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ON THE SUM OF THE LARGEST k-TH DIVISORS 

By S.M. Lee 

There have been long and extensive studies about topics relat어 to the sum and 

number of divisor of an integer n [2]. The purpose of this research is to study the 

fol1owing problem: 

Let k> 1 be a positive integer. For each positive n, let 야(n) be the largest 
k 

integer such that (따(n))ft divides n. For any positive real number x, let 

D~(x) = L:::: δ‘ (n). 
,. n:S:r .. 

We are going to investigate the order of Dlx). 

LEMMA. δin)= 잃 ψ(d) 

PROOF. By the characteristic property of 

Theorem 262] 

Euler’ s ψ-function， in particular [3, 

We obtain 

n= L:::: ψ(d). 
dln 

δ(x) = Z φ(d) = L:::: φ(d)， 
‘ dl δ.(n)' - d'ln 

k 
since by the fundamental theorem of arithmetic, d~ I n if and on1y if d I 따(n). 

First we give several crude estimates of D/x). 

THEOREM 1. 

PROOF. 

THEOREM 2. 

D/x)=o(x움+1). 

Dk(x)= ~ δ'in)르 Z그 n k 
n<'、x n<-- :r 

1 1 I 
- -- ;-+1 

드 L:::: x k =x k L:::: 1르Xk 

Dk(x) = 

n:S:r n:S:r 

。(x)

。(x log x) 

for k ,Æ2. 

for k=2. 
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PROOF. 
DbCx)= L그 δ'kCn)= L그 X그 ψCd) 

,,- - n:;:;:'x “ n:;:;:'x d'l n 

<L그 L:: d= L:: d L:: 1 
n:;:;:'x d'e=n d:;:;:'x esx/d' 

=x g 「L←
d:;:;:'x d 

<εd파 
dsx d“ 

。(x) if k>2. 

if k=2. o(x log(x)) 

COROLLARY. For α>1 we hαve 

1. D2(x) . im ~' ... ' =0 
x→∞ x(log x)~ 

and 

D‘ (x) 
lim <<' • ~ -=0 for α>0 and k>2. 
n→∞ x(log x)v. 

We establish a lower estimate. 

THEOREM 3. For large x, we have 

DL(x)> u ，조 
~ 4(k-1). 

PROOF. 

Dix) = 갚라 앓nψ(d)=d옳l띤d)l찮 

르웅d옳깨(d) 조--추 τ「 객연2 
dk - 2 d효~/k dk 

x <. 1 ...... x r dt >二느 L:: --'-b > ~ I <HL ' 

- 2 d i.x 1/' dR 

‘ { t 

_x( 1 , 1 1 
-경-\-----T-----T다二l)/k 、 -k+1 -k+1 

는좋(궐T-정rxE1γ)=τ7윤1γ for x large. 

The following theorem is our main result. We need the the following formula. 
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THEOREM 4. Let k르3 be any z.ntegeγ• Then 

( ((k- l) \ / D/x)=l스:L」4- )X 十 o(x2/ k). 
\ ((k) ) 

PROOF, Iet x=xkx 
1~2’ x1르1， and x2는1. Then 

Dix)= ~그 야(n)= 2:: ~ φ(d)= 2:: ψ(d) 
.• n :S;:x … ,,:S;:x d’ I n d'e승x 

= g ψ(d)+.2:: φ(d) - ;g φ(d). 
d'e :S;:x d‘e:S;:x d'e :S;:x 
d :S;:x, e‘ζx， d :S;:x .. e :S;:x. 

We denote the three sums by 2:: l' 2:: 2, 2:: 3, respectively. 

Z그 1 = 2:: φ(d)= 2:: ψ(d) 1-족 
‘ d'e :S;:x d:S;:x, L d .. 

d :S;:x , 

= d힐l ψ(d)~좋+0(1) 

=x L그 
d :S;:x, 

E댄j 
d

k +o( ε φ(d)) 
d :S;:x, 

U-U-
二
μ

二
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k-K 

’R-K 
」
-
α
-

태
 
돼
 

-xo(xf-상 +O(책) 

+O(쌍2). 

Z그2= ~그 φ(d)= 2:: ψ(d) 2::.1드x? .L: _ rp( d2. - d'e :S;:x d' :S;:x 
~ 

e :S;:x싸 ‘ d'응X 다k 
e :s;:x. 

∞
 
g 

섭
 

x < 
-

φ(약= o (X.,). 
d ‘ “ 

Z그<1= 2:: ψ(d)=φ(x1 ) [x2l 
~ 

d응Xl - -

e :S;:x, 

3x? n s 

=1-수+O(잔-V) ) [x2l 
π 

=O(x월). 
Collecting 2:: l' 2:: 2' 2:: 3' it foIlows that 

( ((k-1) \ Dk(x)=( ."휴냥스 )x+0(xiX2
) 

\ ((k) ) 

Now, let X1 =X
a

’ 
X2=xb, such that xt쩍=X， and Xl늘1， X2> 1. Then 

2 2a+b 
X1X2=X 

107" 
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Choose a= 1/k and b=O. Then ka+b=l , a>O, b는0， and 2a+b=2/k <1. Therefore 

(Ck-l) \ 2/k 
D/x)=\~τ7τr- )x+o(x ). 

We also wish to show that 2/k is the smallest number for 2a+b with ka+b= 1 

for k는3， a>O, and b늘O. Let ê=2a+b. Then 

-ê .. kê-2 a=----- and b=--「-r
κ-~ 

Since b는o and k>2, we have kε-2르O. That is, ê늘2/k. Also when a= 1/k , b=O, 

2a+b=2/k. Therefore 2/k is the smallest number for 2a+b with ka+b=l for k는3， 

0>0, and b는O. 

COROLLARY. 

D3짜 

COROLLARY. 

·m D3(x) - π2 
x -강당〕 %-+0。

and 

lim 
%-→。。

냉
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x 

for k는3. 
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