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THE H-FUNCTION OF TWO VARIABLES 

By S. P. Goyal 

1. Introduetion 

The double Mellin-Bames type contour integraI appearing in this paper wiIl be 

referred to as the H -function of two variables throughout our present study and 
w iIl be defined and represented in the following manner (14, p.117J : 

- (.0, n1 ~ I C깐 ; αj， Aj)l, Pl -

'P1' q ( I C낀 ; ßj' 폭)l， q ， 1 x 

H 
m2, n2‘, C딩’ η)1， þ. 

‘P2' q/ I (dj' δj) 1, q, 
yl= (1져πdjjØCs， t)이 CS)(}2(t)XS/ ds dt 

L, μ 
m3’ n3~ I Ce;’ E;)l,þ, 

- ψ'3' q3' I (f;, F;) 1, q, 

where n, 
[1 1’ (1 -a;+a;s+A .t) 

ØCs. t)=각커닫 J J lJ 

n ， F(a1-αjS-AIt) .HIF(1-bj+gjS+욕t) 
;=n,+l J J J ;= 

m" na n r(d;-δ';s) [1 r (1 -c,+r,s) 
6l(s)= 1ZI J J j=1 Ps l J -

[1 rC1-d.+δ';s) [1 rCC.-r.s) 
;=m.+1 J J j=n‘ +1 J J 

m. n, 
[1, r (fj-F;t) XI, r(1-강+E;t) j=I J I j=1 

(}2(t) = J 

[1 r(1-져+F/) ,JI , FC강-E상) 
j=m.+1 J J j=n.+1 

- , 

‘ • 

, 

(1. 1) 

AIso in (1 .1) x and y are not equaI to zero and an empty product is interpreted 
as unity. The nonnegative integers ni• 한• qi (i= 1, 2. 3) and m2• m3 are such 

that 0드낀르κ. q1는O. 0드%Z1드q; (z" :=:1.2.3. :j=2.3)and all the Greek Ietters α• ß, 

r , δ. and capitaI Ietters A.B.E.F are assumed to be positive quantities. 
The contour L1 is in the s-plane and runs from -z'∞ to +i∞， with Ioops. if 

necessary. to ensure that the poles of rCdj -δjs) (j=l. …, m2) Iie to the right and 
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those of r(l-깐+αjS+ Al) (j = 1, …, n1) , r(l-cj+ηs) (j=l， …, n2) lie to the left 

of the contour. 

‘ The contour L
2 

is in the t-plane and runs from -z'∞ to +z'∞， with loops, if 

necessary, to ensure that the poles of r(까-Fjt) (j=l, …, m3) , lie to the right 

and those of r(l-aj+α:jS+ Al)(j = 1, …, n1) , r (1 -ej+El) (j=l, …, n3) lie to 

the left of the contour. 

NOTATIONS USED. In (1. 1) above and throughout the paper when there is no 

possibility of being misunderstood, we shall write: 

(와; αj， Aj )1. p for (a1; αl， A1), …, (ap; αp' A씨 ; 
(aj : αj， 1)1, p for (a1; αl' 1), …, (ap; αp' 1) ; 

(까;; 1, 1)1,P for (a1; 1, 1), …, (ap ; 1, 1) ; 

(aj, αj)1， p for (a1, α1)' …, (ap' αp) ; 

(aj , aj)서 1， p for (an+1, αn+1)' …, (ap' αp) ; 

(aj, 1)1, P for (a1, 1), …, (a p' 1) ; 

(ap) 

t1 (N, 안) ; 펴 ’ 

. , * y 
a ’ • • ’ 1 a r n 

ν
 

I l 

Aj 
N )1 , p 

for (t1 (N, a1) ; 강 , 
A1 
N )' 

α. A. 
" (t1(N, a J; .~， : 

P" Al’ μf 
--

, a+N-1 
N ’ N' 

α A 
N/ ιN， a) ; 츄， 검 for a α 

N ’ N ’ 
A 
N )' 

... 

