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ON AN INTEGRAL TRANSFORM INVOLVING A KERNEL OF 

MELLIN-BARNES TYPE INTEGRAL 

By M. E.F. de Anguio 

1. Introduction 

Recently Kalla [3] has considered an integral transform over the interval 

(0. ∞) as. 

where 

and 

c。

g(x) = l Sp, q, r(X%)k(%)dw 
0 

Sp.q r(x)=캄T J P(s)x-Sds 
C 

As \ q I b;+B;s.\ r / l+d,-D,s 
n T\' ... ')n T\ :. J 

P(s)= .L三느 \τ二，ιj三l \‘ …j . / j=1 \ “1 
’ c,+B,s \ r _1 l+c ,-D,s -J'-rln rr 

’ aj+ 
h 

mj / j=1 \ %j 

The following are the conditions of validity of (1): 

(i) h(x) E L2(0. ∞) ; 

(ii) x>O; 

(iii) P and r are positive integers and q is a non negative integer; 

(iv) mj>O for j=l. …. q 

(v) nj>O for j=l • .... γ 

(1) 

(2) 

• (3) 

(vi) the contour C is a straight line parallel to the imaginary axis in the 

complex s-plane given by s= ~ +z"t. t being real and -∞ <t<∞ and all the 
2 

ι+As \ / b,+B,s 
poles of 끼 J그-) for j=l • .... φ and rt J _"' J ) for j = 1 ..... q must lie to P / - . . • \ mj / 

l+d ‘ -1),s 
for j = 1, .... γ to the right of it; 

\ Iι'j 1 

(vii) 한 #aj’ i =j:. j. z'=l. ….p. Similar conditions hold for all 얀 and 딩， j=1，….q 

and dj and cj ’ 
j=1, …. r. 
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1 A 
(viii) !arg x! <τz---π 

h(t) =o(t앙 for small t. and h(t) =o(tη• e -ßt) for large t. 
a , b‘· 

R(f+화+화+1 )>0. j=l ..... P; i=l • .... q. R(밍>0. 

He has represented the function S p, q, r as: 

(Cl' B 1) • .... (Cq• Bq); (el' D1). …. (er• D) 

Sp, q, r( x ! (al, A), , (냥. A); ι Bl) ..... (bq.Bq); (d l' D 1) ..... 찌. Dr) ’ 
(4) 

In what follows for the sake of brevity (a p' Ap) represent the set of parameters 

(al' A 1). • (a p' Ap)' 

We shall denote symbolically (1) as S [h(μ)] =g(x). 

The object of the present paper is two fold. firstly to consider some simple 

properties of the function S p, q, ,(x) and secondly to establish certain theorems 

involving the transform (1). 

2. Some properties of Sp. q, r(x) 

I aJ , b, \ 
(i) Sι q， r (x)=ol x"

UJI다
T

효J I for sma 

I n ‘+a ‘ ’ 

Sp, q, r(x)=ol x .π'"-- ) for large x. j = 1 ..... r . 

(ii) The function Sp,q,r (x) is symmetric in the parameters bl, …, bq; Cl, …• Cq ; 

d l' …. dr ; and el' .••• er• Thus. if one of the 아’ s. j = 1. …. q is equal to one of 

the ci ’ s. i= 1. …. q. the function reduces to one of lower order. 

For example. 

(C1• B 1). …. (cq, Bq); (el' D 1). …. (ζ， Dr) 
%q,rlx | (al, A), ... , (ap, A); (C1, Bl), (C2, B2), ---, (bq, Bq) ; (d1, Dl), ... , (d7, Dr) 

(C2• B2) • ...• (Cq' Bq); (e1• D1). …. (e.Dr) 

=Sp,q-l,r X è~， A)， ... ，(~;， A); (b2~B2) ，"'， (bq ， B~); (d1.D1) ..... (dr, Dr). (5) 

Similarly, if one of the dj ’s, j = 1,…, r is equal to one of the ei ’s, z"=l , "'， ζ 

the function reduces to one of lower order, to obtain SP, q, r-1 (x). 

(iii) The following identities can be established easily from the definition: 

a1 A ap A 
1-

b1 B 1 1- ... 1- p ’ P 
H r•þ +q . ~x \ P ’ P 

• , 
’ ’ 

• , 
η21 - tn1 

=.I1 ... .!..X 
þ,q.r\ x D1 l+dr Dr B 1 C1 1-.., • 

’ % 
, 

’ ’ nr 
, , 

” nl nr 
η21 

η2 1 l 

r 
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””
1 

m 

bq-%q 
B q 1+e1 D 1 

• , n1 ’ n1 /'’ 
l+er Dr 

nr ’ nr 
(6) 

1 주q Bq 
mq. mq 

where on the right appears Fox’s H -function 

i'.Sþ,q,,cx) 

(C1 +oB1• B 1) • ...• (Cq + (JBq' Bq); (e1- (JD l' D 1) • ... 

=Sp,q, rlx l(a1+gA, A), .•• , (ap+uA, A) ; (bl+uBl, Bl), ••• , (bq+σBq.Bq); 

[2]. 

(er -(JD r• Dr) 

(d1- (JD l' D 1) • • (d- σDr.Dr) 
(7) 

and for (J> 0: 

S ’ xg (Cl, gBl), ••• , (Cq, uBq) ; (el, oDl), ••• , (ζ• (JDr) 

þ , q, r\h (a1• (JA) • .... (ap• (JA). (b1• (JB 1). …. (bq• (JBq); (d l' (JD 1) • .... (dr• (JDr) 

=Sþ, q, r(x) (8) 

(iv) The Laplace transforrn of the function S" n ~ (X). shall be denoted syrnþ , q, r 

bo1ically as L {J(t); p} the c1assicaI Laplace transforrn: 

c。

￠φ)=p J e-þfh(t) dt (9) 

THEOREM. 

