-Pu (x) , we get 

tT" .r_a - k --pν Cx) ∞ tm "..m r_a-k_-puCx) e [x e ]=g 」-T [x e 
m=O ηt! k, q 

t Thus, by an appeal to formulas (2. 10) and (3.8) and replacing t by 

led to the generating relation 

, 찌re are xq ’ 

(1 -qt) -a/q ePuCx)-Pu [xCl-qt)-I/l 

Again, from (3.8) , 

∞ (a) =L::; t ‘ Mi (x, q) • 
m=O ν… 

TX, q [xa-%-Pu (X)] =xg-k+Me-pu (x)χ! M않\x， q). 

(4. 1) 

Operating on both sides by i T
•’ ‘ and by a simple change of 

the generating relation 
variables, we get 

∞ (m+n \ m. , (a) r _, r. .，， _a/q_nÞuCx)-pν Cx(l-qt)-l'η 
옳:0 "'~ ,.) t m 

Mν(m+n)(x， q)=(1-qt)-a/q e 

(a)1 x 
× Af l 

’ I ~ _ n I 
νn L (l-qt)

lfq. 't J 
(4.2) 

This, in a way, generalizes (4.1). Indeed, it reduces to (4. 1) when n=O. 

Next, since 

울 t% M?-M) (x,q)=x-a+k ePu(x) 증 t? 
n=O ν

“ ”=0 %! 

by virtue of (2.11) , we have 

a-k-nq _ -pu (x), 
Tkq[x e l , 

~ 

ξ t" M었-nq)(x， q)= (1 +qt협오 eÞu(x)-Pu [xC l+ qt)\'’] • • n=O ““ 

Multiplying (4.3) by x'α-k e-PνCx) and operating on both sides with 

obtain 
∞ n ..a-k , -puCx) ... Cα-”q) 

a-q m a-k Pu [x(1+qt)l/q] 
1 TL - ε t'~ X 

..... , .. 
e Y /J \. .... ./ Mι: "'/(X , q)= (1 +qt) q T

“
[x 

..... - ". 
e

l:'~ v" ," . 'f~./ J] 

”’· ,,=0 ν“ ~ .• 

so that with the help of (3. 12) , 

x 

(4.3) 

Tm . . we k.q’ 

∞ (m+n\ n • ...cα .，- nq) 
(X. 0 ì = (1 +atì 

a;;-qePu Cx) - p. {x( l+ qt) \"} 
M

Ca ) 
L::;( m:::"lt"M.'~'::-:'~~ (x , q) = (1 +qt) q e ,=0\ n J ν(m+n) 

, ..... , ':1/ , .... , ':1~/ .., - --- LJm -τl/q， q I • (l+qυ 
(4.4) 

It is interesting to remark that wheres the formula (4. 1) yields 
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‘ /으-ß \ 
M않) (x， q)=ζ。 \ $, /nt qm M앞-m) (x , q) , 

.a comparison of (4. 1) and (4.3)would yield the recursion formula 

M~~)(x， -q)=M~.α-M)(x， q) +q Af(a+q-”q)(x, q). 
(n-l) 

a-k -Pν (x) Note also that, Tk q [x e ] can be expressed 

Tk， q[TZJl{xa-%-puω}] =n! xα-k+ nq e-Þu(x) M않)(x， q). and hence 

(a)/" .. _'_/" .. T\ •• L 1/" ...... ,_. _, .. _, .".(a) 
n M~~.I (x， q)=(xD-xPlJ/(X)+α-q+nq) Mν(n-1)(x， q) 
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(4.5> 

(4.6) 

(4.7) 

.a formula. which can be derived from (3.4) as wel1. On the other hand. writing 
-þu(X), _",n , .. .. m .. a-m-l_-þu(x) 

Tk q[x e ] =Tk q[x . 
.J ___ .. _: _____ _ a-m-l _ - þu Cx) 

anCl assummg μ=x 

.and making an appeal to (2.6). we get 

- ÞCx) u(a+k) /" __ .... _ .. .:: .( n \ n-S .. m, /""'S .. a-m-l _ - ÞιCx) M “‘ (x, q) =xεμ )(T‘~"x"')(T: ~XI 
ν“ s=O、。/ κ ， • ‘ ’ 

This. finally, simplifies to 

M었+잉 (x.q)= 효 4 
ν“ s=O S! 

m+k 
q 

(a-m) M (x,q). 
s ν(n-s) 

In the particular case when k=O. m=q=l. it will lead to 

m 
v=x 

(4.8) 

M않) (x.1)=찮 M않-1) (x, 1) (4 9) 

which further reduces to a similar formula for Laguerre polynomiaIs [5, p192] when 

α=α+1 and Pν(x)=x. 

5. Polynol뼈 

In this section, foIlowing Carlitz [2. 3]. we consider a set of polynomials 
(a) 

ALJη (x. q) such that 

흙。 A않)(x， q) Mufzf껑)(x， q) = o, %는1. and A암(x， q)=l. (5. 1) 

Obviously. the polyno 

lows as a consequence of our definition that 

1=옳 t" 옳。A않 (x, q) Mt렐캡 (x. q) 

(α) ∞ n ... (a+mq) 
= L; t""A “… (x, q) ε t M ”” (x, q) 

m=O ν… n=O ν“ 

t 
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(a+mq) 
=2그otm A않(x， q) (1 -qt)- q 감(x)-pν [x(1- qt) -l/qj 

and hence 

∞ m A(a) α -κ(x)+ pν [x (1 +qz) l/ql 
ε z A ‘ (x , q) =(1 +qz)j.] 
",=0 “” 

w here t = z(1- qt). 

Thus comparison of (4. 1) and (5.2) would lead to 
(α) 

Aνm (x， q)=AfLl씨 (x , -q) . 

(5.2) 

(a) 
This indicates that the associatej polynomials A~:-' (x , q) have properties similar to. 

(α) 
those of lWu” (x, q). 

Of particular interest are the Rodrigue ’ s formula 

(a) 1" _ ~，_ 1 _p+k+tlq _ - pu(x) 'T'n r __ -a-k _pν(x) 
Aν:-'(x， q)=강r x e- Tk, q [x (5.4) 

which follows from (3.8) , and the summation formula 

(α) ” (g+β) r __ _ " A(ß) M (x, q) = g M (x, q) A (x, q) 
m=d 2u(a-m) (5.5) 

or equivalently, 

(a) 1" _ _ ,_ .. :.'. u(a+ß) r__ _, u(-ß) 
M ” (x， q)=잃oM2ν(n-m)(x， q) M-um (x, -q) (5.6) 

which follows from (4. 1). 

While concluding we remark that most of our results will correspond to those 

of Mittal [7] if we set q= 1 and to those of Al-Salam (1] if we set k= 1, q= 1~ 

PlJ (x)=x. 

C. M. Joshi M. L. Prajapat 

University of Jodhpur 

Jodhpur (RAJ.) , India 
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