α1. αl α 

t1(N, aj) , for (t1(N, a1) , t1(N, a p) , t- ) ; ... 
N N N 

, , 
1, P 

t1(N, a) , α for a α a+1 α a+N-1 α 
'" N ); N N ’ N , N , N 

, , N , 

and H[x, y] for the H-function of two variables defined in (1. 1). 

Also to save space, we shall write the H-function of two variables defined by 
(1. 1) in the following manner; 

- ( 0, n1 

HI 、Pl' q1 

(낌· ; αj， Aj)1, p, 
(얀; 봐， Bj)1, 

x 

... ’ ••• 

••• • •• y 

when there is a change only in nl' P1' q1’ 와， αj， Aj (j=l, …, P1) 깐， ßj' Bj 

(j=1, …, q1) while all its other parameters remain unchanged. 

Following the lines of Braaksma [5, p. 278] , it can be shown that the function 
defined by (1.1) is an analytic function of x and y , if 

ι 
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p, p, q, q, 
R= 우 (aj) +우(간)- 우(찌)- 우(진) <0, (i) 

p, p. q, q, 
s= 우 (Aj) 十존 (Ej) - 즉그 (폭)-우 (전) <0. (ii) 

integral the that see we [7, p.50, (6) ], result known of a study the From 
if converges, 

p, 
:E (rJ>O 
n,+1 J 

q2 n2 
:E (ι)+ :E (rJ-
η.，， +1 J 1 J 

p, q, m, 
μ= 2:그 (α'J- ε (α:J- :E (ßJ+ :E (ðJ-

1 J n, + 1 J 1 J 1 J 

(iii) 

n1 Pl ql ma qs ns Pa 
v= :E (AJ- :E (AJ- :E (BJ+ :E (FJ- :E (FJ+ :E CEJ- :E (EJ>O 

1 J n, + 1 J 1 J 1 J m, + 1 J 1 J n, + 1 J 

larg xl <(1/2)κπ 

larg yl <(112)νπ. 

(iv) 

(v) 

(vi) 

Series representation of the H-function of two variables 

••. , m
2

; A., μ= 0, 1, 2, ••• for j =F-1n ; j , m= 1, 

•. , m
3

: p, lJ =O, 1, 2, ••• for k =F- n : k , n= 1, 

If (i) δ，，.(띤+ À.)=F-ζ(dm+μ) ， 

(ii) F ,.(f k + p) =F- Fk(fn +ν) ， 

glven as quantítíes the for stand S<O (where R , S 
above) , 

(iii) X=F- O, Y=F- O, R <0, 

then al1 the poles of (1.1) are simple and the value of the integral (1. 1) can be 

evaluated as sum of the residues. Proceeding on the Iines similar to that of 
Braaksma [5, p. 278] , we obtain the fol1owing interesting and new result: 

• 

m, _1 , _ d ,,+/J. 

j딘lrdI-쩍늪 
j~m ... 

f~+ lJ 
+Bj 仁

f~ +lJ 
+Aj c 

d 격-Lt 
1-얀+찌-뚱

-ηt 

dm+μ 
δ m 

j딘{(1-강+% 

q, 
nr 

”“ ma 00 0。
H [X,.y] =:E :E :E :E 

m=l n=l μ=0 iJ =O 

u
‘ 

+ 

m 

m 
sO 

,a 

~ ~(~ ~ f~ +ν 
j딘{C져-Fj 냄r 
j~n .. 

-싹펄E)j=찮+1 끼1-dj+aj 

j딘lr\l-당+η 

dm+μ 
δm 

l 

p, 
n T( a.;- α. 

1=nl+1 \ J -'J 

ι’、

~ _1 , _ j ,,+lJ 
J=l 、 J J F 

” × 
(~_~ dm+μ n r( C -r -----

j=n,+1 \ j I j ðηt 

웰E ( -1)μ + lJ (X) 
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f.+v 
F. 

x .!!.! .,(. _. ~ f~+ J) \ h .,(. ~ f .. +J) n T{ 1-f;+F. -n_'-.J n T{ eι-E;· ’L m Fn μ! u! 
j=m.+1 \ J J 1" η / j=n.+1 \ J l Ifn 

From (1. 2). it follows that 

H[x.y] =O(lxl
a

• Iylβ) for small values of x and Y. 

where R <0. S <0 (R. S stand for the quantities as mentioned above). 