L{Sp,q,,(t); p} =Sþ,q,r+l p 
{(Cq' Bq)}; {(er• Dr)} 

{(ap• A)}; {(bq• Bq)} ; {(dr• Dr)}; (0.1) 
(10) 

xh% RlfL+퍼:페 z' =1 ..... q; R(p)>o . 

PROOF. By (9) and (2) we have 
c。

rþ(p)=p I e- þf 
Sþ,q,,(t) dt 

0 
。。

=p e-þf l 
27rz' 

P(s)t-1ds Idt 

0 C 

then changing the order of integration and a Iit tIe sirnpIification. we obtain the 

resu1t (10). 
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3. Theorems 

In this section we shall establish certain on S-transform (1). 

THEOREM 1. 

11 

tJzen 
S Lf(씨] =g(x) 

S [f(ax)] =웅g(좋 

þ1’ovided that the S-translornz 01 IICu) I exist and a>O. 

The proof of the above theorem is obvious. 

THEOREM 2. 

11 

and 

then 

S [h(μ)] = ψCx) 

S [fCμ)] =cþ(x) 

。。 。。

ØCμ)ICμ)dμ= I hCμ)CÞCκ)dμ 
o 0 

(11) 

(12) 

þrovided that the S-translornz 01 I h(μ) I and I/(u) I exist and ez'ther 01 the integrals 
(12) is absolutely convergeηt. 

PROOF. 찌1e have 
DO 00 0。

o ￠(째(x〕dx= l fω q Sp q r(xμ)h(μ)dμ Idx 

then changing the order of integration, which is permissible due to the absolute 

convergence of the integrals involved [1] , we obtain the desired result. 

The following theorem establish a relation between the integral transform (1) 

and the Vanna transform [5]: 
。。

Vk ,m{f(t);þ} =께 e - ~ þt (pt)m-짜， m(þt)I Ct)dt. 
0 

THEOREM 3. 

11 
。。

rþCx) = J Sp.q， r(xμ)h(μ)dμ 

‘ 

• 
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then 
c。

V k, m {g(X)rþ(X) ;p} = J h(μ)Vk， m {g(X) Sp， q，rCxu);P}dχ (13) 

p1'ovz"ded that the S-t1'ansfo1'm of 1 h(κ)1 
=o(xη’e-βIX) fo7 la7ge x, 

a 
l 
A κ. 

exz'st, g(x)=O(i') fo1' small x and g(x} 

j=l, ,p; i=l, …. q;R(p+/n>o. 

PROOF. We have 

V k. m {g(X)rþ(x) ;p} 

。。

=p/ e-웅p"(px)m-울Wk.m(px)l g(x)j Sp.q.r(xu)h(μ)dμ Idx 
0 

=J h(μ〕[pI e-융p"(þx)m-융VVk.m(Þ씨g(x) Sp.q.싸u)dx Idu. 
o 0 

The change of order of integration is justified by de Ia Vallée Poussin’s theorem 
[lJ under the conditions stated with the theorem. 

Relationship with the MeIIin transform. 
We prove a relationship between the MeIIin transform of f(x) defined by [4J 

00 

J(s) = J xs- 1 f(x)dx 

and the Mellin transfonn of its itnage rþ [f ;pJ in the S-tranSfOIIl1 (1), that is 

(14) 

。。

qi(s) = J ps-l rþ σ;PJdp. (15) 

If 
。。

” w 
d 

、

찌
 

M 
、찌

 

/ 
I 

、
r J A 

u 
I 

Q 
u 」7 

。

、

찌
 

/ , 
、

, @ 
• 

by (15) we have 
。。

qi(s) = J ps-lrþ(P)dP 

。o c。

= I ps-l시 Sp.q.r(Px)h(x)dxldp 
o 0 
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。。 。。

= / h(x)x-sdx/ μs-l Sp， q， r(μ)dμ. 
0 0 

.on changing the order of integration and a little simplification. Since the 

.x-integral and μ-integral above are independent of each other, we are lead to the 

folIowing theorem: 

THEOREM 4. II the Mellin translorm 01 Ih(x)1 and IØ(Þ)/ exist then 

rp(s) = 1(1 -s)P(s) (16) 

where P(s) is delined by (3) , and þrovided tlzat the S-translorm 01 h(x) exist, 
a. b 

RI s+강+화 )>0， j=l ,"', þ; i=l,"', q. 

The following theorem establishes a connection between Laplace and S-transform. 

THEOREM 5. II S-translorm 01 각
 

. , J 
n U 

> 1 , ‘ + 
bz 
-n 
t 

+ 

.", þ; i=l ,…, q; R(β+þ)>O then 

∞ / μ I {(cq' B q)}; {(er, Dr)} 

PROOF. By (1) and (9) we have 
= c。

L{Ø(t);þ} =이 e-þl lJ Sþ， q，rCtμ)h(u)dμ Idt 

= c。

=ÞI h(u)dμJ e- þl Sþ,q,rCtu)dt 
ü 0 

'>\-ith the help of the result (10) we obtain (17). 

- ~~~ ~ Ihe author is grateful to Doctor S. L. Kana for his heIp during the preparation 
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