;fL1 rf=1- 깐 ni_) anò A=min Ri페 0=1. …. m3). 

• (1. 2) 

(1. 3) 

By considering the behaviour of the Gamma functions involved in H [x. y] 

defined by (1 .1). it can be shown that for n1 =0. 

H [x. y] =O( I x I P. Iy I 0-) for large values of x and y (1. 4) 

where p=max Re (헬 (j=1 • .... nz). u=max Re 바) (j=1 • ...• n3) and 
e,-} 

the conditions (i) to (vi) given above are satisfied. 
r ‘ 

2. Properties of the H'-function of two variables 

The obvious changes of variables in the integral (1. 1) give us the following 
three relations: 

(a) xPyo-H[x,y] =H 

- (0. n1 

‘Þl' ql 

m2• n2 

-Pz’ q2 

m3• n3 

-
‘-P3’ q3 

1-(0. n1 

-pl' ql 

(h) H [x. y 1 = cd H I 

where c>O, d>O. 

ηzz.nz 

‘ φz. qz 

ηZ3’ n3 

- 월• q3 

(ai+pαι+uA~ ; α‘ . AJ1 ^ 
J J .J.J J ‘ , 1" 

(bi+pß ,- +uBi ; ßi. BJ1 ’ 
J J J J J ‘’ .. 

(Cj+ (r(j' rj\p, 
(까+p진• Oj)l, q, 
(ei+uE~. EJ1 ^ , J J ‘ P. 

(자+gEj’ F) 1, q. 

(의:; CIαj. dA)l , p, 1 -1 . 
(얀 ; c하• dBj)l, q, 
(Ci • crJ 1 ^ , J ‘ , 1" 

(d;. Cδ.)1 n 
J J ι ... 

(e; , dEJ1 ^ , , ‘’ P' 

C!;. dF,-) 1 n 
J , ‘' .. 

x 

y 

x 

(2.1) 
y 

(2.2) 

ι 
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u 
‘ N 

λ
 깨
 

m 
S E 

섭
 

+ 

뺑
 
μ
 

(1-N) \ ε\ n,-

xN-P 

A. 
1 

N /1, p, 
Bj 
N 1, q, 

α
1
-
N
 

Q리
-
N
 

,1(N, aj ): , Nn 3 

,1(N , 낀) ; NP1' Nq1 

(2.3) 

yN-U 

1, p. 

rj· 
N /1, p, 
δ 

I 

N 
Ej 
N 

Fj ‘ 

N /1, q, 

1, q. 
t1(N, 까)， 

t1(N. N??Z2, N%2 

NP2’ NPq 
XH 

깐)， t1(N , Nm~， Nn 3' .01., '''3 

t1 (N, 자)， Nq3 NP3’ 

p, 
+ 휴 (b j ) + 우 (까)+ 우 (져) - F (aj) - 우 (Cj) - 우 (강) 

Pi-qi 
2 

where (i) μ= ε 

q, q, p, p, 
(ii) p= 우(까)+우(진)-뚱(딴)-F(간) 

q, q, p, p 
(iii) (1= 우 (욕)+ 우 (Fj) - 뚱 (Aj) - 우 (Ej) 

1. * 
(iv) N is a positive integer 는2. 

The various symbols used here are explained in Sec. 

Special cases of (1. 1) 3. 

'. P1; j=l , .... q1) in (1.1). 

similar to those studied by Bora and Kalla 

it reduces (i) If we take αi=At’ 면=B1 (6=1, 

to the functions which in essence are 

[131. ~d Mathur 

and F ’s equal to unity E ’s B’s, A ’s, δ’S， 

Chaturvedi f61 

γS， β‘S， 

[41. Pathak [151 , 

(ii) If we take all a ’S, 

(3.1) =G [x.Y1 

y 

x 

(a^ ) 
1'1 

(b q) 

(cp) 

(dq) 

(ep) 

Ctq) 

% l 

mn. n 2’ 2 

Þ2’ 

q3 

q1 

q 

mo. n 3’ 3 

- \P3’ 

O. 

‘Þ1’ 

=G 

x 

y 

(a 1 ; 1, 1), ^ 
I ‘, 1'1 

(b 1 ; 1, 1), n 
J .L, '1‘ 

(Cj ’ 1) 1, p, 

(까. 1\, q, 
(e •• 1), A 

J ‘, YI 

Cf., 1), n 

J ‘, .’ 

n1 

q1 

m~. n 3' "'3 

- ‘Þ3’ 

o 
11’ 
ηZ~. n 2’ 2 

‘ψ2’ 

q3 

q2 
H 

• 

[7, p. 4] * The result (2.3) can be proved. if we apply the Gamma multiplication formula 
in t he definition of the H -function of two variables given by (1. 1). 
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in (1. 1). we get the function (3. 1) which in. essence is similar to the functions 

studied earlier by a number of persons notably Agarwal [1] , Sharma [16]. 

From the definition of the H-function of two variables. it is evident that 

G[x.y] = (1/2 d rþ(s+ t) θ(s. t) X
S i ds dt 

L, L, 
(3.2) 

where 
n, 
H1I’(l-aj +s+ t) 

’ p, q, 
n T(a;-s- t) n T(I-b,+s+ t) 

j=n,+1 J j=1 J 

rþ(s+ t) = . 

m '2 n ,:! m3 n3 

T(ej- t) 

n T(d ,-s) n T (1 -c,+s) n T (f,-t) n T (1 -e,+t) 
θ(s， t)=..1.-L J p; J qs J Pa 

-=1 J j=l J j=1 J j= 1 J 

1l T (1 -d;+s) n T(c,-s) n T(I-/;十 t) n 
j=m,+1 J j=쩌+1 J j=m,+1 J j=싸 +1 

[The nature of the contours Lj and LZ' the conditions of convergence of the 

• 

double integral (3.2). various conditions satisfied by the parameters and a number 

of other properties of G [x, y] function foIIow directly from those of the H -function 

of two variables. if we take aII Greek letters α， β. r. δ and Capital letters A, B. E. F 

equal to unity in it.] 

(iii) If we put m2=m3=1. 깐=Pi (i= 1.2.3). 이=Fl=l. d1=/j=0, replace q2 by 

q2+ 1• q3 by Q3+ 1• 와 by 1-띤 (j=I. …. P1). 낀 by 1-얀 (j =I , …. Ql)' cj by 

l-c
j 

(j=I • ...• P2). d j+ l by l-dj (j=I , ...• Q2)' 감 by 1-안 (j=I. …. P3). 지+1 

by 1-져 (j=1. …• q3) in (1. 1) and make use of (1. 2) in it, then the H -function 

of two variables reduces to the Generalised Kampé de Fériet 

by Srivas~va [18. p. 199] : 

H 

-/.0. P1 

.þj ’ Ql 

1. P2 

P2' q2+ 1 

1. P3 

,- 、ψ3' Q3+ 1 

(1-와; aj’ Aj)I, P 

(1-얀; 면. Bj)l, q, 

(1 -c,. rJ , ‘ 
J J ι ， 1" 

(0.1). (l-dj’ Oj) 1, q, 

(1 ~e，. E.) , " 
J J ‘ , 1" 

(0.1). (1 -/;. FJ , n 
J J ι ， .. 

x 

=s [x.y] 

y 

function 

=sP':P':P' 
q,:q,:q, 

(꺼i; a j ’ Aj)j, p, : (당’ rj)I , P. : (강’ Ej)l , p, : x. y 

(얀; 킹， B〉)써 

introduced 
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p, p, p, 
- ζ j딘 r(씬+ajm+싹%) j되 r(당+ηm) j딘1 r(감+작n) 

(3.3) 
m’까::" q, q, q. 

u 낌lT(낀+면m+B션) j딘1 r(띤十ζm) 낌IT(져+F1%) m!%! 

where 
q , q, p, p, 

1+ EF (까)+ 존 (까)- 우 (띄)-우 (간)>0 
q. p, p, 

1+ 뚱 (Bj) + 존 (Fj) - 우 (Aj) - 존 (Ej)>O. 

The function given by (3.3) is also quiæ general in nature and reduces to the 

Kampé de Fériet function [2] , if we t ó<ke P2=P3' q2=q3 and all α’s， ß’s, r ’s, iJ’s, 

A’s, B ’ s, E ’ s and F ’s equal to one in it, which is itself a generalisation of the 

well known AppeU functions [7, p. 224 26]. 

ín to the product of two of Civ) If we take 깐=P1 =0 in (1. 1). it degenerates 

two H -functions of one variable and we have the following relations which has 
also been given by Mittal and Gupta 

H 

0, 0 
0, 0 

mry, n 2' '''2 

‘P2, q2 

m~. n 3’ 3 

•••••• 

•••••• 

(당• r)1, p, 
(d j , δj)1. q, 

(ej’ E j )1. P. 

- 、P3’ qil (져， F j )1,q, 

x 

y 

Hmg’ n, 
P'I., q2 

[14, p. 119] : 

x 
(Cj, rj\ p,l um,.n, 
(d; , δ)1 ( 1- ps, q8 

, J ‘. '/1. 

y 
(e;, EJ , ‘ 

J J ‘ 01" 

(fj' Fj\, q, 

(3.4) 

C v) AIso, if we take m3 = 1, n3 = P3, 11 = 0, replace q3 by q3 + 1 in (1. 1) put aU 

A’ s, B ’ s, E ’ s, F ’s equal to unity in it and let y• o therein. we get the following. 
relation by virtue of (1. 1) and known results [9, p. 598. (4.1): 7, p. 208, (5)] : 

Lt H 
y• O 

- (0 , n1\ I (aj ; α'j' 1) 1. p, 

P1, q1 (얀;찌， 1)1, q, 

m2, n2\ I (cj' r) 1. p, 

P2' ql (dj , 진)1. q, 

1 , 원 \(깐" 1)1. p. 

-‘ P3, q3+1JI (0， 1) ，(져， 1)1， q; 

x 

y 

IT1r(1-ej) 

n r(1-져) 
Hmg， nl+η2 

P,+P,.q,+q,1 x 
(aj, αj)1， nl ’ 

(d i , iJJ1 n 
J J ‘ ... 

CCj, rj)1, p,’ 

(b; , β )1 J" 1, ql 

(aj • αj) n,+1. P, (3.5). 
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where Pl +P3 <ql +q3+ 1. 

(vi) It we set m3=-1, 1 1=10, Fl=FO' replace q3 by q3+ 1, 파+1 by j; and 진i +1 

by Fj (j=1 , …, q3) in (1. 1) and compare the results (1.2) and [5, p. 278) we get 

the following interesting result: 

H 

- (0 , n1 

Þl' ql 

mn , n 2’ 2 

Þ2' q 

(a;; α.， A.)1 A 
J J J .... 1'1 

(얀 ; 흰， Bj )l. q, 

(C;. rJ, " 
J J ‘, ,.., 

(d;, õJ, _ 
J J ‘, ~. 

1, n3 \j (감， Ej\,þ, 

-

x 

y 

- 、P3' q3+ 1/ 1 (fo， Fo)'(져， Fj)1,qJ -

( _1)w (yi" 펀， r(1 -ej+EjPw) 
=ε 

J- ι 

w- PB q. -O 
FW! j파+1 F(ej-EjPw) 낌lF(1-자+진Pw) 

× Hmanl+tg |x | (Cj
， rj)1，따， (암 -AjPw' 띤)I，Pt' (원j)n.+l. þ'l (3.6) 

q,L - I (dj• Oj) 1. q,' 
(bj - BjPw' ßj)l. q, 

where 
In+ w 

Pu,== n w F。

(vii) Again, if we put n1 =m3= 1, pr =q3=2. n3=P3=ql =0, a1 =α'2= 0"， . A 1 =A2 

=Fl =F2= 1, a1 =a, a2=b, 1 1 =f, f 2=h and y= 1 in (1, 1) and make use of known 

results [9, p. 594, 598 ; 7, p. 208, (5) , p. 104, (46)) in it, then we get: 

?’m,+I, η.+1 
=H.-.'-- .• Ix “ þ， +4.qε+1 

H 

- α 1\ I (a; O",1), (b; O", 1) I -
2, 0; 
ηZ2' n2 

‘P2' q2 

1, 0 、

(Cj ' rj )I, Þ. 

(dj
’ 
δj\， q， 

x 

1 

- 、0， 2) I (f, 1), (h , 1) 1_ 
(a-f, 0"), (단， rj)I , þ ,’ 

(b-f, 0"), (b-h, 0"), (a-h ,O") 

(a+b-f-h-1 ,2O"), (dj, Õj )I,q, 

where Re(a+b-f-h- 1)>O 

(3. 7) 

(vii) Also, if we put n1 =까=m3=q3=2， Ql=n3=P3=0, a1=a, a2=b, 1 1=0, 자=C， 

αI=P， α2= 0"， A 1 =A2=Fl =F2= 1 in (1.1) and use the known results [9, p. 594, 598] 

.and the following result [17] 
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G2, 2 
2.2 ” 

b ’ 
n 
U 

” 
J 

a, b _-=---r(1 -a)r(1 -b)r(1 -a+c)~(L-=b+c) 
- TC2-a-b+c) 

X 2F 1(1-a, l-b;2-a-b+c:1-y) (3.8) 

in it, then we get the following useful and interesting result: 

- ‘ 0, 2' 

2, 0 
(a:p, 1), (b:u, 1)1 -

m2, n2 , 
HI ‘ P2’ q2 

2, 0 

- 、0， 2 

= 응 4느낀tfI”l2， n2+4 | x 
;o r! -- Pg+4, qg+l 

(a-r , ρ) ， (b-r, u) , (a-c, p) , (b-c, u). (Cj' η)1， p,l 
(dj， 익)1， q, ’ (a+b-c-1-r"p十u)

(3.9) 

(ix) If we let y• 1, in (3.9), then we get 

-(0 , 2ì I (a;p, 1), (b;u, 1) 
2 , 0) 

m2, n2\ (cj' rj)1, p. 

‘P2, q2/ | (dj, δj) 1, q, 

2 , o、 , 
- 、0 ， 2) I (0, 1), (c, l) ‘ -

(a, p) , (b. U) , (a-c, p) , (b-c, U). (Cj' rj)1,p‘ 

(dj , Oj) 1, q,’ (a+b-c-1 , p+U) 

x 

H 
y 

rrm'.!’ n,+4 =I1 - - l x 
p,+4, q,+ 1 

4. In this section, we shall give the fol1owing Multip1ication formula for the 
H -function of two variables which can be proved easily by making use of Gamma 
multiplication formula [7. p. 4] in the definition of this function given by (1.1): 

-( 0, n1 ~ (aj ; αj， Aj)1, n,' (띤;α3， A끼1， pJ -
n 1+Pl' q1 / I (얀 ; 면， 욕)1， q, 

H 
ηt2• nz 
n2+P2• m2+Q2' 

(당， 감)1， p,’ (c'j' r끼1， P. 

(di' Oj)1,m.' (d ’j , δ'j)1 ， q, 

(깐i' Ej)1, n’, (직， E'j)l,P' 

(져• Fj)1 , m,' (f’'p F'j)1,q, 

x 

y 

ηt3• n3 

- 、n3+P3， ηt3 +Q3 -

~ 1 슬(n‘-þ，-q‘-N，+P，+Q，)+ 쇼(m，-M，)!.!!!. ___ .L-n. p, __ .l._a’ 
=(2π) 2 li=l ...--.•.•. -- ..•. -•. , . i강 J Q(Nj)강-“I Q(Pj)강-“ i 
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q, .1' 1 
f1(옥)“ '-2 

þ'!. 1 _ .. 1:; 

n(Rj)강 ‘ l 

m2 .J 1 
f1(좌) u'-2 

q, h. 1 n, 1 .. ^ 

× 민(Q)V1-강 민(Mj)TLl 

þ, 1 _.' q, ,, 1 
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α 

” ‘, and other symbols are explained in section 1. 
N 

n 
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Special cases of (4. 1) : If we take αj=Aj=Nj (j=1, ---, %l), α;=A/1=Pj(j=1， ---, 

P1)' βj=뮤=QJ(j=1， …, q) , η=M (f :1, …, %2), r;=Rj (j=1, ---，까)， 진=LJ(j= 

1, …, m2)' 진=Sj(j=l ， "', q2)' Ej=T/j=l, ' •• , n3) , E'j=V
J
(j=l, ''''P) , Fj=Uj 

(j =1, …, m3) , F'j= W/j = 1, •••• q3) in (4.1) , then we get the following relation 

between the H -function of two variables and the G-function of two variables 

defined in (3. 2) : 

4「Jz￡ot--p， -q‘-N， +P， +Q，)+ 냥(m，-M씨 nl 1 n Pl 1 n 
=(2π) ~ li=l'. - - -- -., i=2~. ., J 핀(Nj)강 “/ 댄(Pj)T“ 1 

q , __ , h._ l. n, ,_ ,_, L __ , m, 서 - 1 P2 1 -rI , q2 /f’,- 1 
x O(QY'--:ε O(M.)흥 "/O(L.) “ '-"2 D(R.)흥 ‘ IO(S) “ i 효 
l' 1 J 1 J 1 J l ' 

n. 1 __ ~. ’n3 f'._ 1 Ps _ l_ol. Q3. _ (,’ - 1 
× n(Tj)E ejn(U1)” 강 Q(Vj)강 ‘ l n(Wj)l j 강 

xG 

o ,- N
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N 1 +P1, Q1 

M~ ， N 2' .l.
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“ N 2+P2, M 2+Q2 

Mo , N 3' .1. "3 

- 、N3+P3’ M 3+Q3 

{L1 (N n,' an)} , {L1(P P,' a' p)} 

{L1 (Qq ,' b q)} 

{L1(Mn,' Cn) }, 

{L1 (L"" ’ d",)}, 

{L1 (R þ,' C’ p)} I X 

{L1 (S q,’ d/qz)} 

{L1(T _ ’ e .. )}, {L1(V Å , e' Å )} I Y 
“ 3 ,‘3 Jl3 1νs 

{L1(Um,. f m)}' {L1(Wq,.t'q)} 

(4.2) 

where (i) {L1 (M m,' b",)} is used to denote the sequence of parameters L1(.1I낀， 이)， 

L1(M2,b2) , "', L1(Mm"bm ) 

a a+1 a+n-1 (ii) L1(n, a) stands for ~， ... ' • .L , "', .. ':: .L and the other symbols stand 
%’ n " n 

for the same quantities as mentioned in (4.1). 

If we reduce the H -function of two variables occuring in (4. 1) to the H -function 
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of one variable with the help of equation‘ (3. 5) and adjust the parameters in the 

H -function of one variable in a suitable manner, we get a resuIt earIierobtained by 

Gupta and Jain [11, p. 26]. 

5. In this section, we shall obtain the following two formulae involving the rth , 

derivative of the H -function of two variables. The conditions of vaIidity are p> 0,. 

d 
(J>O, R<O, S<O, μ>0， ν>0， larg yl <(1/2)uπ， I arg z I <(1/2)vπ， Rel써좌+ 

펄-+1 )>0 α= 1, "', mz' j = 1, "', m3) and the rth derivative of iH [y:x?, zx 
- J ' 

should exist (R, S, μ， v are the quantities as mentioned in section 1). 

- ( 0, n1 +1\!( -λ ; p, (J), (aj ; αj' Aj)l. P. ’ -

d T 
r Â. 'r Y 1'" 0 (i) , a ~ {iH [yxP, zxu]} =x 

dx ’ 
1 

••• ... 
o ... ... I zx _ 

(5. 1) 

- ( 0, n1 +r~ 

r, ql +rl 

(-À. ;p, (J)~， (a.;a., AJl h ’ -

(ii) (bj;ßj' B.λql，l1니;μκ y:x? 

... 

In (5.2) the symbol (a, (J)r is used to denote (a, (J), 

PROOF of (5. 1): We have [8, p. 129, 130] : 

... 

... 

(a, (J), 

L~xm효lf(x)] ;s ‘ ==1 -

dx" 
옳 )m [snL {f(x);s}] 

where 

L{xn!(x);s}=(-l)n d: [L {f(x);s}] 
dx 

c。

L {f(x) ;s} = I e -S% !(x) dx. 
0 

7 times. 

o 
zx 

(5.2) 

(5.3} 

(5.4} 

(5.5) 

Â T 'r ,. 0 (J Now, on taking !(x)=x"H [yx P, ZX
U

] in the right hand side of (5.3), then by 

virtue of the following result [14, j'. '22J : 
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(5.6) 
ys-p 
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Taking the inverse Laplace transform of the quantity within the crooked bracket 

in (A) , with the help of the following result [14, p. 122] : 

(ι;α'.; ， A ... , ) 1 h 
J J J ι，1" 

(얀;까 ， Bj )l,q,' (-λ ;p， a) 
(5.6) ;s} 

yxp 
-(0 , n1 \1 

‘P1' q1+ 1 -λ-1 T 'P l'" -0 -fI s -"-.H [ys -1-', zs -Uj =L{x"H 
U zx ... ... 

the right hand side of (5. 3) 

... 
and then applying (5.4) in the result thus obtained, 

becomes equal to 

... 
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yxp 

( -À;p， σ) ， (aj ; αj， Aj)1， Pl 

(깐 ;ßj' Bj\,q" (r-λ ;p， a) 

0 , n1 +1 ‘ 
φ1+ 1 ， q1+ 1 À-r+R L{x"-' -. .L\.H 

o zx ... 
... 

Therefore (5. 3) is equivalent to 

?; 쐐[yxP， 
ax 

zx(]]] ;S 

... 

... 

LlxR 

(5.7) ;s} 
yxp 

o zx 

(-À;p, a) , (aj ; α'p Aj) 1, p, 

(얀;하， Bj)μ‘ ， (r-À;p, a) 

n1+1 0, 

φ1+ 1， q1+ 1 

... 

its value reduced to the following expression: 

(-À;p, a) , 

=L{/,-r+RH 

which states that every 

we arrive at the result 

... 
Interpreting (5.7) with the help of Lerch’s theorem [12] 

function hàS got a unique image in the Laplace transform, 

... 

(5. 1). 

The result (5.2) can easily proved by successive application of (5.1) , 

If we take all A ’ s, B ’ s, E ’ s, F ’sequal to unity, 지=0 and let z• o in (5. 1) and 
we get the results obtained earlier by Gupta and Jain [10, p.190, 191] by 

、

(5.2) , 
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virtue of (3.5) , which in turn reduce formulae involving the rth derivative of 

Meijer’ s G-function given earlier by Bhise [3, p. 350 51J • 

On account of the general nature of the H -function of two variables the (5. 1) and 

(5. 2) can be used as key formulae for obtaining the rth derivative of the various 

important special functions involving one variable and two variables as indicated 

in section 3, but we shall do not record them due to lack of space. 
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